ANNO 
B lore 


| Accession No : 


/U.D.C No: 


eae SR ir dy 
‘M) LIBRARY 


4 : 


og 


qs, Pe 


R.B.ANMSHS/M} LIBRARY, 
3 B lore- 49 


Accession No se LBL BO-B, 


Vy 
ae No: , 1612) jae /474- 
me alate 


Ee. 


George Bell & Sons’ 


\MBRIDGE MATHEMATICAL SERIES. Crown 8vo. 


ARITHMETIC. With 8000 Examples. By Charles Pendlebury, M.A., 
F.R.A.S., Senior Mathematical Master of St. Paul’s, late Scholar of St. 
John’s College, Cambridge. 

COMPLETE. With or without Answers. 7th edition. 4s. 6d. 

IN TWO Parts, with or without Answers, 2s. 6d. each. Part 2 contains 
Commercial Arithmetic. (Key to Part 2, 75. 6d. net.) 

In use at Winchester ; Wellington 5 Marlborough; Charterhouse; St. 
Paul’s ; Merchant Taylors’ : ; Christ’s Hospital; Sherborne ; Shrewsbury ; 
Bradford ; Bradfield ; Leamington College ; Felsted ; Cheltenham Ladies’ 
College ; Edinburgh, Daniel Stewart’s College ; : Belfast Academical In- 
stitution ; King’s School, Parramatta ; Royal College, Mauritius; &c. &c. 

EXAMPLES IN ARITHMETIC, extracted from the above. 5¢h edition, 
with or without Answers, 3s. ; or in Two Parts, Is. 6d. and 2s. 


CHOICE AND CHANCE. An Elementary Treatise on Permutations, 
Combinations, and Probability, with 640 Exercises. By W. A. Whit- 
worth, M.A., late Fellow of St. John’s College, Cambridge. 4¢h edition, 
revised. 5. 
aetetall). Books I.-VI. and part of Book XI. Newly translated: from the 
original Text, with numerous Riders and Miscellaneous Examples in Modern 
Geometry. By Horace Deighton, M.A., formerly Scholar of Queen’s Col- 
lege, Cambridge; Head Master of Harrison College, Barbados. 37d 
edition. 4s. 62. A Key to the EXERCISES (for Tutors only), 5s. net. 

OR IN Parts: Book I., 1s. Books I. and II., 1s. 6¢.: Books I.-IIL., 
2s. 6a. Books III. and IV., 1s. 6d. 

In use at Wellington; Charterhouse; Bradfield ; Glasgow High School ; 
Portsmouth Grammar School; Preston Grammar School; Eltham R.N. 
School; Saltley College; Harris Academy, Dundee, &c. &c. 
EXERCISES ON EUCLID and in Modern Geometry, containing 
Applications of the Principles and Processes of Modern Pure Geometry. 
By J. McDowell, M.A., F.R.A.S., Pembroke College, Cambridge, and 
Trinity College, Dublin. 3rd edition, revised, 65. 

ELEMENTARY TRIGONOMETRY. ByJ. M. Dyer, M.A., and the Rev. 
R. H. Whitcombe, M.A., Assistant Mathematical Masters, Eton College. 

2nd edition, revised. 4s. 6d. 

INTRODUCTION TO PLANE TRIGONOMETRY. _ By the Rev. T. 
G. Vyvyan, M.A., formerly Fellow of Gonville and Caius College, Senior 
ren Master of Charterhouse. 37d eattzon, revised and corrected. 
3s. Od. 

ANALYTICAL GEOMETRY FOR BEGINNERS. Part I. The 
Straight Line and Circle. By the Rev. T. G. Vyvyan, M.A. 25. 6d. 

CONIC SECTIONS, An Elementary Treatise on Geometrical. By H. G. 
Willis, M.A., Clare College, Cambridge, Assistant Master of Manchester 
Grammar School. 55. 


CONICS, The Elementary Geometry of. By C. Taylor, D.D., Master of St. 
John’s College, Cambridge. 7¢h edition. Containing a NEw TREATMENT 
OF THE HYPERBOLA. 45. 6d. 


Mathematical Works. 


CAMBRIDGE MATHEMATICAL SERIES (continucd), 


SOLID GEOMETRY, An Elementary Treatise on. By W. Steadman 
Aldis, M.A., Trinity College, Cambridge; Professor of Mathematics, 
University College, Auckland, New Zealand. 4th edition, revised. 6s. 


ROULETTES anp GLISSETTES, Notes on. By W. H. Besant, Sc. D., 
F.R.S., late Fellow of St. John’s College, Cambridge. 2nd edition. 5S. 


GEOMETRICAL OPTICS. An Elementary Treatise. By W. Steadman 
Aldis, M.A., Trinity College, Cambridge. 4th edition, revised. 45. 

RIGID DYNAMICS, An Introductory Treatise on. By W. Steadman 
Aldis, M.A. 4s. 


ELEMENTARY DYNAMICS, A Treatise on, for the use of Colleges and 
Schools. By William Garnett, M.A., D.C.L. (late Whitworth Scholar), 
Fellow of St. John’s College, Cambridge; Principal of the Science College, 
Neweastle-on-Tyne. 5¢h edition, revised. 6s. 


DYNAMICS, A Treatise on. By W. H. Besant, Sc.D., F.R.S. 2nd edition, 
Ios. 62. 

HYDROMECHANICS, A Treatise on. By W. H. Besant, Sc.D., F.R.S., 
late Fellow of St. John’s College, Cambridge. 5¢h eattion, revised. Part I. 
Hydrostatics. 5,5. 


ELEMENTARY HYDROSTATICS. By W. H. Besant, Sc.D. eB Rese 
16th edition. 45. 6d. KEY, 5s. 


HEAT, An Elementary Treatise on. By W. Garnett, M.A., D.C.L., Fellow 
of St. John’s College, Cambridge; Principal of the Science College, New- 
castle-on-Tyne. 6¢h edition, revised. 4s. 6d. 


THE ELEMENTS OF APPLIED MATHEMATICS. Including Kinetics, 
Statics, and Hydrostatics. By C. M. Jessop, M.A., late Fellow of Clare 
College Cambridge ; Lecturer in Mathematics in the Durham College of 
Science, Newcastle-on-Tyne. 6s. 


MECHANICS, A Collection of Problems in Elementary. By W. Walton, 
_ M.A., Fellow and Assistant Tutor of Trinity Hall, Lecturer at Magdalene 
College. 2d edition. 6s. 


PHYSICS, Examples in Elementary. Comprising Statics, Dynamics, 
Hydrostatics, Heat, Light, Chemistry, Electricity, with Examination 
Papers. By W. Gallatly, M.A., Pembroke College, Cambridge, Assistant 
Examiner at London University. 4s. 


MATHEMATICAL EXAMPLES. A Collection of Examples in Arithmetic 
Algebra, Trigonometry, Mensuration, Theory of Equations, Analytical 
Geometry, Statics, Dynamics, with Answers, &c. By J. M. Dyer, M.A. 
(Assistant Master, Eton College), and R. Prowde Smith, M.A. 6s. 


CONIC SECTIONS treated Geometrically. By W. H. Besant, Sc.D., 
F.R.S., late Fellow of St. John’s College. 84h edition. 4s. 6d. Solutions 
to the Examples, 4s. 

ANALYTICAL GEOMETRY for Schools. By Rev. T. G. Vyvyan, Fellow 
of Gonville and Caius College, and Senior Mathematical Master of Charter 
house. O6// edttion. 4s. 6a, 


; 


4 


_ ELEMENTARY ALGEBRA! 


Cambringe: 
“PRINTED BY re A 3 “CLAY, M.A. 


i « 


Fire 


ar “THE UNIVERSITY ae 


A MANUAT 


HLEMENTARY ALGEBRA 


FOR THE ENTRANCE EXAMINATIONS OF 


THERIBDIAN MUNINERSHES Tap any 
B lore-49 


P ’ oe ion Nos | lb fa llldc - 8 
S ‘yl 


1.6. Bai SA Te Upa 
re ah L LLG 


PROFESSOR OF MATHEMATICS AND PRINCIPAL, ELPHINSTONE COLLEGE, BOMBAY 5 
FELLOW AND SYNDIC IN ARTS, UNIVERSITY OF’ BOMBAY ; 
FORMERLY SCHOLAR OF ST. JOHN’S COLLEGE, CAMBRIDGE. 7 


LONDON 
GEORGE BELL AND SONS 
AND BOMBAY 


— 1894 


igs i ene 
ALORE- * 


A'S HS (M) LIBRARY j 
B lore-42 


| Accession No; iTS 
Sew. | a) maka 


UDG. No: 
| Date; 


RBAN. 


"Sts wetess 


° a { ‘ a 
far if 3 


PREFACE. 


i Cas Manual of Algebra has been specially prepared for 
the use of students who are reading for the Matriculation © 
Examinations of the Indian Universities and will be found 
to embrace all the parts of the subject prescribed for any 
of these examinations, while it also includes all that is 
required for the School Final Examination of the University 
of Bombay and the Middle School Examination of the 
Punjab University. 

The elementary principles are explained for the benefit 
of beginners more fully than. is usual, and to ensure a sound 
and reliable ground-work all rules are traced. to their origin. 
Thus no demand is made on the faith of a studént unassisted 
by his intelligence, and he can examine for himself and verify 
the process by which each rule for conducting algebraical 
operations has been arrived at. Throughout the book 
preference has been given to the treatment of problems 
by inspection and formulae, which demand the intelligent 
appreciation of the student, rather than by the employment 
of mechanical and often only half comprehended rules. A 
great advance in mathematics will have been made by 
Indian students when onceit has been impressed upon them 
that the application of what are called rules should be 
exceptional and not habitual, and that such rules as those 
for Division, H.6.F.,L.¢.M. and Evolution should be charily 
applied and only when methods by inspection fail. 


: 7s Ni tht yr : 
vi _ PREFACE. 

ta: his treatment of Fractions the author has employed 
the method of the Master of Sidney Sussex College, 
Cambridge, by at once adopting a wide definition applicable | 
to all Sistine having numerator and denominator positive 
or negative, integral or fractional. In other parts of the 
book he has not consciously followed the guidance of any 
particular authority. He has advisedly omitted all conside- 
ration of negative or fractional indices, as being above the 
standard aimed at in the book or required by the Regulations 
| of the Indian Universities in their Entrance Examinations. 

Numerous original examples are appended to each 
| iter and have Ean constructed to bring into prominence 
points which the author’s twenty-two years’ experience in 
India as a mathematical teacher and examiner has shewn to 
be important, while many of them are by their local colouring 
specially adapted to Indian students. Answers to all the 
examples are supplied, together with frequent hints to assist 
the student in the solution of the examples on the first ten 
chapters. At the end of the book is a collection of problems 
selected from Examination Papers set in the Entrance and 
similar Examinations of the Universities of Bombay, Calcutta 
and Madras. 

Every care has been taken to verify all examples and 
ensure accuracy in the answers, but it is feared that occasional 
errors may have escaped detection, and the author will 
be grateful for having his attention directed to them as well 
as for any hints which will enhance the educational value 
of the book. 


J. T. HATHORNTHWAITE. 


Evputnstone Contecs, Bompar; 
13th September, 1894. 
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ALGEBRA. 


CHAPTER I. 


Ed 
=A 


DEFINITIONS. a 


1. AtcepRA is the science in which we employ letters to 
denote numbers and symbols to denote the operations performed 
upon them. The letters employed are the letters of some 
alphabet, generally of the English or the Greek, and the number 
of such letters may be increased at pleasure and to suit our 
convenience by appending figures or letters below the ordinary 
letters or by placing dashes above them. Thus we use 


ee ince d ineved cee trates Ls. Dass 
Dinites Birra: <aharrss «adie. ei: aa 
“4 Gea 8a’ chen cade Bh ak Ls De Ye tae 
aetbisney yp: Ach .od. fafa Sin, a3! Wasa 
1 EL SOT, DS Ra As Pind Uae 
a, Bh, 3 oeew eee tree eee eee eeo ae FORE ORR ME oe se ‘ ae 
As a rule early letters of the alphabet a, 0, ¢...... denote known 


or given quantities, and late letters of the alphabet a, y, 2 denote — B 
unknown quantities. : 1 


2. The symbol +, called the plus sign, denotes the operati¢ 
of addition; thus 3+4 or 4+3 stands for the sum of 3 and 4 
and is equivalent to 7; 9+23+458 stands for the sum of 9, 23 — 
and 58 and is equivalent to 90; a+6 or 6+a stands for the sum 
of a and 6; and so on for any number of quantities which are to 
be added together, the order in which they are placed being a 


H. A. 1 
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; 4 
matter of indifference. When any quantity such as a is to be 
added to itself, the result is not generally expressed by a+a@ but 

by 2a; and if @ were again to be added, the result would not be 
expressed by a+a+a but by 3a, and so on. When a quantity 
has no sign prefixed the + sign is understood; thus a is equivalent 

to +a. 


3. The symbol —, called the minus sign, denotes the 
operation of subtraction and is placed before the quantity which 
is to be subtracted from that which precedes it. Thus 4-3 
stands for the result of subtracting 3 from 4 and is equivalent © 
to 1; a—6 stands for the result of subtracting b from a; a—b—e 
stands for the result of subtracting ¢ from a—6 and so on. 


4. Asin arithmetic the symbol x indicates that the quan- 
tities between which it is placed are to be multiplied together, 
and is often omitted for the sake of brevity; thus a xb or ab 
denotes the product of aand b. Similarly the symbol + indicates 
that the quantity which precedes it is to be divided by that which 
follows it; thus a+ denotes that a is to be divided by 6. The 
operation of division is also frequently denoted by placing the 


dividend above the divisor with a line between them; thus ; 


expresses the same fact as a+. 


5. The symbol = denotes equality and indicates that the 
quantities between which it is placed are equal to each other. 
Thus 4+3=7, 4-3=1; a+b=c states the fact that the sum 
of the quantities a and 6 is equal to the quantity c. Quantities 
connected by the sign of equality form what is called an equa- 


tion. 
es 


6. The symbol > denotes that the quantity preceding it is 
greater than that which follows it, and the symbol < denotes that 
the quantity preceding it is less than that which follows it. Thus 
4>3 and 3 <4 state the same truth that 4 is greater than 3 and 
that 3 is less than 4; a> 0d states that the quantity represented 
by a is greater than that represented by 6. 


7. Ina train of reasoning the symbol -,- denotes ‘since’ or 
‘because,’ and .°. denotes ‘therefore’; thus :* «=2, .. 3@=6. 


8. <Any collection of algebraical symbols is called an ex- 
pression ; the parts of an expression which are connected by the 
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signs + and — are called terms. Thus 2a + 4b —3c is an expres- 


sion containing the terms 2a, 46, 3c. An expression consisting 
of one term is called a simple expression, and when it consists 
of more than one term it is called compound; thus 2a is a 
simple expression and 24 + 46 — 3c is compound. An expression 
consisting of two terms is called a binomial, of three terms a 
trinomial and of more than three terms a multinomial; thus 
2a + 46 is a binomial, 2a + 46 — 3c is a trinomial, and 2a+4b-—3c+d 
is a multinomial. Terms preceded by the sign + are called 
positive terms and preceded by the sign — are called negative 
terms; terms preceded by no sign have the sign + understood 
and are positive. Thus in the expression 


a, b and d are positive terms while c and ¢ are negative. 


9. When a quantity or expression consists of the product of 
other quantities or expressions, each of the latter is said to be a 
factor of the former ; thus ax bx or abc is the product of a, b 
and c, and each of the quantities a, b, ¢ is called a factor of abc. 
A product may consist of an arithmetical factor represented by a 
number and of another factor which is algebraical and represented 
by a letter or letters ; in this case the numerical factor is called 
the coefficient of the other factor. Thus in the product 4abc, 
4 is the coefficient of abe. If a product contain zero as a factor, 
the product obviously vanishes. If a letter or product have no 
coefficient expressed, the coeflicient 1 is understood, so that adc 


is equivalent to ladc. 
Ph; 


10. When a quantity is multiplied by itself any number of 
times, each product so formed is called a power of that quantity 
and is expressed by placing above the symbol representing the 
quantity to the right the number which states how often the 
quantity is repeated in the product; and the figure or letter 
placed above a symbol to express the power of the symbol is 
called its index or exponent. Thus axa or @ is the 2nd 
power or square of a,axaxa or a is the 3rd power or cube 
of a, and soon. Also ais the 1st power of a and is equivalent 


to a; and if a be continually multiplied by itself and occur n 


times in the product, the product is called the nth power of a 
and is denoted by a”. Every power of 1 is 1 and every power of 


 Ois 0, 


1—2 
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11. The square root of a quantity is that quantity which, 
multiplied by itself, produces the given quantity, and is denoted 
by the symbol ,/, called the radical sign, placed to the left of 
the given quantity, with the addition when required of a connect- 
ing Tine above it ; thus the square root of 4 is denoted by ,/4 
and is 2, the square root of a? is denoted by \/a? and is a, the 
square root of a+b is expressed by /a+6. The cube root of a 
quantity is that quantity which has the given quantity for its 
cube and is similarly denoted by the symbol ¥/; thus the cube 
root of 27 is denoted by ~/27 and is 3, the cube root of a? is 
denoted by ¥/a? and is a, the cube root of a+b is expressed by 
/a+6. in the same manner the fourth root of a quantity is 
that quantity which has the given quantity for its fourth power 
and is denoted by the symbol ,/, and so on. 


12. Each of the letters which occurs in an algebraical 

_ product is called a dimension of that product, and the number 

of letters is the degree of the product, a numerical coefficient 

being not reckoned. Thus 3abc or 3x axb xc, 40°) or dx axax b, 

7a or 7x axaxaare all of three dimensions and of the third 

degree. When all the terms of an algebraical expression are of 
the same degree it is said to be homogeneous ; thus 


4abc? + 3a?be — Ta*b? + 11a*b ~ 8a4 
is homogeneous, each of its terms being of the 4th degree. 


The degree of an expression is the degree of the term of 
highest dimensions which occurs in it. Terms are said to be 
like when they consist of the same letters raised to the same 
powers, and are said to be unlike when this condition is not 
fulfilled ; hence like terms differ only in their coefficients. Thus 
5ab’c and 8ab’c are like while 7a} and 10a7d? are unlike. The 
terms of an expression that involve a common letter should as a 
matter of convenience be always arranged in ascending or de- 
scending powers of that letter, and should not be placed confusedly 
in any order the student chooses. Thus it is much better to 
write 

8a3 — 8au* + Tax + a3 
than Ta’a + 82° + a — 3aa* 
or a> — 3a + 8a + Ta°x. 


13. Brackets ( ), { }, [ |] are employed ‘o denote that 
two or more quantities enclosed within a pair of them are to be 
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treated as a single quantity. Thus 10+ (3+4) means that the 
sum of 3 and 4, ie. 7, is to be added to 10; 10- (4-3) means 
that the excess of 4 over 3, i.e. 1, is to be subtracted from 10; 
10 x(3+4) means that 10 is to be multiplied by the sum of 3 
and 4, i.e. by 7. Similarly a +(b+c) means that the sum of b 
and ¢ is to be added to a; a—(b—c) means that the excess of } 
over ¢ is to be subtracted from a; a(b+c) means that a is to be 
“multiplied by the sum of 6 and c; (a+)? means that the sum of 
a and 6 is to be raised to the cube, and so on. 


The effect of a bracket is also produced by drawing a straight 
line called a vinculum above the quantities which are to be 
treated as a single quantity; thus a—b-c is the same as 
a-(6—c). The line mentioned in Art. 11 as sometimes placed 
above a quantity in connection with the radical sign is the 
vinculuin. 


14. Useful exercises in the use of the symbols which have 
been explained in this chapter are furnished by investigating the - 
numerical values of algebraical expressions where the letters 
have certain assigned values. 


Thus if a=0, b=1, c=2, d=, let it be required to find the value of 
at d¢— be — ct (c? — a?) (d? — b?) 
ad +cd—be—ab apg. (c+d—b)? 
ad —bh—ct -0+9-1-8 Oy. 
ad+ed—be—ab- 04+6-2-0 4 
(c? — a?) (d?—b?) (4-0) x (9-1) 


Here 


0; 


Sie ~ e+d-5F 43-1) 
4x8 32 _ 
es Ca 

EXAMPLES, 


If a=2, b=4, c=1, d=5, find the value of 
1. 5a. 2. dé. 3. 2d. 4, 6, 5. 3c. 6, 5d. 


da? ae. 8. ‘Tbd. 9, 10ad. 10. 2abe. 11. 12bc?. 
12. 9d, 13. 200%. 14. 3c4 15. 4abcd. 16. 8a'd?. 
17, 1267c3. 1334 20 49... aF, 20, 


If e=4, y=7, z=10, find the value of 
21. 7v-—4y. 22. 54+10y-92. 23, 37+4y-—4z. 24, 6x? +42yz, 
25. y?—327. 26. yetertay. 27. xyz-40%. 28. vyteu—y'2 
29,8 = 23 —y°. 30, 40°27 
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If a=0, b=1, c=2, x=3, y=4, z=5, evaluate: 


31, axv+by+cz. 32. 5axr+3by—cz. 33, aye+ben+cry.. 
34, 0?2—a®y+cx. 35. (e+a)?+y?—2. 36. (x—a)?-(y—b)* 
37. 2(#—a)?-(y—b)?-(z-c)?, 38. 2cv+3by —5az. 
39, bex+cay+abz, 40. a(y+z)+b(¢+a”)+ce(x+y). | 
41, 2?—4ar+b?, 42, «?-—2bxr—a?. 43, 2ax*+6by? — c2z*. 


44, bxy—2cx—B3ay+be. 45. xyz+10cx+15by + 12az—3yz— 4exn — Say. 
If a=2, 6=3, x=1, y=4, evaluate : 


3a 6y Sab ab? Qabu 
46. ba" 47, ab" 48. a 49. Bap 50. A: 

bay pa Gary 62724? bsy/8 8a%b 
51. Duy: > bo. TAp ° 53. ree e 54, 98 55. ays 

If a=1, 6=2, c=0, d=3, evaluate : 

3ab be are? 5edt 4a3b4c5 

56. od" 57. ad . 58. b2q2" 59. Barb? e e qs 
fe. Evaluate the following when a=0, b=1, c=6, d=9, e=12: 

_ ¢+d 62 2a+6b—e 63 at+b+c+d+e 
: Z J ate—b-c! " 2a+6b+c° : b+e-c —- 
_ 9b4+3¢e-5d at+b+d-—e ‘be+cd—ab 
64. 9a+38c—5b° 65. ate. 66. e-b * 

- 67 2452+ 2 — ¢2— ae Qed be? de 
; a+b+3d °- Seb i e.. ae Se 
3a7+6b2 3c?-—d? 6?—I2cd 
ee oe. t od be 
fe TT 8 PL ae ee 
* a+b? b24+¢2° @+d? d2+e° * M@=-8  d+i1 5d +5 
e+] 7e—-4. e—-12 ce 62c2 — q 22 
72. Qe+5 e+4 T e439 eee 13, cal? — 20b7e2 * ior Peas 
74 ade + bee — acd — bed 75 180° — Oe e— ds 
* @46643c-—2%-+e ° 3 5d-2%—2e * 
Evaluate the following when x=3, y=2, z=0: 
xy — ke ay — eX vey — of 
76. Gece ‘ i 2 pay Th 8. aye 
3;— 3—— Free 
79, 9a eS n/ 4y ad n/ Qz 80. V 6ary — n/2y2 + Mire 


N3a—V/2y  * V 27x — “/8y 


81. 
83. 
85. 
87. 
88. 
89, 
90. 
91. 
93. 
95. 


96. 
97. 
98. 


99. 


EXAMPLES. 7 


If a=5, b=4, c=3, d=1, find the value of 


(a+b)—(c+d). 82. (a—b)+(c-—ad). 

a (b—c)+b (c—d)—c(a—d)—d(a—b). 84, (a?+d?)— (6? +c). 
(a4+2d)?— (b+). 86. (a—b) (c+d)—(a—d)(b—c). 
(a+) (a-c¢)(a—d) —(a—b) (ate) (a4+d). 


(@+6— 3c) (a—b+c)(a—c+d). 

(2a— b+ 3c) (3a-—c+2d) (a—b—d). 
(a—b+d)*?+(a—e-—d)?+(b-c4+d)?— 

(4acd — 5bed) — (abe- 3abd). 92. /(a*—c*)+/(a?— b?)— a (b? + c?). 
V(bc+4d)—J/(ab—4d). 94, (88 -— We +. a2 + 2d) — 8/(2be + 3d). 
s/ (4a? — 6b? + c? — 12d?) — f/(a? — b? — 2), 


Shew that «?—15x%+-56 vanishes if v=" or 8. 
Shew that 2? — 142?+ 49x - 36 vanishes if x=1 or 4 or 9. 


Indicate like terms in the expression 
Ta*ay —4ab*y — 3any? + 5arxy — babs? + 10ab y. 


Of how many dimensions are the terms 3a7b2c, Tab%c?, 10abe 
a®bc?, 4a7b*c?, 1lab’c!? Are any of them of the same degree? poe 


100. _ Write down all the products of three dimensions that can be 


formed from a, 6 and ¢, and their powers. 


CHUAPTER IL. 
ADDITION. 


15. In arithmetic all the quantities we meet with are 
positive, and we add positive quantities together or subtract a 
positive quantity from a positive quantity. But in algebra we 
have to deal with negative quantities, ie. quantities preceded by 
the — sign, as well as with positive quantities, i.e. quantities 
preceded by the + sign expressed or understood. Hence addition 
in algebra has a sense it does not possess in arithmetic and 
frequently includes what we have been accustomed to regard as 
_ Subtraction. The magnitude of a quantity, disregarding the sign, 
is called its absolute magnitude. 


16. When the terms of an expression are connected by 
the + sign, it is plainly a matter of no consequence in what 
order we place them, our only object being to collect them 
together and find the value of their aggregate. Thus a+b+c is 
obviously the same as b+e+aorc+a+6. 


But when a negative quantity appears in an expression we 
have to consider what it means. <A_ positive quantity by its 
nature implies an increase, and a negative quantity by its nature 
implies a decrease, having the exactly opposite effect to the 
corresponding positive quantity. Now the expression ~ 


—b+a 
means that the negative quantity —b is to be added to the 
positive quantity a, thus diminishing a to the same extent to 
which the addition of the corresponding positive quantity 6 would 
have increased a, so that 

—b+a=a-6. 

Thus a—b and —b+a have the same meaning, the order of the 
terms being a matter of indifference. 
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And when an expression contains several terms connected by 
the signs + and —, it is still of no consequence in what order we 
place them. Tor the expression 


a+b—e 


means that 6 is to be added to @ and e¢ subtracted from their 
sum, and 
a—c+b 
means that c is to be subtracted from @ and 6 added to the 
remainder ; and our arithmetical conceptions enable us at once 
to conclude that the result must be the same in the two cases. 
Hence 
a+b—c=a-—cr+b. 

Or this result may at once be obtained from the considera- 
tion that we have proved the order of the terms to be a matter 
of indifference in the case of two terms so that 


b—-c=-c+); 

hence, adding each of these equal quantities to a we have 
a+b-c=a—c+b. 
Also the order of the terms being a matter of ind a in 
the case of two terms, we have 
d-C=-C+4; 
so that the expression a—c+6 may be written 
| -—c+atb; 


and the three expressions a+ b--c, a—c+ 6 and —c+a@+6 are 
all equivalent to each other. 4 


Any other expression may be treated in the same manner, 
-and we thus arrive at the conclusion that the order of the 
component terms of an algebraical expression is a matter of 
indifference, 


17. We shall now prove that to add expressions together is 
the same as to add together the component terms of the expres- 
sions arranged in any order we please. 


The meaning of 15 + (3 + 2) 


is that the sum of 3 and 2 is to be added to 15, thus producing 
20, and it is obviously a matter of indifference whether to 15 we 
add first 3 and then 2, or add the sum 3+ 2, 1e. 5, at once; 
hence 


a 


15 + (38+ 2)=154+3+42. 
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In the same manner the meaning of the expression 
a+(b +c) 


is that the sum of 6 and ¢ is to be added to a, and, as in the 
above numerical example, it is plainly immaterial whether to a 
we first add 6 and then ¢ or the sum of 6 and ¢ at once; hence 


a+(b+c)=a+b+t+e, 
Again the meaning of 
15 + (3 — 2) 


is that the excess of 3 over 2 is to be added to 15, and it is 
obviously immaterial whether we first add 3 te 15 and then 
subtract 2 from the sum, or subtract 2 from 3 and add the 
remainder to 15, the result being 16 in each case ; hence 


15+ (3 - 2)=154+3—-2, 
Similarly the expression 
a+(b—c) 


means that the excess of b over c is to be added to a, and it is 
plainly immaterial whether we first add 6 to a and then subtract 
e from the sum, or subtract c from 6 and then add the remainder 
to a. For on adding 6 alone to a we have added too much by 
the quantity c, since we are required to add not b but 6 
‘diminished by c, so that the sum a+ must afterwards be 
diminished by c. Hence 


a+(b—c)=a+b-e, 
Similarly we may prove that 
a+(b-c—d)=a+b-c—d 


and so on; and this method of proof may be extended to com- 
pound expressions containing any number of terms, 


“We are thus led to the following rule regarding the use 
of brackets : 


When an expression within brackets is preceded by the + sign, 
the brackets may be removed. 


And conversely : 


Any expression may be put within brackets and preceded by 
the + sign. 


ADDITION. * 11 


We have also shewn that to add expressions together is the 
same as to add together their component terms. And we have 
previously shewn that the terms of each expression may be 
arranged in any order we please, the order being a matter of 
_ indifference. It will therefore obviously be a convenient arrange- 
ment to collect into groups all like terms before we commence 
the operation of addition. 


18. We are hence led to frame the following rules for 
addition in algebra. 


When the terms to be added are like and of the same sign, 
thew coefficients must be added, the common sign prefixed and the 
common letter or letters affixed. Thus 


24+ 7a+ 13a = 22a; 
— day — day — 10xy =— 18ay. 


When the terms to be added are like, but some positive and 
others negative, all the positive coeffictents should be collected and 
Jormed into one sum, and all the negative coefficients should be 
collected and formed into another sum; the final sum is_ the 
difference of these two sums with the common letter or letters 
affixed, and has the sign of the greater sum. Thus 


3a—5a + 12a — 6a + 9a — 2a = 24a — 13a= 11a; 
4acy — Tay = 10xy + ay —S8xy + lay = 16axy — 25ay =— 9ay. ss 
When the terms to be added are not all like, those which are’ 
hike must first be collected and formed into single terms, and the 
rest must be written down unchanged each preceded by its proper 
sign. Thus 
5a + 3b—¢+ Ta—8b+10d—a+ 2b + 2c=1la—- 3b+¢+410d. 


19. ‘The addition of compound expressions is however much 
facilitated by writing them down symmetrically in horizontal 
rows in such a way that like terms may be in vertical columns. 


Thus let it be required to add together 7a —4b+43c, —10a+3b-— 7d, 
9a—8b-—c, —a+5b+6e. 


Arranging the expressions as suggested we have 


7a—4b64+-3c 
— 10a+3b — Td 

9a—8b-— e + 
—- a+5b +6¢ 


5a —4b+2c—7d+6e 
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Similarly let it be required to find the sum of 
8 — 5a? +7H—-2, —79343x2-6r+8, 
2x3 —9x4? —- 10x -—6, 44°+4+122?+9x—-1. 


We have 
In this example the sum of the coeffi- 
w— 5a*+ Tx-2 cients of the positive terms involving ~ is 
—7e+ 32?- 6x+8 exactly equal to the sum of the coefficients 
243— 9x?—10x-6 of the negative terms, and the terms in #% 
403 +122?+ 9xr-—1 are then said to cancel each other; likewise 
te as] the terms in 2? cancel each other, and so 


the sum contains no term in # or 2°. 
The rules for fractional coefficients are the same as for integral 


ee coefficients. Thus let it be required to find 
_ Pa24 bab—asp: the sum of fa*— Zab— 30%, — oat + fab— 330, 
10 22 7507 — gs, ab+2b%. By the same method as 


fea? aby 42 eM 7 : 
1b 38 _ or integral coefficients the sum is found to 
Bo+ fab— ib be sha?+4ab - 70”. 


20. Addition in algebra is performed by prefixing the + 
sign to the quantity to be added, and we know that to add 6, i.e. 
+6, to a produces the result a+, so that we have 


+(+6)=+06. 

Again by prefixing the + sign to the quantity —6 we add it 
to another quantity @ and have seen that the result is a—86, 
so that 

+ + (—b)=-b. 

Hence a positive sign operating on a positive sign produces a 
positive sign and operating on w negative sign produces a negatove 
sign. 

We also notice that to add the negative quantity —06 is the 
same as to subtract the positive quantity 0. 


Such results as these expressed under the form of symbols 
are called formule. A Formula is a rule or general result 
expressed symbolically. 


21. We have seen that negative quantities may be added 
to each other and that a negative quantity may be added to 
a positive quantity, and we shall subsequently see that a negative 
quantity may be subtracted from a positive quantity or from a 
negative quantity, and also that negative quantities obey the 
laws of multiplication and division. 


In fact, apart from any idea of subtraction, which involves 
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only the magnitudes of the quantities with which we are dealing, 
negative quantities possess, inherent in themselves, a quality 
which distinguishes them from the corresponding positive 
quantities. This quality will be better understood by illustra- 
tions taken from ordinary life. Thus if a man possess ten rupees 
and is not in debt, his property would be described algebraically 
as 10 or +10; if he possess nothing but is not in debt, his 
property would be called zero; if he not only possess nothing but 
is ten rupees in debt, in algebraical language his property would 
be — 10. 


Again as a negative quantity is the reverse of the correspond- 
_ ing positive quantity and has exactly the opposite effect, if we 
agree to measure distances in one direction, say towards the 
north, by positive quantities, distances in the opposite direction, 
ie. towards the south, would be represented by negative 
quantities. Thus if a man were to walk ten miles towards the 
north, algebraically he would be said to be at a distance 10 or 
+10 from the starting-point ; and if he were to walk ten miles 
towards the south, he would be said to be at a distance — 10. 
And if he walked first ten miles towards the north and then 
retracing his steps walked ten miles back towards the south, he 
would be at a distance 10—10, i.e. 0, from his original starting- 
point, which means that he would have returned to it. 


For another illustration, if we agree to measure time past a 
certain hour, as noon, by a positive quantity, then time before 
that hour would be expressed by the corresponding negative 
quantity. Thus if 1 p.m. were represented by 1, 11 a.m. might 
be called — 1 and would be — 1 p.m. : 


EXAMPLES. 
Add together : 
1. a—b, a+b. 2. a—b, -a+b. 3, 2a4+5b, 5a—7b, —6a+3b. 
4. 7a—2b, —10a+5b, 4a-3d. 5. b+c—a, ct+a—b, at+b-e. 
6. a—2b+38c, 5a+7b—-c, —6a—4b—2e. - 
7, 3a+5b-2c, 7a—11b+d, 7b+e-4d. 
8. a+2b-—3c, 3b—5a42c, 9e—8b—Ta, 12a—7e+4b. 
9. 3a—5b+4c+7d, —7a+9b—11e- 4d, 


13a—8h-2c-5d, —8a+2b+12c- 2d. 
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2a?—4ab+b2, a®+38ab—2b%, —5a?+7ab—3b*, 3a?—6ab+4b%, 
a*—5act+ab—Tbe—c?, b?+7ab—be+3ac— a’, 
c2 + 8be+ 2ac— 8ab — b*. 

203+ 4a%b — 8ab?— 68, —5a®—'7a?b+2ab? + 3b%, 

4a3 + 6a*b — ab? — 6b%. 
&—b—3, b—-3—a’, &—ai—b3, a +08 +0%. 
2at — 3a3b +-7a7b?—-ab?+bt, 3a*+5a%b — 8a7b? + 9ab3 — 44, 

— 4a4— 2a%b + ab? — 8ab? + 36+. 
Qat—2bt43ct, —10at+7b'—8ct, Gat—5b4—4ct, 3at+b!4+10c4, 


e—5a+7, — 34°+4x"—-8, 4xu?-Tx+2. 


522-4743, 322+207—-—7, —T2?+3x74+4, 
a —Beyt+y*, —20°-4ayt+5y?, 407+ Try — 47. 
3y?+ 4a0y — 27, —2y?-Sry+32", y?+ay—22". 
y—5y+3, 4y?+9y-6, —3y?-2y+1. 
Qa°—5x2+6, —8e?+3xr-2, 32?-Txr+5, 4%74+10x—-8. 
u*—2av+a*, —3x?+5av—-407, 82°-4ar—-3a2, —6x*+axr+6a2. 
ab+5ax*—-3a’x, —- 4ab—3a22+8a2x, Tab—I9ax?-— 4022, 
2 — 4974+ Ta -—3, —10%°+ 827-8749, 
32° —32?—-5xr+2, 603 —-2?+6x—7. 
3u*—223—a4, —4044+347+4+2%, Qat+3x3-— 22x. 
2x — Ta +-522- 6243, 524+3034+42249x-1, 
— 6x' + 443 — 9x? — 34-2. 
3a4—527?+1, 703+422-6, —a84+42—4e, —Q2'- 52843244. 
5a*x3 —aPx?+4atx, 3axvt—2a2x3—3a', 
° —8ax'+Ta72, —9a5a?+ate+2a, - 


~ 248 — 3y?+2y—6, —5y2427?-5y+2, 473+ 4y4+3. 


3+a—a3—4a?, 4a4+3a3— a?—5, 
2a°—3a?+6-—4a, 9a?+3-—5a+5a3, 
3a°—4a7+7a—2, 3a?—4a3+'7—- 2a, 
3a—4+7a?-2a', 3-404 Ta3— 2a?. 
w—y— 2, 3a2—4y2 +522, —7x?4+9y2— 622, 4423924322, 
243 — 6a%y —3ay2—y3, — 548+ 8a2y —Qay?+7y3, 
823 — 9x?y + Bay? — 2y°, 
4x? — Say + 2y?+Ta—-3y+4, — 8x? + 9xy —6y?—82+2y-9, 
5a" — 6ay + Ty? — 82+ 6y—1, 
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35, at—Qaey+5u%y?-—- Try +4y4, 344+ 523y —9a%y? + Qary3 — 94, 
— = Qa — ay + 22?y? + 38x? + Ty4. 
36. 24 2y—av%2+ay?— xyz, H2—ay?+2A-Y2+y%, 
— ey — vet ayetyet+2, 
37. ga—4b, 4a+4b, goat zo. 
98, Ja+ysb-she, —fa+}b+}e, Ja—Jd-}o 
89, dot joth, aye’ deth, — halt de—d. 
40, 30° gay—#y", —30°+hay—3y, Te? -Wey—- hy’. 
41, gov foy, $oy— Bye, Bye shrew 
42. 2 —4y?-422, 72-42-4207, 2-ha7- hy". 


/48. If «=8a-64+6c, y=5b—Te+4a, z=2c-—6a-—3), 


prove that atyt+z=at+b+t+e. 
44, Ifv=tp—39+3r, Y=reY— 4" -3P) 2a" —8P tah 
shew that zwt+y+z=0, 


45. If u=8a?—2ca+5ab—5b?, v=6b?—4ab+ Tbe —8c?, 
w= 9c? — 6bc+ 3ca — 2a*, 
prove that utovt+w=e'+0?+e+bce+ca+ab. 


46. A man started in business and lost Rs. 200 in his first year and 
Rs. 100 in his second year, while he gained Rs, 300 in his third year ; 
what were his gains at the end of his first, second and third year, 
respectively ? 


47. A penniless man borrows £x from a friend and repays the 
loan at the rate of £y per month; what is the amount of his property 
at the end of z months ? 


48, A traveller walks due north eight miles, then due south ten a 
miles, and then again due north two miles; where is he? Trace his 
progress algebraically. 


ad 


49, A man walking at the rate of 12 miles a day walks due east 
for 5 days and then due west for 54 days; express algebraically his 
distance from his original starting-point. 


50. A boy twenty minutes late for school arrived there at a 
quarter past 12 noon; at what time p.m. was he due? 


CHAPTER. III. 
SUBTRACTION. 


22. SUBTRACTION is the reverse of addition and is performed 
by changing the signs of all quantities which are to be subtracted 
and then proceeding as in addition. The change need not be 
expressed but may be supposed only. 


This rule may be obtained by considering what takes place 
when the operation of subtraction is being performed. If we are 
required to subtract 8+5 from 15, it is plainly immaterial 
whether we first subtract 8 from 15 and then 5 from what 
remains, or at once subtract the sum 8+5 from 15, the result in 
each case being 2; hence 


15—(8+5)=15-8-—5, 


Similarly on subtracting 6+ ¢ from a, the result is obviously 
the same whether we first subtract 6 from a@ and then ¢ from 
what remains, or at once subtract the sum 6+¢; hence 


a—(b+c)=a—b-ce. 
Again suppose we are required to subtract 8—5 from 15, 


By subtracting 8 from 15 we have obviously subtracted too much | 


by 5, since we are required to subtract not 8 but 8 diminished by 
5; hence 5 must be added to the remainder, and we have 


15 —(8—5) =15-8 +5; 
the value of each result after the operations indicated being 12. 


Similarly on subtracting b—c from a, if we subtract } only we 
have obviously subtracted too much by the quantity c, since we 
are required to subtract not 6 but 6 diminished by c; hence e¢ 
must be added to the remainder, and we have 


a—(b —c)=a—bt+e. 


wre. 
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This method of proof may be extended to compound expres- 
sions containing as many terms as we please, and we may prove 
similarly that . 

a-(b—c—d)=a-—bicid, 
and so on. 


In all these cases we see that to subtract an expression is the 
same as to add the expression with the sign of every term 
changed, and we are thus led to the rule given at the beginning 
of the chapter. 


23. For example let it be required to subtract —2a+3b—-—5e 
from a—4b+6e and a —5a’b+ 8ab? — 263 from 3a? — 9a2b — Bab? + B?. 


Changing the sign of every term in the expressions to be subtracted 
and proceeding as in addition we have 


a—4b+ 6c 303—9a2b— 6ab?-+ B3 
9a—3b6+ 5e — @+5a72b— 8ab?+2b3 
3a—7b+11le 203 — 4a*2b — 14ab? + 363, 


The rule for fractional coefficients is the same. For instance, let it 
be required to subtract j57—dy— 42 from ja—-2y+4z. Proceeding as 
before we have 

| be iy+ 4s 
— Pye thy +752 

BU BY Tt 2% 

The signs need not however be changed in the actual working 


of examples, but it will suttice to suppose them changed and treat 
them accordingly. 


24. Weare thus also led to the following rule regarding the 
use of brackets. 


When an expression within brackets is preceded by the — sign, 
the brackets may be removed on changing the sign of every term 
unthin them. 


And conversely : 


Any expression may be put urthin brackets and preceded by the 
— sign, if the sign of every term to be mcluded within them be 
changed. 


Brackets may be removed or introduced to any extent that 
suits our convenience provided these rules and those of Art. 17 
be observed. On removing brackets it is desirable to commence 
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with the innermost pair, then to proceed with the innermost pair 
of those mon remain, and so on until all are removed. Thus 


a—[b-{e—(d-e-f)}] 
=a—[b—{e—(d—e+f)}] 
=a—[b-—{e—d+e-—f}] 
=a-—[b-c+d-e+f/] 
=a—b+c—dt+e-f. 
Brackets may also frequently be introduced in various ways 
in the same expression. Thus 
a-—-b+c—d+e-—f 
=a—{b-—c+(d—e+f)} 
or =a—b+{c-(d-—e+f)} 
Be ={a—(b—c)}—{d—-(e-f)}, 


and so on. 


25. Subtraction in algebra is performed by prefixing the — 
sign to the quantity to be subtracted, and the result of subtract- 
ing 0, i.e. + 6, from a is a—8, so that 

—(+6)=- 


Again, we have seen above (Art. 22) that the result of sub- 
tracting a negative quantity like —6 from a and therefore of 
prefixing the — sign to —6 is a+ 6, so that 


—(—b)=+06. 
Hence a negative sign operating on a positive sign produces @ . 


negative sign and operating on a negative sign produces a positive 
sign. 


These results may also be obtained independently by consider- 
ing that subtraction is the reverse of addition, and that therefore 
to add and subtract the same quantity pr oduces no effect ; hence 


a=a+b—O6. 


Again, if equals are taken away from equals, the remainders are 
equal ; therefore 


a—(+6)=a+b-b-(+b)=a-b; 
a—(—b)=a+b—b-(—b)=a+b; 
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since in the first case + 6 and -- (+6), and in the second case —0 
and —(—b), cancel each other, the same quantity being added and 
subtracted. | =3 


We notice that to subtract the negative quantity —6 is the 
Same as to add the positive quantity 0. 


EXAMPLES. 


Subtract 
1. a—b from a+b. 2. 2a—36 from 3a-2b. 
3. a—b—c from a+b+e. 4, 3a—b64+2c from 2a+b—-3e. 
5. 4a—c from a—3042e. 6. -—a+6-c from a—b-3e. 


—ga—tb+3e from fa—hb+qhe. 8. 4x7—5y from 3v—4y. 


os] 


—a+y from v-y. 10. 3%—6y—7z from 3x+2y— 42. 
ll. «w-y from 52-6y—2z. 12. —4x%—7z from —x7+38y—4z. 
13. 5¢—y—6z from «+3y. 14. 3a-—3y+42 from lw-3y+z. 
15. —35x2-—Zy+32 from v—4y—kz. 

From 
16. «?-2%7+1 take 327-1. 17. 527-3 take 4v?- 47-2, 
18, 22?+ax-— bax - 6 take x? — bx —a?. 
19, axz?—bxe+a?—b? take bz?+ax— bax — 62, 
20. 72*+4xy—8y" take —2u?—- xy —9y?. 
21. a -—5a-—4 take —a?-—Ta—-6. 
22, 1-—38a+7a?-2a?—at take —-3+0+43a2-6a3— 5a‘. 
23, 2—227+1 take —x#-27+42. 24, 2a°—wx take #— x7? +4. 
25. —2#*+a7x*-a*t take — 274- ax? +a3z. 
26. yeteut+ay take —yz+en— xy. 
27. a@—b?+c?+be—2ca take c?+a?— b?— be—2ab. 
28. a—3a7%x+3axr?—- 23 take —3a3+a%x —ax?+ 32°. 
Y29. 4a7-4ab+ 30? take j,0?— ab — 10? 
30. f9r—arpt+tpg take —}gr+3rp — gpg. 
Simplify by removing brackets 
$1. 10-[6—{1-(7—5-—2)}]. 32. a-[b-{a-(b-a—b)}]. 
33, 3a—[10a+ 8b - {7b - (2a ~3b)}]—[6b—5a—{7a-(Ba—4b)}]. 
2—2 is 
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34, 5a—[8a—{4a—(5a— 6a—‘7a)}]. 

35. a—[2b—{8a—b- (7a— 5b — 3a — 20)}}]. 

36, a?—[(b?—c*) —{a? — (2a? — b? = c2)}}. 

37; 1-[l-2-{1-(13 la) } 

38. at— [223 — {342 — (42 —1)}]—[a*— {843 — (40? -— 5x4 2)}]. 

39. »—[4y— {8a—(5y—2)}] — [Ba — {2y— (5a — 10y — 4a —2y)}], 


40, y'—a?—[#— {a2 (tt - PF 2)} 


If e=1, y= —1, z= —2, find the value of 

41. x+y+z. 42. -—«v-y-z. 43, x-—(-y)+(-2). 

44, 2a@+'Ty —3z. 45. -6x-—10y+2z. 

46. What must be added to b?+c?—a? in order that the sum may 
be a?+ 2b?—3c?? 

47. What must be subtracted from 

at — Bay + 4a? — Qa +y4 

in order that the remainder may be #y + .2*y?+ ay? ? 


48, To what expression must a?—ab— 06? be added in order that 
the sum may be 3a? — 4ab+ b?? 


49, -Find the difference between 
a — 4a7y + 5ay?-yP and — 2+ 302y — 2xy* — 3y?. 


» 50. Express algebraically : The excess of x over y is less than 2 
y 2. 


CHAPTER IV. 
MULTIPLICATION. 


26. Just as the sum of any number of quantities is the 
same in whatever order they are placed, so the product of any 
number of factors is the same in whatever order they are taken. 
For 2 x 5 means that 2 is to be taken 5 times and so 


= 242424242 
aeel A): 

and 5 x 2 means that 5 is to be taken twice and 
=9+5=10. 


This can also be readily proved by geometry. Let ABCD be 
a rectangle of which one side AB contains 5 units of length and 
the other side AD 2 units of length, and complete the figure, so 
that the whole area of the rectangle is seen to be made up of ten 
equal squares. 


A G B 


i 1D} 
D H C 


Then the area ALCD, which is 10 square units of area, is 
obviously expressed by five times the area AG'HD or by twice 
the area ABHF, where AGHD contains 2 square units and ABE FE 
contains 5 square units. 


Hence Bea 0% 2, 
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Tn the same way the product a x 6 means that a is to be taken 
b times and 6x a means that 6 is to be taken a times; and by 
the same reasoning we prove that 
axb=bxa, 
or ab = ba. 
This is true whether the factors be simple or compound, so 
that (a+ b)p=p (a+) and (a+b) (c+ d)=(c +d) (a+) and so on. 


Having thus shewn that the product of any two quantities 
is the same in whatever order they are taken, the same follows 
for the product of three quantities. For by reversing the order 
of two factors in succession we have 


axbxc=bxaxrc=—bxexa=cxbxa=cxaxb=0% Cm, 
i.€. abc = bac = bea = cha = cab = ach, 


This method of proof may be extended to any number of 
factors, 


27. When the quantities to be multiplied together are 
powers of the same quantity, multiplication is effected by adding 
the indices of their powers. 


Thus @=axaxa, 
and O=GXMXAXaXM 
Therefore Gx @W=AXaXaXAaAXaGXAXaXE 
=o =i, 


Generally a” means that a is to be repeated m times and 


Beeb Ud LES basa nbees vas to m factors ; 
and a” means that a is to be repeated m times and 

et MIE X 1 x ore cen . to » factors. 
Therefore a? oca® 

= OX AKAN cecvoceescee tO ™ Factors 

KU RW KVR east .e.-. to » factors 

UE SIE KAP Me oa ccc ekeae x to m+n factors 

—qnrtn 


28. If simple factors with numerical coefficients are to be 
multiplied together, the coefficients should first be multiplied 
together as in arithmetic, and this product should be prefixed to 
the product of the letters, 
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Thus the product of 5a7bc and 3ab? 
=bxa@xbxcex3xax 63 
=fhxdxaixaxbxBbxeo 
=15 xa®x bb xc=1da%b'c; 

and the product of 


2 oy a ee eee EHigtege se 
Se and fy= Bx PXMxyY=EROxy= pay, 


29. The case of compound factors is a little more compli- 
cated. The value of 5(a+6) is five times a+b, ic. a+b is to be 
repeated 5 times ; hence 

5(a+b)=a+b+at+b+a+b+at+b+a+b 
= 5a+ 5b. 


By the same reasoning p (a + b) is p times a+ 6, i.e. a+b is to be 
repeated times, so that 


p{at+b)=a+b+a+b+a+b+...... taken p times 

. SEE OT at i vecins cose Fi vwnne taken » times 
SPO UFO Foie esac cece tes erase taken p times 
= pa + pb. 


Similarly also p (a— 6) means that a—b is to be repeated p 
times and 


=a—-b+a—b+a—b+...... taken p times 
2156 Sas 2 8 ea mA: taken p times 
—(D+ D4 D+ ......ccseeeees.. taken p times) 
= pa — pb, 


and so on; and the method of proof may be extended to a 
compound expression containing any number of terms. 


30. When two compound factors, as a+6 and ¢+d, are to 
be multiplied together, let c+d=p; then as proved above 


(a+b) (c+d)=p (a+b) 
=patpb=(c+d)a+(ce+d)b 
=ac+ad + be + bd. 

In the same manner 
(a —b)(c+d)=p(a—b)=pa—pb 
=(c+d)a—(¢+d)b=ac + ad —be— bd, 


24. ALGEBRA. 


Let c—d=q; then 
(a—b) (¢c—d)=q (a—b) =qa- qb 
= (c—d) a—(c —d) b= ac —ad — (be — bd) 
= ac —ad — be + bd. 


In these results we notice that the term ac, i.e. + ac, in the 
product corresponds to the terms a and ¢, i.e. + @ and +c in the 
factors, and similarly that +ad corresponds to +a@ and +d, —ad 
to +a@and —d, —be to—b and +c, and +bd to —b and —d as 
well as to +6 and +d. We are hence led to a general law in 
multiplication which is called the Law of Signs and may be 
enunciated as follows: 


Like signs multiplied together produce the + sign, unlike signs 
the — sign. 


In accordance with this law we see that the product of 2 and 
y or of —x and —y is ay, and of « and —y or of —a and y is —ay; 
and similarly that the product of 3a and 26 or of — 3a and — 2b- 
is Gab, and of 3a and — 26 or of —3a and 26 is —6ab. Also by 
the same law we observe that every even power of —1 is 1 and 
every odd power is —1} for (— 1)?=—1x-1=1, (-—1)’=(-1)?x -1 
=1 x—1=-1, (-—1)*=(-1)*x-—1=-—1x-—1=1, and so on. 
And generally every even power of a negative quantity is positive 


and every odd power is negative; for (—a)?=—ax-—a=@, 
(-a)?=(—a)?x-a=a* x—a=— a’, (—a)'=(—a)* x —a=—a’x —a@ 
=a‘, and so on. Or it may be noticed that —a=—1xa so 


that (—a)”=(-—1)"x a"; and (— 1)" is 1 or — 1 according as n is 
even or odd, from which the result follows at once. 


It will be observed that the Law of Signs embraces the 
results obtained in Arts. 20, 25; for 


+ (42), +(—0), (48), -(-d) 
are equivalent to 


+1x+6,+1x-—6,-1x+6,-—1x-6., 


31. We are now in a position to state a general Rule for 
multiplying together two algebraical expressions : 


__ Multiply each term of one expression by each term of the other ; 
if the terms have like signs prefix to the product the + sign, if 


unlike the — sign; these products when collected form the complete 
product. 
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The process of multiplication will be much simplified by an 
orderly disposition of terms in the two expressions, and by 
arranging them so that like terms may stand in the same column. 
We shall now obtain a few results which occur so frequently in 
multiplication that they should be treated as types and stored in 
the memory for future use. 


The square of a +6 is a?+ 2ab+0? and of a—6 is a — 2ab+ Bb’, 
and the product of a+ 6 and a— 6 is a?— 0’. 


a+b a —b a+b 
a+6 a—b a—b 
a’? +ab a? —ab a +ab 

ab +6 —ab +6? — ab — Bb 
a? + 2ab + 0? a? —2ab + 6 ‘Oe — 62, 


The product of a+ 6 and a?-ab +0? is a? + 6 and of a—6 and 
@+ab+b" is &—6b’, 


a? — ab+ 6 a+ab +0? 
a+ b a— b 
a? —a’b + ab? a + a?b + al? 
ab — ab? + 6 —a’b = ab? —6* 
:. ee ai ee 


The five results just obtained are here collected together for 
purposes of reference and should be committed to memory. 


(a+b) =a? + 2ab+ 6? ......... (1), 

(a — by =a? — 2ab +l? .....0--(2), 

(a +b) (a— 6b) = =O? Loco ecdenenenee (3), 

(a +b) (a? — ab + 0) =P +B wee ee eeeee eee (4), 
(a — b) (a? + ab + B?) = a — B? 0.1 .. sense scene. (5). 


Other results which do not so often occur but which it is still 
useful to remember are that the cube of a+ 6 is 


a? + 30°b + 3ab? + 6° 
and of a—6 is a®— 3a*b + 3ab? — b’. 
The square of a+6 has just been proved to be a+ 2ab + 6° 
and of a—6 to be a*— 2ab+ 6’; then to find the cube of a +6 we 


must multiply a? + 2ab + 6? by a+46, and to find the cube of a—6 
we inust multiply a?—2ab+6? by a—6. Thus 
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a’+2ab +0? - a—2ab +7 


a+ 6 a— b 
a + 20°b + ab? a? — 2a*b + ab? 

a’h + 2ab? +b — ab+2ab?-b? 
a + 3a*b + 3ab? + 6 a’ — 3a°% + 3ab?—0' 


32. Multiplication will be greatly facilitated by using one 
or other of these formule, the formula to be used being suggested 
by the shape of the expressions under treatment, and it will be 
found that in a large number of cases actual multiplication can 
be avoided and the result written down at once by the aid of a 
formula. Thus let it be required to find the product of 2? + ay+y? 
and «+ ay+y’. 

(a? + ary + y?') (22 — wy + y*) = {(a? + 9?) + ay} {(2? + 9) — ay} 
= (x +9") — aly? by (3) 
=a + 2a°y? + yt —a?y? by (1) 
= of + anfy? + x! 
This result is frequently useful. 
In the same way 
(x — y') (a —ay + 42) (w+) (2 -y") (+?) by (4) 
= «a —y® by (3). 
(c+y+2)={e+(y +2) =a + 2x (y+ 2) +(y+2)* by (1) 
= 0 + Qoey + 2ee+ y? + 2yz+ 27 by (1) 
=e +y?+2°+2 (yz + 2e+ xy). 
(at+y+2)={e+(y+2)! 
=a + 3a" (y +2) + 3x (yt+2)?+(y te) 
= a + 32° (y +2) + 3a (y? + Qyzt 2°) + 4? + Bye + Bye? + 28 
=H + y+ 2? + 3x? (y + 2) + By’ (2 +x) + 32? (a +y) + Gaye, 
It will be obseryed how much the labour of the student is 
lightened by using formule instead of going through the drudgery 


of actual multiplication, and it is important that he should as 


early as possible acquire a readiness in the application of such 
formule. 


_ 83. When two expressions to be multiplied together involve 
a common letter, their terms should be so arranged as to be in 
ascending or descending powers of that letter, Thus it is much 
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better to multiply «-a@ by «—6 under that form than under the 
form — 6+, and to multiply «?—ax+6 by #—cx+d under that 
form than under either of the forms d+2?—caw or —cv+d+2x’, 
the labour incurred being less if the terms are arranged as 
suggested. 


With this arrangement we have 3 
and we notice that in the product of two 


x —a : 

gees binomials of the form «—a and «—b the 

cx coefficient of « is the sum of the second 
s : Pere terms of the binomials, and that the term 


> or independent of «x is their product. Again, 
a*—(a+b)a+ ab if we multiply this product by another 

binomial factor #—e we obtain the product of «—a, «—b and 

L~ Ce 

a—(a+b)xe +ab 


x —C¢ 
a—(4+b)0 +abe 
— cx? + (ca + bc) 2% — abe 


a — (a+b +c) a + (be + ca + ab) x — abe. 


- In this product we notice that the coefficient of a? is the sum 
of the second terms of the binomials, that the coefficient of x is 
the sum of the second terms multiplied two and two together, — 
and that the term independent of « is the product of the second _ 
terms. These results are worth noticing. 2 


FP ieee 
Pie es ae 


34. There is a numerous class of examples in algebra in 
which we are required to prove that expressions are equal to each 
other under certain given conditions, In all such problems, after 
the multiplication is “performed, the arrangement of terms accord- 
ing to ascending or descending powers of a common letter should 
be scrupulously observed. 


Example1, If 2s=a+b-+e, prove that 

2 (s—a) (s— Pe Ga le-b) (6 ha) Lb (wag) Sasa) 48s eae 
We lave 
2(s—a) (s —b) (s—c) =283 —2 (a+b+c) s?+2 (be+ca+ab) s — 2abe 


a(s—b)(s—e)= as?—a(b+c)s + abe 
b(s—c) (s—a)= bs? —b (c+a)s + abe 
e(s—a)(s—6)= cs*—c(at+h)s + abe 

—(a+b+e) s? i + abe. 


Adding up the expressions on the right we get 
—(a+b+c) s?+ abe. i.e. 28° — 2s x s*+ abc, i.e. 283 — 28° + abe, i.e. abe, 


a 


28 


ALGEBRA. 


Haample 2. If s=a+b+e, prove that 
(s— 3a)’ + (s— 3b)? + (8 — 3c)? =3 {(b—c)?+(c—a)?+(a—b)>. 


We have on squaring out and arranging the terms in descending 


' powers of s, 


(s— 3a)? + (s — 3b)? + (s — 3c)? 

=3s°—6 (a+b+c)8+9 (a+b? +e) 

= 3s? — 68? + 9 (a? +b? + 0?) 

=9 (a? + b? + c?) — 3s? 

=9 (a? +b? +0?) -3 (at+b+c)? 

=9 (a? +B? + 0) — 3 (a? +b? + ¢2 4 2he+2ca+2Qab) 
=3 (Bb? — 2be+c? +c? — Qca +a? +4 a? ~Qab +b?) 
=3{(b—c)?+(c—a)?+(a—b). 


EXAMPLES, 

Multiply 
2a by 7a. 2. 4a? by — 5a. 3. ga by — 2a%. 
—8x by 42°. 5. —6x by — 3a. 6. 2” by —4a? 
“2-2 by «—5. 8. #—1 by «+6. 9. «w-4 by «+10. 
a? —3x+2-by #+2. ll. 2#?—4%+16 by «+4, 
v+32~-—4 by #-3. 13. x2-2y by 3y. 
av—ay by By. 15. gv—3y by 6x —3y. 
2a—3b by 2b—3a. 17. 4a?—'7b? by 2a—5b, 
5a*—ab by a?—2ab, 19, 3x%-—4y by 5y— 22. 
gu —#y by 102 — by, 21. 52°-3y? by Qa—y, 
a*— dab —5b2 by 7b—8a. 23. 3b?-2ab—a? by 4a—30. 
2x" — 3xy—y? by 2x 4y. 25, —32°+4ay—2y? by 3y—-. 
@+a%+a+l1 by a—1. 27. 4a°—3a?+5a—2 by 2a-3. 


3a —ta?+}a—-23 by 12a—12. 
v3 — 4024+ 50-24 by v2 —4xr—-5. 
2x" — 3y?+4ay—xv+2y by x—2y. 
w—y?— cy +n—-y—1 by -y+l1. 
ax? — 2a8#—5at by 2a—a, 


r 


33. 
34, 
35 

36. 
37. 
38. 


39. 
40. 


41, 
43, 
45. 
47, 
49, 
50. 
dl. 
52. 
54, 
55. 
56. 
57. 
58. 
59. 
60. 
61. 
62. 
63, 
64, 


65.. 


66. 
69. 


MULTIPLICATION. 29 


4a? — 3ba+5abs? by a®— ba — b*x. 
B—ax+aex—a® by xt+ar 

ut +y?+22—ye—ze—ay by e+yt+e ~ 
a* —3ab+2b? by 2a?+ ab— 3b. 
a*— xy +2y? by y?+a2y —- 22". 
a*—(a—b)2+b* by #7+(a+b) «-a, 
a — 2007+ 3e0x7+a% by w+ax—-a?. 
C+ ey +uv%yP+aopt+y* by «ay. 


By means of formule find the product of the following : 


(72x — 8y) (T+ 8y). 42. (a-+y +2) (w—y+2). 

(44 —3y +22) (4v+3y — 22). 44, (#?+ax+1)(#-1). 

(a?~—x%+1) (x+1). 46. (4a?—6ab+ 9b?) (2a+ 36). 
(25a? + 10ab + 4b?) (5a — 20), 48, (a?—b?+a+b)(a?+b?+a—b). 


(a# — b?— 2be — c*) (a? +b? + 2be — c?). 
(2ab — a? + b? — c*) (2ab + a? — b? +c’). 
(a3 — 3 + ab + ab?) (a? + 63 + a2b — ab?). 
(2a%+2a+1) (202-2241) 53, (a +3ay—2Qy?) (a®— Bry +2y?). 
(w+ /5ay +y") (a — Jay +y’). 
(Say — a? — y") (/day +x? + y?). 
(49x? — 42.ry + 9y*) (492° + 42ary + 97’). 
(03 — 2? + 4-1) (3 +n2+4+4+1). 
(a3 + 407b + 2ab7 + b*) (a3 — 4a7b + 2ab? — 6°), 
(a? — 2ab — ab— 2b?) (a + 26). 
(a? + ab + b*) (a? — ab + b?) (a4 — ab? + b*). 
(a+b+c) (b+c—a) (cta—b)(a+b—-c). 
(a# — b?) (a? +b?) (at + 04). 
(2? — @+1) (2? 4+ 441) (at—2? +1). 
('" — Qa +1) (42 4+ Qa4-1) (a4 42.52" 41), 
(u*— ay +y") (a? + vy +y") (a? — y?). 
Find by formule : 
(3a — 4b)?, 67. (502+ 7y*)?, 68. (a-b+c)?. 
(3a + 2b), 70. («#-5y)3, 
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If s=a+b+c, prove that 
Tl. (s— 2b) (s— 2c) + (s— 2c) (s — 2a) + (s — 2a) (s — 2) 
=2(be+ca+ab) - (a?+6?+c?), 
12. (as +c) (bs +ca) (cs +ab) =(b+c)? (c+a)? (a+b)%, 
73. (s—a)?+(s—6)?+(s—c)?—s?=a?+0?4¢3, 
If 2s=a+6+¢, prove that 
74, s?+(s—a)?+(s—6)?+(s—c)?=a? +b? +4 ¢2, 
79, s*—(s—b) (s—c) —(s—e) (s— a) —(s—a) (s—b) =} (a? 40? +2), 
16. s?—(s -a)?—(s—b)— (s—c)3=Babe. 


If 3s=a+b-+e, prove that 
M7. 3(s—b)(s—c)+3(s—c) (s- a)+3(s—a) (s—b) 
=be+ca+ab—a*—b?—¢?, 
18. (s—a)?+(s—b)°+(s—)8=3(s—a) (sb) (sc). 
79. (s—a)*+(s—b)!+(s—c)#=2 (s—b)? (s—e)? 
* +2 (s—c)?(s—a)?+2 (s—a)?(s—b)% 
; SOG a+b+c=0, prove that 
80. a(a+b) (atc)=b (b+6) (b+a)=c (c-+a) (c+). 
a} + 63+ c3 = B8abe. 82, 4 (070? + ca? + a*b*) = (a? +02 40%), 


83. By means of the last example shew that 
(w—y)? (@— a)? + (y—2)? (wy) + (2— x)? (y—2)? 
= (V+ y+ 22 ~ ye— 2x — xy). 
84, Ifa+b+c+d=0, prove that 
(a+ 6) (a@+¢) (at+d)=(b+¢) (b+d) (b+a) 
=(c+d) (¢+6) (¢e+a)=(d+a)(d+c) (d+). 
85. Shew that the expression 
w+ y2 + 22 — ye — ze — ay 
is not changed in value by increasing or diminishing each of the 
quantities 2, y and-z by any the same quantity. 
Prove the truth of the following results : 
86. a(b—c)+b (c—a)+c(a—b)=0, 
87. (b-¢) (a—b-c)+(c—a) (b-¢--a)+(a—b) (c—a— b)=0. 
88. (-a+b+ce+d)(a—b+ce4d) 
| +(a+6b-c+d)(a+b+c-d)=4(ab+ed). 
89. (w@ty)+(w—y P43 (w+ y)? (wy) +3 (wy)? (w-+y)=8a 
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(wtyt2)8—(yte—2)—(e+e-y)9—(w+y—2)= Pays, 


If (+1)?=a, evaluate 1lx?+8x2+87—2 and shew that #3=1. 
If («—1)?= —4, evaluate 9x3 — 4724 4%7+5 and shew that 23= —1. 
If (v—2)?=3, evaluate 8x3 — 23x?—- 28x +9. 

If (+1)? =32?+ 2x, evaluate 524 — 743+ 5x?— 2x -6. 

If (@+1)?=42?+3x, evaluate 224+ 43— 327+ 24 +4. 


If c= —4, y=-—2, find the value of 


9x3 + 62? — Qa 97 N17 —4y—y¥? 98 LY +2xy 
627+9r+1 ° : y—V1— ay — Any” 
3xy — 6a —5y 100 303 + xy — xy? — YP 


9a? — lbxy +4y?° 303 — Ba?y — 12xy?+y3° 


CHAPTER V. 
DIVISION. 


35. Drvision is the inverse operation of multiplication, for 
whereas in multiplication we are to find the product of two 
given factors, in division the product and one factor are given 
and the other factor is to be determined. The given product is 
called the dividend, the given factor the divisor, and the factor 
which is to be found the quotient. As the multiplication of 
factors can be performed in any order (Art. 26), so division, 
which is the inverse of multiplication, can also be performed in 
any order. Also every example in multiplication furnishes two 
examples at least in division. 


We shall first shew that the Law of Signs holds for division. 
Let a be the product of two quantities b and c, so that we have 
the following results in multiplication : 

a=be=—bx-c; -a=—bxc=bx-<e, 

In division these statements take the form 
a a us ae . c= i Oe 
She. Oke a ee 
which proves that in division, as in multiplication, like signs 
produce the + sign and unlike signs the — sign. 


a sme 


36. ‘To divide a power of a quantity by another power of 
the same quantity we must subtract the index of the power in 
the divisor from that in the dividend. 

Thus to divide a’ by a?, we have 

@ AXaXaXaXa 


— = —————=axaxa=@=a" ; 
ae axa 


5 


Leese 
or thus: a=a> xa’; therefore ==a=a>—. 
a 
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Any other example may be treated similarly, and to prove 
the general proposition we have, where m and m are positive 
integers and m is greater than n, 

a” axaxax...tom factors 
a” axaxax...tonfactors — 
This general result may also be obtained thus : 


q™ 
pasa" t= a"? xa"; therefore —=a"—™. 
a 


axaxax...tom—vn factors = a™”, 


If the index in the dividend is equal to the index in the 
divisor we have 


hence any quantity raised to the power zero is equal to unity. 


37. Having now shewn how to divide a power of a quantity 
by another power of that quantity and that the Law of Signs - 
holds in division, we are in a position to divide one simple 
expression by another and are led to the following rule: 


Divide the coefficient of the dividend by that of the divisor as 
in arithmetic, and the power of each letter in the dividend by that 
of the same letter in the divisor, and prefix the + or — sign to the 
quotient according as the divisor and dividend have the same sign 
or opposite signs. 

Thus 35a4b® + Ta*b or — 35a*b’ + —Ta*b- 

=a *}'-1 = bab! ; 


48a7y*2 + — lO6a*y*z or — 48a7y'x? + 16a%ytz 


= — Bay’-3 44-4287) = — Bartz? ; 
3aty® + Day = pat tye 

— 1,3, ,2 

mane Us 


38. Again we have shewn (Art. 29) that 
a(b+c)=ab + ae, 


ab +ac 
so that ———=b+¢; 
a 
43423 ab — ac 
and similarly - =b—6, 
a 
ab—ac+ad 
and oe =b-—ctd, 
a 
and so on, 


H. A. 3 
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We are hence led to the following rule for dividing a com- 
pound expression by a simple expression : 


Divide each term of the dividend separately by the divisor and 
collect the results. 


Thus (20a4b® — 8a%b4 — 24.07b°) + 40°? 
em 5at-2 3-2 ae 2a>-2h4-2 ts 6a2- 255-2 
= 5a — 2ab?- 61? ; | 
(1 2aty%z? — 3a? y%2 — Cay?e®) + — Bary? 
Ss} aap By a a ae Lae ay ee 
= — 4334? + xyz + Qyet, 


39. To divide a compound expression by another, we begin 
by arranging the dividend and divisor in descending powers of 
some common letter. ‘Thus let it be required to divide a com- 
pound expression V by another compound expression a, and first 
let the quotient consist of two terms 6, ¢ arranged in descending 
powers of the common letter; then 

N=a(b+c)=ab+ae. 
Hence to obtain 6, the first part of the quotient which results 
from dividing WV by a, we must divide by a the first part ab of 
the dividend which is of the highest degree in the common letter. 
Having thus found 6, we have 

N-—ab=ac; 

hence to obtain ¢ we must treat WV —ab as we just now treated V 
to obtain 6, i.e. we must divide by a the part ac of the dividend 
which remains after subtracting ab from J. 


Similarly if the quotient consist of three terms 0, ¢, d in 

descending powers of the common letter, so that 
N=a(b+e+d)=ab+ac+ad, 
we-first find 6 and ¢ as just explained, and then we have the 
equation 
N—ab—ac=ad. 

Hence to obtain d we must divide by @ the part ad which 
remains after subtracting ac from NW -ab, ie. which remains 


after subtracting ab+ac from WV; and so on for any number of 
terms in the quotient. 


To illustrate this process by an example lct us divide 227 + vy — By? 
by w--y. Arranging the dividend in the torm 


22” — Qry + 3Bxvy — 3y?, 
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with the notation just employed WV stands for the whole expression and 
a stands for x—y, while ab stands for 22?-2Qay, i.e. for 2x (a— y), and 
ac for 3xy —3y", 1.e. for 3y (a—y). Then to get the first term 6 of the 
quotient we divide 2%7—2ay by w—y and obtain 2a; and to get the 
second term ¢ we subtract 2v?—2vy from the whole expression 
2x° + xy — 3y* and divide what is left, viz. 3vy—3y, by “—y, and we 
thus obtain 3y. 

The work may be arranged as follows by a method resembling that 
of Long Division in arithmetic : 


Ly)? + xy —3y?(2e+3y 


os 
3xy — 3? 
day — 3y" 


Here by dividing 2x? by w we get 2 the first term of the quotient. 
Multiplying the whole divisor by 2a we get 2x?—2Qay, and subtracting 
this product we get 3xy--3y?. Dividing 3xy by x we get 3y the next 
term in the quotient, and multiplying the whole divisor by 3y we get 
3ay —3y”, which on subtraction leaves no remainder. The operations 
here described are exactly equivalent to our treatment of WV in the 
theoretical case considered, and amount to writing the dividend in the 
convenient form 2x?—2xy+3xy—3y’, i.e. 2x (a—y)+8y (v-y), which 
on division by z—y gives by inspection 2+ 3y. 


40. We are thus led to the following general rule for 
effecting the division of one compound expression by another: 


Arrange dividend and divisor in descending powers of some 
common letter. Divide the term on the left containing the highest 
power of that letter in the dividend by the term on the left 
containing the highest power of that letter in the divisor. Multiply 
the whole divisor by this quotient, put the product under the 
dividend, subtract and bring down as many terms as are required. 
Repeat this process until all the terms of the dividend have been 
brought down. 


Laample 1. Divide 18%3—12%2-134%+5 by 3a-1. 43 
384~1 ) 1823 —12x%?—-134%+5 ( 62? -2Qa7—5 
18a3— 6x? 
— 627-132 
— 647+ Qe 
—152+5 
—15%+5 


Here the process of division amounts to writing the dividend in 
the form 
1823 — 6a? — 642+ 24 —154+5, 


i.e. 627 (32 — 1) — 2x (Ba—1)—5 (38a—-1); 
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and the successive parts into which the dividend is separated and 
which we have denoted by ab, ac, ad, in the general proposition of last 
Article are 187° — 62”, —62?+2%, —15¢+5. In accordance with that 
proposition we successively subtract 182°—6x*, —622+227, —154%+5 
before proceeding to a fresh division, and the operation of the rule 
without any effort on our part splits the dividend into suitable com- 
ponent parts arranged in descending powers of the common letter and 
each containing the divisor exactly. 
Example 2. Divide 3a4—2a%b — 2a?b? +71ab3 — 40b* by a? — 8ab + 8b? 
a? — 3ab + 8b?) 3a4 —2a%b— 2a*b?+'71ab3 — 40)! (8a?+ Tab— 5b? 
3a' — 9a8b + 24a7b? Z 
7a%b — 26a2b2+ 71ab3 
7a°b — 21a7b? + 56ab3 
— 5a*b?+15ab? - 40b4 
— 5a?b?+15ab3— 4004 
Here the process amounts to writing the dividend in the form 
(3a4 — 9a%b + 2402b*) + (7a%b — 21a*b? + 56ab?) — (5a2b? — 15ab3 + 406%) 
and to splitting it into three component parts each of which is exactly 
divisible by the divisor. And in accordance with the general pro- 
position we successively subtract each of these three parts before 
proceeding to a fresh division. 


41. When dealing with expressions involving several letters 
as a, 6, ¢ we first arrange the terms in descending powers of the 
first letter in alphabetical order which occurs, in this case a, then 
we give precedence to 6 over c and to a higher power of } over a 
lower, so that of terms involving a*} and a’c we should place the 
term in a*d first and of terms involving ab? and a*be we should 
place the term in a0? first and so on. 


Example. Divide a?+b3+c—3abe by at+b+e. 
at+tb+c)a3 — 8abe+ 3 +03 (a2 -ab—ac+b?—be+e22 
a+a?b+a%e 
— a* — ae —3abe 
— a*b— ab*—abe 
— ae +-ab?—2abe 


— are —abe—ac? 
ab? — abe+ac? +63 
ab® + 634 6¢ 
—abe+ac2 — be 
— abe — 2c — he? 
ac* +6c?+¢ 
ac + bc? +8 


The quotient may now be written in the more symmetrical form 
a? + 62+ ¢?—be—ca—ab, 
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42. Sometimes the division cannot be exactly performed 
and in this case, as in arithmetic, there is a remainder, 


Example. Divide 2a?—156? by a+30. 
a@+3b) 2a? — 156? (2a—6b 


202+ 6ab 
— 6ab—15b? 
— 6ab—18b2 


3b? 
_ Here 2a-6b is the quotient and there is a remainder 30%, and the 
result might be expressed in either of the two forms 


Qa? — 150? 362 
; Peaee et ERO: 
or Qa2— 156? =(a-+ 3b) (2a — 6b) +302 


43. Problems in division may often be advantageously 
worked with the help of brackets. 
Example. Divide 
x8 — (2a — 6 + 3c) x2? — (3be— 6ea — 2ab) x—6abe by x -3e. 


u— 3c) a — (2a —6+3¢) x? — (3be — 6ca — 2ab) x — Babe (a? — (2a —6b)x%+2ab 
e — 80x" 
— (2a —b) x? — (8be— 6ca — 2ab) x 
—(2a—b) w+ 3c(2a—b) a 
2abx —6abe 
2absx — 6abe 


44. The process of division is the same whether the co- 
efficients be integral or fractional. | 


Example. Divide ta?-—43xy+4y? by 3x —2y. 


ESI Lye 2k yy ae eee 
rea a 730y +BY (40—2y 
au" — gty 
— ery thy 


45. We have proved in the last chapter that 
x — yp =(%—y) (w@+y), 
a — y= (@—y) (a? + ay + y’) 5 
similarly at — y4 = (a2 — y?) (a2? 4 y) 
=(%—-y) (x+y) @+y’); 
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so that w—y, a?—y", a —y* and a4—y* are all divisible by «—y, 
while a’ — 7? and «*— yz are also divisible by x + y. as 


Also we have proved that 


we +yp=(a+y) (— ay +’), 
so that x+y, a +y° are divisible by x+y while 2+? is found 
to be not so divisible, and none of these expressions are found to 
be divisible by a — y. 


We can carry on these operations as far as we please and by 
division we find that 2°—y’, a®—y°...... are all divisible by x—y 
whether the index be even or odd, and that a®—y*, a®—7...... 
are divisible by x+y, the index being even. We also find by 


trial that a+y*, a’ +y’...... are divisible by x+y, the index 
being odd, and that at+ v4, a+ y%...... are not divisible by x+y, 
the index being even; also that at+y‘, 2+ Ofek meee are not 


divisible by x—y. 


Generalizing these results we are enabled to make the follow- 
ing statements, which will be found to be universally true when 
the index is a positive integer : 


a” —y" 8 always divisible by x—y, is divisible by w+y when n 
2s even and rs not divisible by u+y when n is odd ; 

a” -+y" is divisible by x+y when n is odd, is not divisible by 
a+y when n is even, and is never divisible by x— y. 


46. Examples in division can often be worked by formule 
and without the labour of actual division; in all such cases the 
method by formule is to be preferred, those most generally 
serviceable for the purpose being given in Art. 31. 

Laample 1. Divide 16a?— 40xy+25y? by 4x—5y. 

(162? — 40xy + 25y?) + (4x — 5y) 
= (4a — 5y)?-+ (4a — 5y) =4a — By. 
_ Here putting a=4x, b=5y in the formula (a—b)?=a?—2ab+b2, the 
result at once follows. 
Example 2. Divide $u?—3,y? by 27+1y. 
(92? — g5y") + (Batdy) 
=(3%— $y) (Bvt hy) + (3et+hy) 
=B— FY. 
Here we put a= 2, b=1y in the formula a?— b?=(a—b) (a+b). 
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Livample 3. Divide a? —4y?—162?+16yz by x—2y4+4z. 
(a? — 4y? — 1627+ 16yz) + (vw — 2y +42) 
= {x? — (4y?— 16yz+ 162*)} + (w— 2y + 4z) 
= {a? — (2y — 4z)"} + (w — 2y + 42) 
= (x +2y — 42) (vw — 2y +42)+ (a —2y +42) 
=x“+2y — 42. 
Here we use the formule for (a@— 0)? and for a?—6? which we have 
employed in the two preceding examples. 
Huample 4. Divide 27x*°y3—82 by 3xy — 22. 
(272% y3 — 823) + (3xy — 22) 
= (Buy — 22) {(Bay)? + (Bary) (22) + (22)"} + (Bay — 22) 
= 9u7y? + Bayz + 42%. 
Here we use the formula 
a? — b3 =(a—b) (a?+ab+ 6), 
Hxuample 5. Divide 6424+1 by 822-4a+1. 
(6424 + 1) + (84? — 4741) 
= (6424 + 162? + 1 — 162?) + (8x? — 4¢+1) 
= {(8a?+ 1)?— (4x)?! + (8%? + 1 — 4x) 
=87?+1+47=877+44%+1. 


The artifice of adding and subtracting the same quantity is of 
frequent use in division and resolution into factors. 


47. When an expression J is exactly divisible by «—a, the 
meaning is that NV is a product which contains x—a for one 
factor, so that 


N= («- a), 


where Q is the quotient which results from dividing V by w#—a. 
Thus WV vanishes when «—a vanishes, and w—a vanishes only 
when «=a. Hence without the labour of actual division we are 
provided with a test to determine whether a given expression is 
exactly divisible by a binomial of the shape of #—a or not; when 
it is so divisible it vanishes when w is made equal to a. 


Also when the given expression WV is not exactly divisible by 
«—a it does not vanish when «=a. For in this case divide V by 
“x—a until the remainder & does not contain x and so retains the 
same value whatever be the value of , and let Q be the quotient. 
Then 

N= (w-a)+h; 


Byars «Ta ere 
ey S 
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and putting «=a, the expression V does not vanish but assumes 
the value R which is independent of « and is some constant 

quantity that is not zero. a: 

Lixample 1. Determine the value of ¢ so that the expression 

— 493 +72? — 2x —¢ 

may be exactly divisible by #—1. 

Substituting 1 for v in the expression, its value 

=1-44+7-2-c=2-¢; 


and this must vanish if the given expression is exactly divisible by 
«-1; hence 
. 2—-c=0; 


*, cz. 


Laample 2. Is the expression 
ae 20> — 9u3 — 85a—6 
exactly divisible by «+31 
. Substituting —3 for x, the value of the expression 
= — 486+ 2434 255 -6 
498 —492=6 ; 


thus the value is not zero and the expression is therefore not divisible 
by #+3. 


; EXAMPLES, 
ae pVivide 
|. 8a? by 4a. 2, 12a'b? by — 3a. 3. 203 by ha’, 
. —380e4 by 6x, 5. —18x5yt2? by — 3x2y222, 
. Ta2—B8a by a. 7. —8a?+2ab by — 2a. 
62?—3x by —3~2. 9, $«°-— 3% by $2. 
10ay—15y? by 5y. ll. 2xv--xy—x* by —-2, 
a—a?—a by —a. 13, -8a°+24a*b—36ab? by 4a. 
1223—9a®+6x by 32. ‘15, 48x3—144x2- 80% by —16x. 
a*+5a+6 by at+3. 17. a*-a-42 by a—7. 
—2la?-—a+10 by 7a+5. " 19. a?—3ab—280 by a-7bh 
~9v+14 by #-2 21, a? 4.@—182 by #4195 ES 
-—6x+9 by #-38. 23, —822+10%—8 by 2x- 


14%*—lla-—15 by 7#+5. 25. 82?+10%+3 by 20+ 
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26. 4022—x-6 by 5xr-2. 27. 42u°—5xy—132y? by 6x —-11y. 
28. 24%?—5xry—36y? by —8x—9y. 
29. §2?+447-24 by 2x-}f. 30. 4u?--Shay—ty? by 3a—-hy. 


31. «?-—237+10 by x?-5xr+4+2. 32, a®—3a?-4a4+12 by a+2. 
33. 42a?—19a*b —21ab?+10b? by —2la?—ab+1002. 

34, 2¢3-172°+38x%—-15 by 2v-1. 

35. 40° — xy —27xy? -—18y? by «?- xy — 6y?. 


36. 52° —8xry?+3y> by x-y. 37. 62524—y* by 5a-y,. 
38. 44-293 +227-1 by #8—a2*+x4+T. 39. wy by ey, 
40, 2°—y8 by x+y. 41, #§-—523-24 by w-2. © 


42. a®—Ta+6 by a?-3a+2. 
43. 100+ ab —11ab?+4b? by 5a?+3ab— 40%, 
44, 2a—4#*-Qr+1 by 2x?-3x+1. 

, 45, 2xt- 3a8y — 40%? + Bry? +2y* by x? -3xy+2y*. apt 
46. 24a*+ 03d — 310°? + 26ab3—2b* by 3a?—4ab+ 202 ee 
47, 2° — 4442+ 4ry*+ 8y> by xt- Quy + 4y4. a 
48, ° — 2a — B3a4+ 623420? —5v+2 by. v°—3234+2n-1. 

49, » 22 —(a+6b+ 4c) x?+(12be+2ca + 3ab) x—6abe by 24-4. 
50. a?a*+ (ab —ca) xy — (be — cat ab) uy? — (6? +c?) xy? — bey! 
by ax®— cay — by. 


Resolve into factors by formule and hence divide 


51. -25a?—30ab +902 by 5a— 3b. 52, 49a? 48? by Ta-+2b. ek: 
63, 160° +720y+8ly? by 4a+9y. 54, 362-- 100y* by Ga—10y. 
55.. ¢2?-4y? by 4474+ 2y. 56. 2°y3— a8 by xy —az. 


57. 8a°b?+1 by 2ab+1. 58. 27a3— 6463 by 9a?+ 12ab+ 1662. 
59. 12573+343y by 25x? - 35xy+49y?. 
60. 2-7? —22+2y2 by w—y+z. 
61. 4a*—9b?—25c?—30be by 2a—3b—5e. 
62. at+a?+1 by a®+a+l. 63, \Vat+277+9 by 22-2743. 
«64, ~a*—82?+16 by 2? -47+4, 
| 65. +10? +49y* by x? —Qay + Ty? 
| Aah +1 by 2”7+227+1. 67. 26-48 by at+a%y?+y'4, 
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70. 28 — ym by wm + gmym 4 ym, 
71, a8 y3m by 2m — gimym 4 ym 79. (y—z)?+(2—2)3 by y—a. 
73, 42?—99?— 24+ 6yz by Qan—3y+z. ; 
14, (a+b+c)?—a by 2a+b+e. (a+b6+c)— a3 by b+e. 
76. (2b—c+2a)?+(2c—b—a)3 by atbte. 
17. at +b* + ct— 2070? — 20%q?2 2a2b? by a®—b2— 02 —Qbe. 
18, v4—2Qay?+y4 by xy. 19, w+atyt+y8 by a+ ay + y*. 
80. 9a4—Tx?y?+y4 by 3a%— xy—y?, 
81. B+ + 8y%2 + Byz? + 28 by v+y+z. 
82. 2 —32%y4 30y?—-y3—23 by w—y—z. 
83, at+4y* by a?-2Qay4+2y?, 84, a8 —2a%y34y% by 2®—Qay ty. 
89, 2? + 22a? — wy? —Qay2® by ye—zu— xy. 

Without actual division shew that the following expressions are 
exactly divisible : 
86. 4a°—237-6 by x-6. 87. 6277+29%-—5 by #+5. 
88, 323—149?+177%—6 by #-3. 89. 2a3+47-24%+8 by #42. 
90. 2a4— 1343+ 15x?-2r%+10 by w—-5. 
91. 4244223 - 4? 22-3 by +1. 

Without actual division ascertain whether the following expressions 
are exactly divisible : 
92. 52?—28v-18 by w-6. 93. 427?+132-8 by #44. 
94, 323-5xr2?-a4-2 by #2. 95. 223+ 542-4443 by v4+3. 
96. 724+323— 422 -34-—2 by #—-1 or w+. 

Find for what value of a the following expressions are exactly 
divisible : 
97. axz®—8xv?+7x%—4 by x1. 98. 323+ aa?—-13v+385 by #+5. 
99. 4¢4— 1323-1722 +axv+12 by #—4, 

100. 62°+524-—10a3+52?- lba+ta by #42. 
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48. To resolve an expression into its component factors is 
the same as to find the expressions which will divide it, and may 
frequently be effected by the use of formule such as those of 
Art. 31—33 or by rules such as those of Art. 45, the particular 
formula or rule which is to be applied being suggested by the 
shape of the given expression. When no formula is immediately 
applicable the expression may often be put into a suitable form 
by re-arranging the terms or by adding and subtracting the same 
quantity or by resolving one term or more terms into component 
parts. The re-arrangement of terms is especially useful in the 
treatment of identities and other problems which involve sym- 
metrical products of three letters; and in examples of that kind, 
where the result is given, valuable information is conveyed to the 
student which will enable him to arrange the terms in the order 
most convenient for his purpose. 


In the preceding two chapters we have passed many instances 
of resolution into factors by means of formule or of the converse 
operation. The examples 41—65 of Chap. IV. and 51—85 of 
Chap. V. deal respectively with the formation of products and’ 
with resolution into factors by formule. An expression can at 
once be resolved into factors if we can by transformation write it 
in the shape of the difference of two squares or of the sum or differ- 
ence of two cubes; and the desired transformation is generally 
effected by changing the order of the terms or by substituting for 
one or more of the terms the sum or difference of new terms 
suitably chosen for the purpose. 

Example 1. a*—112?+1 

= ut —24?+1-927 

= (2 ~1)?— (82)? 

=(2— 1-32) (2?-1+32) 
== (v?— 3x —1) (a?+3xr- 1). 
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Luample 2. (2a—6)'+(2b—ays 
= (2a — 6+ 2b— a) {(2a — b)* — (2a — b) (2b — a) + (26 — a)} 
=(a+b) (7a? —13ab+ 7b). 


Luxample 3. 23 (a4+2y)—~ 3 (y+2x) 
= a8 — y4 + Quy (a? — y?), 
= (at — y") (w+ y? + 2a0y) 
= (vi — y?) (a ty)? 
=(2—y) (ety)? 


Example 4. b?+0¢?42be—2ca—2ab 
=a" + b? + ¢?+2be — 2ca —2ab—a? 
=(6+c-a?—a 
=(b+c) (b+c—2a). 


Example 5. Prove the identity 
(y—2)-+(e—2)-+(a —y)8=3 (y—2) (2-2) (w—y). 
Here (y—2)8-+(z- a) +(e-y)? 
— = (y- 28 +8 — 322+ 80% — 23 +23 — 8x2 + Bay? — 93 
=(y—2)8— (8) +82 (92-2) 32 (y—2) 
=(¥ —2)(Y— 2? -— (YW +yz+2*) +32 (y +2) — 32} 
=(y — 2) {y?— 2yz+2—y?—y2—- 24 Bay +320 — 30} 
=(y — 2) {32@ — 327 — 3yz+ Buy} 
=3 (y—2) iv (2-2) —y (2— 2)} 
=3 (y — 2) (@—«) (7 -y). 
In this example the solution principally depends on our re-arranging 


the terms and placing them in such an order as to make the common 
factor apparent. 


An identity is a relation which is true for all values of the 
letters ; thus a’ —y?=(«—y) («+y) and (a—b)? =a? — 2ab +B are 
identities. 


49. A class of problems on resolution into factors which 
may be dealt with ‘according to definite rules is that in which the 
expression to be resolved. is of the form x’ +dae+e; such an 
expression containing powers of & up to the square but not 
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beyond is called a quadratic expression. A consideration of 
the identities : 


(%— a) (a—b) =2°— (a+ b) a+ ab, 

(a+ a) (c+ 6) =a? + (a+b) a+ ab, 

(a + a) («—b) =a? + (a—b) x —ab, 

(a —a) (@ + b) = x - (a—b) u—ab, 
shews that if a trinomial quadratic expression in a, such as 
a+ da +e, is capable of being resolved into component binomial 
factors of the first degree, then the coefficient of x is the algebraical 


sum of the second terms of the binomials and the term independent 
of « ts the product of the second terms. | 


We also notice that when e¢ is positive the second terms of the 
binomial factors are both positive if d be positive and both 
negative if d be negative ; and that when e is negative the second 
terms are of opposite signs and d has the sign of the numerically 
greater term. 

Thus we have 

a — Tx +10=(«— 2) (w—5), 
a + Te +10 = (a + 2) (a + 5); 


here we are to determine two numbers of the same sign whose 
algebraical sum is in one case —7 and in the other 7, i.e. whose 
arithmetical sum is in both cases 7, and whose product is 10, and 
by trial we see that 2 and 5 alone satisfy these conditions, 

Again we have 

a? +a¢—-12=(«—- 3) («@+4), 

a — a —12 = (a + 3) (x — 4) ; 
and here we are to determine two numbers of opposite signs 
whose algebraical sum is in one case 1 and in the other —1 and 
whose product is —12, i.e. whose arithmetical difference is in 
both cases 1 and product 12, and by trial we find these numbers 
to be 3 and 4. 

The solution of this class of problems thus depends entirely 
on our ability to discover two numbers in arithmetic whose 
product and whose sum or difference are given. 

An alternative method is by inspection to replace some one 
term by the sum or difference of two new terms chosen suitably 
for our purpose. Thus a 
a? —Dda+4=0°-x—-4at+4=a(4—1)—4(a-1)=(e@-1) (a2 —4); 
a + 6%—16= «0° —4 + 6% —12 =(a—2) (w+ 2)+6(w—2)=(2—2) (a +8). 
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50. The resolution into factors of a quadratic expression in 
which the coefficient of a is not unity is a little more difficult, 
but can be reduced to the foregoing case in which the coefficient 
of «is unity by multiplying and dividing the whole expression 
by the coefficient of x and by substitution. Thus if the given 
expression be ca? + dx+e it may be written in the form 


1 
7 (ca? + cdx + ce), 


ie. in the form : (y+ dy +ce), where cx=y; and y?+dy+ce is 


of the typical form considered in the last Article and can be 
resolved into its component factors by the method there ex- 
plained. 


Thus 6x*— lla+4=% (36a? — 66a + 24) 
= ¢ (y’—1ly + 24), where y = 62, 
= % (y— 3) (y—8) by the ordinary rule, 
= 5 (6a - 3) x $ (6x=8) 
= (8% —- 1) (8a—4). 


In an example like this we multiply and divide the whole 
expression by the coefficient of x so as to make the term in 22 a 
_ complete square, under which circumstances it may be replaced 
by ¥?. 

Or, as in the last Article, an alternative method is to resolve 
some one term into the sum or difference of two new terms so 
selected as to make one factor apparent. Thus 


35a? — 2-12 = 35a?-— 21a + 20x%-12 
= (x (5x — 3) +4 (5a —3) = (5a—3) (Tx + 4); 
4x°—1lx+6=42?-16-1lxv+ 22 
= 4 (e—4)— 11 (e— 2) =(w—2) {4 (e+ 2)-1}} 
= (a — 2) (4x — 3), 


This method however requires considerable expertness, and 
the student is recommended to rely principally on the general 
rule explained in the earlier part of the Article. 


The investigation of this and of the preceding Article also 
applies to- all expressions of a quadratic form which involve 
letters symmetrically, 
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Thus by the processes just explained we have 
a — 4ab — 216? = (a + 3b) (a— 76) ; 
a” — Saat + 4a? = (x - a) (w= 4a) ; 
dyP2? + Qoyx — 8a? = (yz + 2a) (Byz — 4a) ; 
a — Te? — 18 = (a? + 2) (a? — 9). 


51. An expression involving powers of 2 up to the cube but 
not beyond is called a cubic expression. 


A consideration of the identity 
(a — a) (w@—b) (w-c)=a?— (a+b +0) a+ (be+ca+ab) x—abe 

at once shews that a cubic expression of the form a°+ da? +ea+f 
is capable of resolution into factors by laws similar to those which 
hold for quadratic expressions ; that the sum of the second terms 
of the binomial factors is the coefficient of x, that the sum of the 
products of these terms taken two and two is the coefficient of 2, 
and that the product of these terms is the term in the expression 
which is independent of x Also by Art. 47 if «—a be a factor 
of an expression we know that the expression will vanish when 
x=a. Hence when required to resolve into factors a cubic 
expression «* + dx*+ex+f, we know that the term / consists of 
factors which are the second terms of the binomials and so need 
only try such numbers as are factors of f; if a be one such factor, 
then by substituting a for « in the expression we at once discover 
whether «—a is a factor by noticing whether the expression then 
vanishes or not. If w-—a is found to be a factor, then the 
remaining factor is a quadratic expression which may be treated 
by the methods of Art. 49. Also cubic expressions and expres- 
sions of a higher degree may frequently be resolved into their 
component factors by splitting one or more of the terms into new 
terms so chosen as to make a component factor apparent. 


Example 1. Resolve #3+242-21a+18 into factors. 

The only factors of 18 are 1, 2, 3, 6, 9, 18, and we find on trial that 
the expression vanishes when #=1 or 3 or —6, so that the factors are 
“2-1, «—3, £+6. 

Example 2. 2° +2a7-3=22-142 (x?-1) 

= (4-1) (2? +24+1)4+2 (w-1) (@+1)=(e-1) (22 +3243); 
or = 43 — 2° +3 (a —1)=27 (w@—1)+3 (w—1) (v+1)=(a—1) (v2 43443). 

In this example again the only factors of 3 are 1 and 8 and by trial 

we see that the given expression vanishes when +=1, so that v—1 is 


known to be a factor, and by division the remaining quadratic factor 
may be obtained. 
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EXAMPLES. 


Resolve into their component factors : 

a+a— b*— b, 2. actbd+ad+ be. 
ac+bd—ad— be. 4, a®—2ab+2be—c?*. 
b(a—b)+c(e—a). 6. a?+0?4+2be+ 2ca+2ab. 

ae — ab — ab? +b°. 8. a—a’b+ab?— b°. 

c2 (a — b) +b? (c—a@). 10. a@—3a2b+3ab?— 63-1. 

a3 — 2a% + 2ab? — b’. 12. (a—b)(b+a)+(e-a) (c+2). 
a? +(m-+1) (ab + ab?) + b°. 14. mat+na%b — mab? — nb’. 
a2 + b?— c? — d?4+-2ab— 2cd. 


at + bt+ct — 2b2c? — 2c?a? — 2a?b?. 17. 2?-944+14, 
a? — 5a — 36. 19. #?+16%+63. 

x*— 10% +24. 21. 2? — xy —156y/?. 
a+ 3ax - 8802. 93. «+2axr+a?—b*. 

a? — 2ba — a? + 6, 25. 42+u—14, | 

3a? + 7x — 40. 27. xu? —3H - 54. 

124? + wy — 207. 29, abu? —(a?+b?) «+ ab. 
a*ba*®—ax—b+1. 31. c?2?—acx+ab— b?. 
(m?—1) a®-Qmnay+n?y% 33, wt — Daye — 35y2". 
2 —138274+12. BB. wt — 7? + 207-1. 

a — 02 —8x+12. 37. «*—184?+1. 

a+ 3a2+4, 39, at4222y?24+974 


abs + (a2—b) #21. 


Demonstrate the following identities : 
. be(b—c)+ca(c-a)+ab (a—-b)= —(b—¢) (¢—a@) (a—8). 
a? (b --c) +b? (c— a) +c? (a— b) = —(b-c) (c—a) (a—8). 
(b—c) (w—b) (a—c)+(c—a) (~@—c) (v—a)+(a-—b) (w- a) (@- 6) 
= —(b—c)(ec—a) (a—)). 
44, (b-c)(a—2)(a+x7)+(c—a) (b—&) (b+x)+(a—b) (e—x) (¢+2) 
. = —(b-c) (c—a) (a—Db). 
45. (a+b+c) (be+ca+ab) —abe=(b+c) (c+a) (a+). 
46, (a+y+z)3— (#+y342)=3 (y+z) (¢+4%) (@+y). 


FACTORS. 7 49 
41, 23 (y—2)+y (2-2) +28 (w—y) = ~(y-2) (2-2) (wy) (w ty +2). 
48. u(y—zP+y(2-w+2(v—yP=(y—2) (2-4) (w—y) (@t+y +2). 
49, Deduce the result of Ex. 41 from lx. 43 and the result of Ex. 42 
from Ex. 44. 

50. Resolve the expression 

u(yh— 2) +y (2?) +2 (a? —y’) 
into its simplest factors and hence shew that it is equal to 

a (0? — c*) +b (c? — a?) +0 (a? — 82), 
where v—-a=y-—b=z- ee, 


Additional exainples on resolution into factors are Ex. 11-—60 
Chap. VII. and Ex. 11—60 Chap. VIII. 


CHAPTER VII. 
HIGHEST COMMON FACTOR. 


52. Tur Highest Common Factor of two or more 
algebraical expressions is the expression of highest dimensions 
which will divide each of them exactly. The name formerly in 
use and borrowed from arithmetic was Greatest Common Measure, 
which however is inappropriate and liable to convey the false 
impression that we are comparing magnitudes and that the 
numerical values of algebraical expressions are under considera- 
tion. The highest common factor is frequently written in the 
abbreviated form H.c.F. 


The u.c.F. of simple expressions follows immediately from the 
definition and can always be determined by inspection. It 
consists of the G.c.M. of the numerical coefficients prefixed to the 

product of the highest power of each letter which will divide each of 
_ the gwen expressions exactly. 


Thus the H.0.F. of atb? and ab} is a%b?, and of 12424222, 9x37, 
18x*y%z is 3x°y2z. For in the first example the highest power of a that 
will divide a? and at is a and of 6 that will divide b? and 63 is 62; and 
in the second example the greatest number that will divide 9, 12 and 
18 is 3, the highest power of « that will divide x?, 2 and x is x, of y 
that will divide y? and 7° is y? and of z that will divide z, 2? and 2 is z 


53. The u.c.F. of compound expressions can often, but not 
always, be determined by inspection. Its discovery depends on 
our ability to resolve the expressions under treatment into their 
component factors ; whenever this can be effected by formule or 
rules or methods such as those suggested in the last chapter, the 
H.c.F. can at once be written down from the definition. It 
consists of the G.o.m. of the numerical coefficients prefixed to the 
product of each common factor raised to the highest power which 
will divide each of the given expressions exactly. 
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Thus the expressions ?—7x+10 and 2?+xv—6 are equivalent to 


_ (@—2)(~—5) and (w—2)(v+3) respectively and ae H.0.F. is by 


inspection x— 2. 
Again the expressions 
2 (x? +3), 6x (a? —a*) and 4 (%+a) («? -— 3ax— 4a?) 
are equivalent to 
2(x+a) (z?-—ax+a?), 6a (v+a)(e—a) and 4(#+a)? (7 — 4a) 
respectively, and their #.0.¥F. is at once seen to be 2 (4+). 


Whatever be the shape of the given expressions, if they 
contain any simple factors, these factors should first be removed 
and their u.c.F. found by inspection as in the foregoing example, 
and we must investigate separately the u.c.F. of the expressions 
which remain after removal of the simple factors. 


It appears then on the whole that the only expressions of 
which we do not know how to find the u.c.F. are expressions 
which do not readily admit of resolution into their compound 
factors and which do not contain any simple factor. 


54. Let A and B denote two expressions having no simple 
factor and arranged according to descending powers of some — 
common letter, and let the term of highest degree in that ei ; 
in A be not lower than that of highest degree in B., 


Divide A by B and let a be the quotient and C the remainder, 
so that 
A=aB+C. 


Now any common factor of B and C must obviously be a 
factor of ab+C, i.e. of A, and thus being already by hypothesis 
a factor of B it is proved to be also a factor of A and so must be 
a common factor of A and B. 


Again writing the equation in the form 
C=A-—aB 
we see that any common fact i _of A and B must be a factor of 
A-aB, i.e. of G, I apg alneedy Pa PT pathesis-a” fuetor 
of / it is prove Rie diols eda nd ae Bk men 
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Again divide 4 by @ and let 6 be the quotient and D the — 
remainder so that 3 
| B=b0+D, 


and therefore also D=B-00C. 


Here every common factor of C and D must be a factor of 
bC'+ D, ie. of B, and every common factor of B and C must be 
a factor of D—bC, i.e. of D; hence by the same argument as that 
used above every common factor of C and D is a common factor 
of L and C, i.e. is a common factor of A and &. Therefore the 
u.c.F. of C and D is the u.c.r. of B and C, ie. is the u.c.F. of A 
and B; and soon. This process may be continued until there is 
no remainder ; in all such divisions every factor of the divisor 
and dividend is a factor of the original divisor and dividend, and 
the H.c.F. of every divisor and dividend is thus always the .¢.F. 
of the original expressions A and B. When the process has been 
continued so far that there is no remainder, the u.c.F. of the last 
divisor and dividend is still the u.c.F. of A and B; but the u.cF. 
of the last divisor and dividend is plainly the divisor itself, and 
this divisor is therefore the H.c.F. required. 


If at any stage of this process a s¢mple factor occur in divisor 
or dividend it may be removed, and similarly at any stage a 
simple factor may be introduced in the divisor or dividend 
without affecting the result; for the process applies only to 
compound factors, which, so far as their H.c.F. is concerned, 
remain unaffected by the removal or introduction of a simple 
factor. This is at once obvious by considering any example that 
may occur ; for instance, the H.c.F. of 2?—3x2+2 and 5a?—7x—6 
is e—2 and is obviously the same as the u.c.F. of 3a (a?—3a+ 2) 
and 5x°—Ta—6 or of a—3x%+2 and 2(5a*—7x—6), and so on. 


As we perform the successive divisions each remainder is 
necessarily of lower dimensions than the preceding from the very 
nature of division; hence as the operations are continued we 
must at last arrive at a stage when there is no remainder, or at a 
stage when there is a remainder that does not involve the common 
letter if we stop short a little earlier. In this latter case the 
given expressions have no common factor except unity; and, 
having no common compound factor, are generally described as 
having no H.C.F. 


55. Weare now in a position to state the rule for finding 
the H.c.r. of two expressions, neither of which has any simple 
factor : 
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Arrange the two expressions according to descending powers of 
some common letter and divide the expression of highest degree in 
that letter by the other; or if they are of the same degree, divide 
either by the other. Make the remainder a new divisor and the 
former divisor a new dividend, and continue the process wntil there 
is no remainder. The last divisor will be the u.c.F. required. 


Example 1. Find the H.c.F. of 
203+ 7422-92-26 and 2274+ 9x3 — 36x — 32. 
243 +742 -—9x—26 ) 2x* +923 — 367-32 (e+1 
224 +723 —9u — 26x 
2x3 + 9x? — 10x — 32 
23+ 7x2— Ix —26 
2079- x— 6 
Qu2— 2-6 ) 203+ 7x? —-9x%-—26 («+4 
203— 2°-6x% 
8x? — 34 — 26 
822 — 4 —24 
Bima 
4-2 )207-— £x£-6(2x7+38 
eae 
ox —6 
32 —6 


The process is here carried on in accordance with the rule just 
enunciated and the last divisor 7-2 is the H.c.F. required. 


Example 2. Find the u.c.F. of 
e+a%—-172+15 and #°+2x?-19x%—- 20. 
+202 —-17"%4+15 ) v?4+22?—19%—20 (1 
B+ #-17¢#+15 
a“*— 27-35 
a? —Qe—35 ) #4 #?-17x+15 (4#4+3 
202-350 
322+18e%+ 15 


3a?— 62-105 
24 ) 24% +120 
2+ 5 
@2+5 ) x?7-27-—35.(a-—7 
22 4-5 a 
— 7a —35 


—7«#—35 
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In this example the highest power of z is the same in the two 
expressions and it is immaterial which of them is made the divisor. 
When we arrive at the remainder 24%+120 we notice that 24 is a 
common factor and so may be removed in accordance with the principle 
proved in the last Article. Accordingly we divide by this factor and so 
reject it, and we make x+5 the new divisor and not 247+120. The 
last divisor #+5 is the H.c.F. required. 


Example 3. Find the u.c.r. of 
2 — 2a —9a?w+18a3 and 2+ 4a23—11a2x® — 66032 — 72a. 
2 — 2au* — 9u?x+18a3 ) «t+ 4a03-11la2e-66a%e— 72a! (v+6a 
a*—2ax8— 9arx?+18a8x 
Gaz — 2a*x?- 84a3x-— 72a4 
6ax? — 1224? — 54a3x+108a4 
10a? ) 10a2x? — 30a3x - 180a!4 
. a*— 3ax — 18a? 
a? — Bax - 18a? ) #3—2ax?- 9a2v+18a3 (xv+a 
a3 — 3a2? —18a2x 
bes ax*+ 9arx+18a3 
ax— 3a2x%—-18u8 
12a? ) 122°4 + 36a? 
a+ 3a 


%+3a ) x*—B3axv- 18a? ( x-Ca 
2? 4+ 3axr 
— 6ax— 18a? 
; — 6ax — 18a? 
Here in accordance with the principle proved in the last Article we 
remove the simple factors 10a? 12a*, from the first and second re- 


mainders respectively before we make them the new divisors, The 
last divisor 7+3a is the H.c.F, required, 


Example 4. Find the u.c.¥. of 
3a°— 10a*b + ab? +603 and at—2a3b—4a2)24 2ab3 +304, 
3a°— 10a) +ab?+6b3) at— 2a3b— 4a2b2+42ab3 + 3d! 
3 
3a4— 6a%b— 12020? +6ab3+ 954 (a 
oat —10a3b+ a2b2+ 6ab3 


40°b —13a2b? + 9b! 
3 
12a%b — 39a*b?2 +27! ( 4b 


12a) — 40a7b? + 4ab3 + 2454 
b> ) a®b?-4ab3+ 364 
a* —dab+ 302 
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a —4ab+3b? ) 3a3 -10a7b+ ab? +6b° ( 8a+2b 
3a3 —1207b+9ab? 
2a7b — 8ab?+6b3 
2a2b — 8ab? +663 


Here in accordance with the principle which permits us to introduce 
or remove a factor when convenient, we multiply the original dividend 
and first remainder by 3 and from the next remainder we reject the 
factor 6? before making this remainder the next divisor. The last 
divisor a?—4ab+3b? is the H.c.F. required. 


Example 5. Find what numerical values.a can have so that the 
expressions w?—«—2a and x2?—3x—3a may contain a common factor. - 


The condition that these expressions may contain a common factor 
is plainly that in the process of finding their H.c.F. the last remainder 
shall vanish. In accordance with the rule we have the following 
work : 

: u*—302-3a) 2- x-2a(1 
a? — 3x -- 3a 


24+ a 
2x +a, ) 2? — 3a -3a 
Z 
22? — 6x —6a ( x-(3+ha, 
2x7 + ax 
—(6+4a)x27-6a 
407 —3a 


Hence we must have }a7—3a=0, i.e. a(4a—3)=0; therefore 
a=0; or 4a—3=0, i.e. $a=3, .. a=6. If a have the value zero 
the expressions take the form w#(«—1), w(#—3), and contain the 
common factor 7; if a have the value 6 the expressions take the form 
(%7+3) (~—4), (v7+3) (w—6), and contain the common factor #+3. 


56. Itis manifest from the definition of the u.c.F, of two 


expressions that every common factor of the two expressions is a 
factor of their H.c.F. 


It is also obvious that every common factor of two expressions 
must be a factor of their sum and difference and of the sum and 
difference of the expressions multiplied by any factors. For let 
A and B be the two expressions, and let them have the common 
factor C so that A=aC, B=bC; then 4+ B=(a+b)C, 
A-—B=(a-b)C, mA +nB=(ma+nb)C, mA —-nB=(ma-nb)C ; 
hence Cis a factor of A+ B, A— B, ma+nBb, mA -nB, the other 
factor being a+b, a—b, ma+nb, ma—nb respectively. These 


> 
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considerations enabled us to obtain the result of Art. 54 and are 
frequently of use in the solution of problems, — - 


Example 1. Find the common factor of the first degree of the two 
expressions w°+22?—7r+4 and 234272—1llr—19. 


The difference of the expressions 
=0 + 20° — Tx +4— (e424? —114¢-12) 
=47+16=4(%+4), 
Here we have given that the expressions have a common factor of the 


first degree and we know that their common factor must also be a 
factor of their difference; therefore the common factor is “+4, 


Example 2. Shew that the two expressions 274+234+02+242 and 
x4 + 223 4.2424 2%+1 have no common factor in 2. 


Any common factor of 2v4+234+224+742 and 2 +243 4 292+ 9741 
is a factor of 
2 (204+ 49402 + v+2) — (444208429224 994 1) 
and of = - 2 (a4 2434207249741) - (204+ +224 742), 
Le. is a factor of 3(a++1) and of 3x (a#2+x+4 1); and these last two 


expressions have by inspection no common factor in az, so that the 
original two expressions have also no common factor in 2. 


In this class of problems it is more frequently of service to subtract 
than to add, and the factors employed should generally be numerical 
and so chosen as to make some of the terms cancel each other on 
addition or subtraction. 


57. We have already seen in Art. 53 that the problem of 
finding the u.c.r. of any number of expressions presents no 
difficulty if the expressions can readily be resolved into their 
component factors. Thus the only case which remains to be 
considered is when there are more than two expressions and the 
factors of the expressions cannot be discovered by inspection. 


Now from the nature of the m.0.F. it is obvious that every 
common factor of three or more expressions must be a factor of 
the H.c.F. of any two of the expressions. From this consideration 
it follows that we must first find the u.0.¥. of two of the ex- 
pressions, then the u.c.¥. of this u.c.F. and of a third expression, 
and soon. The last uc.r. so found is the w.0.F. of all the 
CXPVESSLONS. 


Example. Find the u.c.r, of 
303-102? +a4+6, at— 293 — 442 +27+3 and 2'4+223~—1722-18%+'79, 


° 
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Proceeding by the ordinary rule the H.c.F. of 323-10%2+4+6 and 
a — 2x3 — 447 +2%+3 is found to be #?—4r7+3. And by the same rule 
the H.c.F, of 2? —4v4+3 and a*+22°—17x?-18%+72 is found to be a— 3, 
which is therefore the H.c.F. required. 


EXAMPLES. 


Write down the H.c.F. of 


1; 
3 
5. 
7. 
9. 


10. 


abt, ab’, 
Qab*e?, 8a%b2c4 
13474%4, 52x72. 
6a2x, 4a°y*, 8any. 8." 19ab%c, 57aPb8e*, “ore. 
2307b%c3, 46a%b°c3, 92atb?c?, act. 


A8atysz, 14402y728, 16a3y3z%, 40y2z4, 


3a%b?c, 6atb%c?, 


Bary, 15x8y?, 


oe we 


Sara, IU, a 


By resolution into factors find the H.C.F. of 


11, 
13. 
15, 
16. 
17. 
18. 
20. 
21, 


a®#—b*, a +b%. 12. 9(a+b)*, 24 (a? —b?). 
4da*+4a%+4a?, 6at— 6a. 14, a®—b 3, (a+b) (a?+ab+b?). 
8a°b3 — 8a2b’, 48a'b? + 48ab8, 

ac—bd+be-ad, ac+bd+be+ad. 

ac+bd—be-ad, ac—bd—be+ad. 

ac—bd+be—-ad, c?—d?. 19. a?—b?+ac- be, a®—b?- 0 —2be. 
a? +b?-—¢?+2ab, a? - b?-c?+2be. . 

b?+¢?+ 2be+2ca+2ab, 2a?+ca+ab. ~ 

a> +a?b+ab?+ 63, a®—a2b+ab?— b’, 

a3 —3a°b + 3ab? — 63, ab—ab®, 24, at+a%b?+b4, (a+b) — a2b?. 
a + bt + ct — 2670? — 2c?a2 4 2a2b2, at — b4 — c+ 2672, 

av’? —5e+6, #2 +x -12. 27, v*4+4¢4+3, x? —Tx-8; 

x 49x — 36, #?+2%—120. 29. «*-11v4+30, 2?—-147+45. 
a —12xy —13y7, x? +1207 +11y?. 

a —13ax— 30a", x*-1lax— 60a? 

20° + 84-42, 47°+4442 +1122. 

30°2+74"—-6, 3u?-8x+6. 34. Tv®—4a-—3, 142°9-x7-3._ 
v*— 2-56, 2x7+9x—- 35. 36, 30°4+27-21, 62? +a—-35. 
1447+30-2, 14”?-11v74+2. 
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8? —10xy —38y, 10x? -— llay — 6y% 
12%? — xy —y*, 9a? + 12xy— 5y?, 
a" —Tax+6a*, a +ax—42a2, 


an? — daxy — 324, ax? —‘Tany — 8y*. 

6x03 —27a?—15x, 1204 4273 — 24772. 

a*—4¢44+3, 2 —447+3. 44, 2—474+3, a*—47°+3. 
w*+4a2-12, at—x?-2, 46. w*-14274+48, at 64. 


a*—Ta? +1, «2-323 +22, 
v*—4443, x2-x7-6, 22 +a7-12. 
v—T2+10, 22+4+2%-35, «2+ —-30. 
4x47 —9x%+2, 342-4e—4, 27?-3r-2. 
3a7x? — 2abs — 8b, a?x*+2abe—8b?, a8x3—8b3, 
v*—9a?, w+ax—-1202, x -27a3. 
32°—2e-1, B-—a2-2+1, 8-2 4+9%-1,. 
tp aryr+ yt, 45+ 928, 8424 ¥8, 
3 (xy? — x3), 6 (arty? — x2y!), 9 (aby? — ay), 12 (2842 — 22y9). 
x*—(a+b)x2+ab, 2®-(a-b)x—ab, 2%+(c-a) «#—-ca. 
“2+ (a—b)2—-ab, 2?+(a—c) #-ca, 
x + (a—b—e) «#?+(be-ca—ab) #+abe. 
(etyt2? (ety—2), (@t+y)@+y—242xy), 4y%?— (a2 y2— 2%). 
VY APY + xy, (ay + ny") (B8—y), ay (w+ry ty). 
at—y4, 98, o8—y8, gl? yd, 
Find the u.¢.F. of 
a§ — 20°) — Tab? — 403, a8 +402) — ab? — 483, 
a® — ab?—6b8, a?+a%b— 5ab? — 203, 
a+ 2a3+a?—-2a—2, at—2a3+3a?—4a42. 
3a? — 2a7b + 3ab?2— 263, 2at— a2b?-3b4 
@—13%—-12, #+42-54+3. 
w+342—4, at —223-11e2- 124436. 
a+ 4? — 16x + 20, 3 — 42 — 2944 40, 
a —8x—3, a'4+223— 92429741, 


ff 4327-2248, xt4+203-— 4249741, 


a — 3 — 62+ 40+8, at+32°3- 322-122 -4, 
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71. 24+ 2ax3 — 2a%x? — 6aa3 - 3a4, 2+ 2a2x?- 3at 

12, 2a°+a7-2x-—6, 20° + 4?-8x4+3. 

73. 20—-av2+1, 32°+2?-—ax+1. 

74. w2+2?-4¢--4, 3423—-—87?+3442, 

15. 308+ 5e?y+ay?-y%, 423+ 32°y+7%. 

76, 223—5a?-—2x7—-3, 542—152?+34—-9. 

77. 6ut—4202+36x, 305+ 1504392942122, 

198 2014223 —32274+40x, Qat+23—Ta®-4x—4, 

79. «t+ a%y -9a°y?+llay—4yt, xt — xy — 3a%y?+5xy3 —Qy4. 

80. 324+ 2%y-—30y?—-—y4, 3x4 8a y+ 6x%y?— 74, 

81, w2-24?-44+2, w-—2-4, w-a4?+nx-6. 

682. PP wy + ay? + 8y%, ct+4ay+3y4, ot aby + 2x?y? + Ixy — By! 

83. 2-43 — 32? +5"%—2, x'+4+323—-322-Te+6, at+03—-322-v+2. 

84. S_ 200? — 2a%a —3a3, 22° — axn?— ax —3a3, «+0243 — adn? ab, 
» 2025-64827, 62°+1204-— 3023 — 3627, 4x6 — 8x5 — 4044 823. 


By addition or subtraction, after multiplying by a numerical factor 
if necessary, find the common factor of the first degree of 


86. #?-5r7+6, “?+49—-21. 87. xv?-8r-9, #?+3x—-108. 

88, 207+52-3, 64?+x7—-2. 89, 40?+90%+2, 8x2?-10r—-3. 
90. 20-94-27, 2+ -380. 91. w+22-12, a-— 2-4, 

92. 24+27-2, #°+2x?-3. 93. w+a27+u-14, -2?-47-Q, 


By addition or subtraction, after multiplying by a numerical factor 
if necessary, shew that the following expressions have no common 
factor in x: 


94, 423-2? 4+x-3, 203+02-x%-3. 
95. 3a%+42?+4, 344+ 20742, 
96. 544+24°+277+2¢7+5, Qxe*-— 5x8 —5x?- 5x42, 
Ascertain what numerical values a can have so that the following 
expressions may contain a common factor : 
97. ax*~-5e+3, 2ax?-82+3. 98. axv*-x%-2, Tax?+11le—-Q. 
99. w?-5et+a, v?-Te+2a. 100. w?+6e%+a, #+12v+3a. 


CHAPTER VIII. 
LOWEST COMMON MULTIPLE, 


58. A common multiple of two or more algebraical expres- 
sions is an expression exactly divisible by each of them, and their 
Lowest Common Multiple is the expression of lowest dimen- 
sions which is exactly divisible by each of them. Every common 
multiple of any number of algebraical expressions is therefore a 
multiple of their lowest common multiple. The lowest common 
multiple is often written in the abbreviated form L.c.M. 


The L.c.m. of simple expressions is obvious from the definition 
and can be written down by inspection. It consists of the least 
common multiple of the numerical coefficients prefixed to the 
product of the lowest power of each letter which is exactly divisible 
by every power of that letter occurring in any of the given expres- 
sions. 


Thus the 1.c.M. of ath’, a?b5 is atb5; 
of 4a°be®, Tatb§c, Qab*ct is 2atb3ct ; 


of 9x8 y%25, Baryzt, Wary, Blaty3z is Slaty325, 


59. The t.c.m. of compound expressions which by inspection 
admit of resolution into factors can also at once be written down 
in accordance with the definition. It consists of the least common 
multiple of the numerical coefficients prefived to the product of the 
lowest power of each factor which is exactly divisible by every power 
of that factor occurring in any of the given CHPVESSLONS. 


Thus the L.c.M. of a?— 6%, a3 + 63, 


Le. of (a+b) (a—b), (a +6) (a? ab+b%, 
is (a+b) (a - b) (a2—ab +b?) ; 
of 9a*b — 4ab®, 9a8b —120°%b2+4ab3, 27a4- 8ab3, 


i.e. of ab (9a? — 4b), ab (9a?—12ab+4b?), a (27a? — 8b°), 
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ive. of ab (8a— 26) (3a+2d), ab(3a—2b)*, a (Ba— 2b) (9a? + Gab + 40"), 


is ab (3a — 2b)? (3a +26) (9a? + 6ab + 40”) ; 

of 323 —327—6x, 623 +622- 36x, 204-823 + 8x, 
Le. of 3a (v2-x2—2), 6a (v?+x—6), 2x? (x?—-4e+4), 
i.e. Of 3a (a@+1)(v7—-2), 64 (v—2) (#43), 2x? (@— 2), 
is 6x? (~@+1) (wv — 2)? (v@4+3). 


60. The only case remaining for consideration is when the 
given compound expressions cannot readily be resolved into their 
component factors. In this case we can determine the u.c.F. by the 
method of last chapter, and dividing each of the expressions by 
this H.c.F. we obtain the other factor of each expression ; the 
resolution into factors being now accomplished so far as is 
required for our purpose, we may write down the L.c.M. as before 
by inspection. ; 

Example. Find the t.c.M. of 

e+ 202—-52—6 and #—4*-5x-3. 

By the method of last chapter the u.c.¥. of the two expressions is 
found to be «+1; dividing the first expression by «+1 we get 
_ w+a-—6, and dividing the second by #+1 we get a?—2a—3, so that 

x + 2a? —5ae—-6=(a"+1) (2?+4—-6) 
and we — 22 — 5a -3=("44+1) (2? - 24-3). 
Hence the u.c.M. is (v+1) (2?+-6) (a? -— 2-3). 

In an example like this where after division by the u.c.¥. the other 
factor thus determined is a quadratic expression, this factor again may 
frequently be resolved into its component factors and the final result 
may be presented in a simpler form. 

In the present example 

+2 —-6=(x—2) (2+) and 4?—22—-3=(x+1) (w—3), 
so that the L.c.M. may be written in the neater form 
(a +1)? (@—2) (w— 3) (@ +38). 


61. We may however obtain a general rule for the treat- 
ment of such expressions which is equivalent to the directions 
given in the last Article. Let A, B denote two algebraical 
expressions and let C be their u.c.F., so that A=aC, B=0C. 
Then from the nature of the H.c.F. a and 6 contain no common 
factor ; hence the t.c.M. of aC.and bC must be the product aC, 
which is therefore the t.c.m. of 4 and B required. Also 

10 abC* aCxbC AxB - 
eo meng ar) Ure C8 


so that we are led to the following rule: 
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The u.c.mM. ef any two algebraical expressions ts the quotient 
obtained by dividing their product by their u.¢.¥.; or, ts the 
product of one expression and of the quotient obtained by divide: 
the other expression by the H.C. F. | 


Example. Find the t.c.M. of 
xv —x4*—16%—-20 and 2°+2?- 47-4, 
By the ordinary rule we find the u.c.¥F. of these two expressions to 
be +2; dividing #—w?-—167—20 by #+2 we get #2—3x—10, and 
multiplying #°+a2?—4x7—4 by x? — 32-10 we get 


x — Qa*— 1723 — 2445244 40, 
which is the L.o.M. required. 


In this example as before the complete resolution of the expressions 
may be effected and so the L.c.M. may be put ina simpler form. For 
having discovered the u.c.F. to be +2, we find the other factors of 
the expressions to be #?—3x-10, ie. (#+2)(a#—5), and 2?—#-2, 
i.e. (v7+1)(v—2), respectively, so that 

xu? — £2 — 16% —20=(x+2)? (~7—5), 

w+ 2% 4e—4=(e%+1) (v—2) (442) ; 
hence the L.c.M. is (w+1) (#—2) (v+2)? (x-5), which by multiplying 
out produces a° — 2x4 — 1723 — 2474 52x + 40. 


62. In cases where the t.c.m. of more than two algebraical 
expressions is required, and they cannot immediately be resolved 
into their component factors by inspection, we must extend the 
general method explained in Art. 60, 61. 


From the nature of the t.c.M. it is plain that every common 
multiple of three or more expressions must be a multiple of the 
L.C.M. of any two of the expressions. Hence, to obtain the L.c.M. 
of three or more expressions, we must first find the L.0.M. of any 
two of the expressions, then the u.0.M. of this L.c.M. and of a third 
expression, and so on ; the last L.c.M. so found is the L.C.M. of all 
the expressions. 


Example. Find the t.c.M. of 


2 — 9? — 844-12, «3+4+422—3x—18, and 2t+6a3—54v— 81. 


The 1.c.M. of the first and second expressions is found by the rule to 
be at+223—11x7?- 127436, and the t.c.m. of this expression and of 
the third expression is by the rule 


a8 +- 245 — 2044 — 3023 + 1352241082 — 324, 
which is therefore the L.c.m. required. 
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It is however very seldom that the adoption of this cumbrous rule 
_ is necessary, and in the present example it may be avoided. For in 
the process of finding the L.c.M. of # — #?— 8%+12 and #+4a?—- 32-18 
we find that the H.c.F. of these two expressions is #?+x#-—6, Le. 
(a—2)(#+3), so that the other factors are respectively 7—2, #+3, and 
we have 
3 — 4? —84+12=(x—- 2)? (4+3), 
2 +44? — 34 —18 =(x— 2) (4#+3)*. 
Or if we begin with finding the L.c.m. of the second and third expressions 
we find that the u.c.F. of these expressions is v?+6v+9, le. (v+3)", so 
that the other factors are respectively 2-2 and x?—9, i.e. (w+3) (~—8), 
and we have 
x* +623 — 544 -— 81 =(% +3)? (~— 3). 
Hence by inspection the L.c.M. required is 
(7 — 2)? (w—-3) (@+3), 
which by multiplication produces 
8 + 2.05 — 20x* — 3023 + 1352? + 1084 — 324. 


63. It should be borne in mind that the rules for finding 
the H.C.F. and L.c.M. are only intended to be applied when the 
expressions under treatment cannot be resolved into their com- 
ponent factors by inspection, and that a large majority of examples 
in the subject can easily be worked, and should be worked, by 
resolution into factors. - 


EXAMPLES. 
Write down the t.c.M. of 
ror b%, ab". 9. 4a%bc?, 1207. 
3. 420°, 14xy%. 4, 6ay*, 30x33. 
5. 3a?b%c, 9a%bct, 6atb?c5, 6. 25a‘be, 125ab4c?, 100b%c*. 
7. 34a%xy, 85atry?, 17ax%y*. = 8. arya, QaPyt, 4a?y%0?, Oxyz. 
9. 24ary3, 36xy>2, 72x72, Ix*yzA. 


10. 27 xy?A, 3x°y28, Yatytz, 182%. 


By resolution into factors find the L.c.m. of 
1]. a?-b*, a +6. 12. 3(a—6)*, 4(a3- 6%). 
13. a—b3, (a+b) (a*+ab+ b?). 
14, 2a'-2a?+2a?, 6a'+ 6a. 15. +33, a—a%b+ab?, 
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a - 0%, @+)3, a0. 17. @+03, a—6, at+a%b?+b4 
ab? + 2a7b?+ab, abt + 3ab? + 3a2b? + ab. 

a(b—e)+b(ce-a), b(b—c)+a(c—a). 

a? (b—c)+b?(e-a), be (b-c)+ca(c—a). 

ac—bd—be+ad, act+bd—be-—ad. 

a? +b?—¢?+2ab, a? —b*-¢? -2be. 

a?+b?+2be+2ca+2ab, a®—b?—2be+ Ia. 

a? — 3a*b + 3ab?— 63, a? — 2a°b+ab2. 

12a°b—12ab5, 15a%+ 150°. 26. 2-3r+2, 2? 4+nx-6. 
w+4u—-—5, «2-47-45. 28, xv*-6x+9, «?4+5x—-24, 
u*—Qxry =8y?, «2 — vy —12y?. 

a+ 4ax—T7a*, v®—4axv—165a?2, 

“4+ 9a0—36a2, 2?+23ax7+132a2, 

303 —15774+184, 223+ 1427-362. 
1247+ 2x — 4, 6x? — 8% —8, 34, 12v*-xv-63, 4074+ 27-18. 


, 2a ®+15a—8, Qa2+238v-12, 36, 1202-6, 822-203. 


62? + xzy — 40y?, 9x? - 64y2. 

Qu? + 8xy —12y?, 6x? — xy — 12y?. 
122?-—llax—5a?, 82?~6ax—5a?. 

11a? -ax— 12a*, 11xz?-23ar+12a?. 
12a7+40a—7, 10a?+29a— 21. 

9a2+5ab—26b2, 10a?+9ab — 220% 

abu* — (a? —b?) v—ab, abu? +(a?+b2) x+ab. 

ax + (a? — 6?) «— ab, ax*—(a?+b?) «+ ab. 
1274 + 38ax?-—9x, 120223 + 32ax? — 122. 

at —a®b+ab3— b+, at+a%>—ab3—b4, at+a2b? +04 
w+3a%-4, w+52+4, 2-16, 

w+1474+49, 2452-14, v+497-—21. 

w+ Any —12y7, v2 +2xy —24y2, 42? —Qay — 48y%. 
20*+11e-21, 6e®-—Te—3, 6v?-11v+3. 

5a? + 327—2x, 10a3+11la?-—6a, 543 — 7x? +2, 
w2—25a?, a24+5au+25a%, w— 12503. 

wi — xy, a®y—yt, e+ a%y?+ y%, 

w—4¢4+3, 28-4043, #—4x9+3, vt— 42243, 
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2 (aby®—a%y9), 4 (aly? ay), 8 (aby? — a%y®), 12 (aly? ay? 
x2—(b+c)u+be, x?-(c+a)x+ca, «?-(a+b)a+ab. 
a—(b—c)u—be, #?+(e-a)xv—ca, “?-(a+b)x+ab. 
a*—(b+c)ut+be, w?-(e-a)uv—ca, a*+(a-b)x%—-ab, 

a3 + (a—b—c) «?+(be-ca—ab) x+abe. 
(vty+2) (a@ty—2)(2@—-yt2), (y+2—2) (@—yP— 2? + dy2), 
Ay2z2 — (a2 — y2— 22, 
vy, e+y, a-y', a+yt, 8-y%, 

Find the t.c.m. of 

a3 +-3a*b — ab?— 303, a®— a*b—9ab? +. 96°, 

a +207b —7ab?+4b3, ai+a*b—10ab? + 863, 

a@—Ta+6, at+4a3— 7a? — 220424. 

a3 + a2b — ab?+63, at— ab +ab3— b+ 

w+u?-54%+3, v-—20?-5xr+6. 

23 —Q42-—Tr-4, w—x?-10x—-8. 

a —2a?a+4a3, 2+ 3an?-—8a2x +1008. 

23 — xy? — 6y?, x8 —Qx7y — Bay? — 127°. 

6a8 — x?- 10x -3, 12%°+7x?—- 8x —-3. 

3 +a7+u-—5, 6a —a4*?-2x-15. 

723 — 16x2y — 34y? + 24y%, 92 — 25x24 — 2uy? + 2273, 

a —6n2+8xn-—3, 244223 — 40? -Q7+3. | 

gt — 943 —124%?—7a4+2, a*— 3x3 -6x?- 13243. 

a+ Qa8y —5ar%yP +2, a+ Qa3y — dary? — Qay? + 3y4, 

644 + 23 + 647+ 3242, 624+ 42+ 207+ 5x—- 2. 

946 — 30005 +1202! + 240303, 120°+20a0° — 640204 -- 480323, 

Buty + 1603y2 — 220743 + 6any*, 12aty + 36.03? — 3u%y3 — 9axy', 

e+e+ae—3, 2-7-6, 2-2-—3x-9. 

23 + 800? + 20024 +1603, 23 — 12027-1603, 2°+2ax? — 4a%x — 8a%. 

3 — Quy — vy?— by, 23 —3u*%y — Quy? - By, 23 —4a°y — Buy? — 10y%, 
at — Bury + buy? — 8ay? + 18y4, 


ow 


CHAPTER IX, 


FRACTIONS. 


64. Irhas been explained in Art. 4 that the operation of 
division is indicated either by the symbol ~ or by a straight line 
drawn between two quantities of which the upper is the dividend 
and the lower the divisor. Thus if a when divided by 6 produces 
the quotient c, the operation is expressed by the equation a+b=c 


or 5 ; and in this equation ¢ is such a quantity that when 


multiplied by 6 it produces a. Hence we may define the meaning 
of the algebraical fraction - to be that i ts such a quantity as 


when multiplied by b produces a. This definition is also in 
accordance with our arithmetical conception of fractions; for in 
arithmetic a quantity such as 2 is that quantity which when 
multiplied by 4 produces 3, and similarly in any other instance. 


In arithmetic we more usually define a fraction such as # to 


mean that the unit is divided into 4 equal parts and that 3 of 
these parts are taken ; and so we might anticipate that in algebra 


the fraction ; would mean that the unit is divided into 6 equal 


parts and that a of these parts are taken, and this is intelligible 
so long as we restrict a and 6 to be positive integers. But if 
a or 6 or both be fractional or negative the definition becomes 
unintelligible, and we are driven to adopt such a definition as 
will include fractions in algebra as well as in arithmetic, and all 
possible values of numerator and denominator, positive or nega- 
tive, integral or fractional. Such a definition as we seek is 


provided by the statement that the fraction ; is such a quantity 
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as when multiplied by 6 produces a; this definition includes all 
possible values of @ and 8, positive or negative, integral or 
fractional. 


65. We shall now shew that the value of an algebraical 
fraction is not changed by multiplying both numerator and de- 
nominator by any the same quantity. 


If c be a quantity expressed in the fractional form “, then by 


b ’ 
the definition of a fraction (Art. 64) we know that ¢ or = ” is such 


b 
a quantity as when multiplied by 6 produces a, so that 


a 
Gx Dea — <Naag, § 


b 
hence CXUK B= OU; 
cxbxu axa 
and ——— = : 
bxa bx 2%’ 

_ axe 
SATE ge 

RO 008 

Le. 3 pa° 


Hence also it follows conversely that the value of a fraction ts not 
changed if we divide both numerator and denominator by ani y the 
same quantity. 


66. As the value of a fraction is thus not changed by 
multiplying numerator and denominator by the same quantity, it 
follows that by employing suitable factors we may make any 
number of fractions have the same denominator. For such 
fractions are equivalent to a new set of fractions of which the 
common denominator is the product of all the denominators, and 
each new numerator is formed by multiplying the original 
numerator by all the denominators except its own. This trans- 
formation will not however necessarily or generally give the 
lowest common denominator ; in order that the fractions may be 
reduced so as to have the lowest common denominator, the L.c.M. 
of the denominators must be found and be made the new common 
denominator, and each new numerator will then be the product 
of the original numerator and of the quotient obtained by dividing 
this L.c.M. by the original denominator. 


5—2 
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Thus the fractions 7 5 are equivalent to = 4 fractions having 
a common denominator and also the lowest common denominator since 
the product of the denominators is also their L.0.M. ; 


Pee ie abi A 

Gry | Bax 

rae 2 
x(x" — y?) ¥y (@+y) 


are equivalent to (a+ y)2 (a? —?)’ (+yy (a2 — 9) 3 


fractions having a common denominator but not the lowest common 
denominator, and they are also equivalent to 
a (a -y) y (@+y) 
(w@+y)(w—y)? (ty? (@-y)’ 
fractions having the lowest common denominator, which is the L.0.M. 
of the original denominators. Similarly : 


; 1 Se hes 1 
v?—324+2? #74+8%7-4? #7427-8 


are equivalent to 
(22+ 3x — 4) (w+ 2a — 8) 
(a? — 3442) (22+ 3a —4) (~?+2%—-8)? 
(a? + 24 — 8) (a? — 37+ 2) 
(x? — 34 + 2) (a? + 8x — 4) (a? +2” - 8)’ 
(a? — 8a +2) (a? + 3x — 4) 
(a? — 3x + 2) (a? + 3x —4) (a? 4+ 24-8)’ : 
but in this case again the new fractions have not the lowest common 
denominator ; writing the original fractions in the form 


1 1 1 
(w—1)(@—2)’ (#+4)(x-1)’ (a—2)(@#+44)’ 


the t.c.M. of the denominators is (#—1) (v—2) (+4) by inspection, 
and the given fractions are equivalent to the fractions 


o+4 x-—2 z—l 
(@—1) (@—2)(@+4)? (w—1)(@—2) (@+4)’ (@—1)(w— 2) (#+4)’ 
with the lowest common denominator. 


67. Also as the value of a fraction is not changed by 
dividing numerator and denominator by the same quantity, we 
may simplify any fraction by removing common factors from the 
numerator and denominator. A fraction is said to be in its 
lowest terms when there are no common factors in the 
numerator and denominator; hence to reduce a fraction to its 
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lowest terms we must divide the numerator and denominator by 
their H.C.F. 


Thus by removing the H.c.F. from the numerator and denominator 
the fraction 


3h,24 
ae = is equivalent to 7 —; 
g +b) +6 
ar) is equivalent to <> ES ae 
2743 + 12547 “ (30 + 5y) (9a? — See 25y?) 
Qu? 25y2 > (32+ 5y) (8 — 5y) d 
: ; 9x? — 15xvy + 254? 
is equivalent to 30 — by ; 
Qa* +-5a% —112?-—3lx—-—10 Eis (a3 + 5472+ 7x +2) (2% —5) 
4at +1708 +1802—1382—6? 9 (@® +54? +7042) (40—3)’ 
F : 24 
is equivalent to Tes’ 


all the fractions thus obtained being in their lowest terms. 


'68. We are now in a position to add or subtract fractions, 
and the rule is: 

Find the u.c.m. of the denominators ; reduce the fractions so as 
to have this .0.M. for ther common denominator and add or 
subtract the numerators. 


Example 1. 
ab anti gd at—ab+b? ab+a?—ab+B? a? +0? 
wae ath G40. ote. - te: ae 
Example 2. = 
42 +7? 1 iF 42 +7? v2 xy oy 
Papa Peay tp PPP AP 
=i ty — 07+ ay —Y" LY 
+ayppyt wpa y 
Example 3. 
1 1 1 
A eG 2 Be +6 
1 1 1 


=(@—2) * (@—2) (@ +3) @—2) (@—3) 
_(t- 3) (@+3)+(e@-2) (c7—3)-(a@- 2) (w+ 3) 
(~ — 2)? (~ — 3) (w+3) 
29+ 22-5x+6-—a2*-2+6 © xv —6r+3 
(a — 2)? (@ — 8) (w+38) ~ (@— 2)? (w@ - 8) (@+3)' 
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1 1 2a tit) dae 
Example 4. pL a> nage, ae Aan pe 
a+a—(%@—-a) 2a 4a 
vat ta +a 
2a 2a 4a3 

eae eta at+al 

2a (x? +a”) — 2a (4? — a?) 4a3 4a? 4q3 
Sk OO. ah ee 
_ 403 (at +a*)—4a3(at—at)  8al 
eer en 


As in the last example it is sometimes more convenient not to 
reduce all the fractions to a common denominator at once but to go 
through the process gradually. 


69. It is obvious that the value of a fraction remains 
unaltered if we change the sign of both numerator and de- 
~nominator, for this is equivalent to multiplying numerator and 
denominator by the same quantity —1. 


Example. ‘ ; : 
a(a—b)(a—c) * b(b—c) (b—a) * ¢ (a) (o—b) 
ae 1 z 1 | 
—  a(a—b)(c—a) b(b—c)(a—b) c(e—a)(b—6) 

be (b—c)+ca (e-a)+ab (a—b) 
abe (b —e) (e—a) (a—b) 
__(b-0)(c-a) (4-8) 
~ abe (b—c) (e—a) (a—b) 
In this example 


by Chap. VI. Ex. 41, = a 


= 
a(a—b)(a—c) —a(a—b) (a—c) 
ah —1 : —1 2 1 
~ a(a—b)x —(a—c) a(a—b)(c—a) ~ a(a—b)(e—a)’ 


and similarly with the rest. 


70. We must next investigate the product of two algebraical 


s ae 
fractions — . 


Rip? let the required product be a, so that 
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Multiplying by the product 6x d and remembering that the 
order of factors in a product is a matter of indifference, we have - 


axbxd=(x b) (5x @)=axe 


by the definition of a fraction; dividing by the product 6xd 
we have = 

axc ac 

C= —_=—. 
bxd_ bd 
Hence the product of two algebraical fractions is a fraction 

whose numerator is the product of the numerators and denominator 
the product of the denominators. 


The rule thus proved for the product of two algebraical 
fractions may easily be extended to three or move fractions. For 
by this rule 

Gr te. Ihde - ere 

ba” Ff bd Ff bf 
by the same rule; and a similar result follows for the product of 
any number of fractions. Hence the product of any number of 
fractions is a fraction whose numerator is the product of the 
numerators and denominator the product of the denominators. 


2 2 5 3 
From this rule it follows at once that (5) Pa and () ae 


b 6° b bP 
y\ % n 
and so on; and generally that (7) = im where 7 is any positive 
integer. 4 
Example 1. Multiply 
3a 8b2c? 
4be Y Gat 


eae, oa x Giro Leathe aia Pee 
4be 9at ~~ =4bex9at  12a2bcx 3a? 3a?” 


(ty, Pay ty? 


Example 2. Multiply eae y ap ey: 
rer ey ey se ty) x eet yD 
Boe ea REY) x ty) 


Sey) tay ty) X(ey)’ | (etyy ee 
(ty) (@+ay+y?)x(@-yP (w-y \e-y) 
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Example 3. . Multiply together 
x*—(a+b)«%+ab x’ +(b+c) a+ be x? —(e-—a) %—ca 


uv? — ; xv — a? 2 x? — §2 
—(a+b)e+ab x*+(b+¢) #+be ye B= (e- a) a ca 
a“? —¢ x? — QQ? x? — $2 


_ («-a) (x%—-b) 2 (a+b) (a@+e) ye (e=2) (v+a) 
 (@—¢) (w@+e) © (@—a) (%+a) ~ (w—b) (w+) 
_(a—a) (w@—b) x (w+) (cw +e) x (v—c) (x4 +a) 
~ (@-¢) (w@+¢) x (w—a) (wa) x (w@— b) (+6) 
_ (=a) (w+) (w-b) (w+) (@—0) (w-+0) 
~ (=a) (w+) (wb) (w+) (w=) (@ +e) 


=1, 


71. If we have to divide a fraction ; by another fraction < 


let x be the quotient required; then by the nature of division 5 


G10 
is the product of « and =) so vhat 2x5 = 5) 
Be d CAN te 
Multiplying by >? we have axa x Ribas NE 
i.e : ne isis 
te “de be? 
; _ ad 
ee pam re 


Thus to divide a fraction by another Jraction invert the divisor and 
then multiply. 


A fraction when inverted is said to be ine ee of what 


o% 
it was before, so that — 738 the reciprocal of ; and = — is the reci- 


procal of aor : 


3a? 

5b? by ik: 

Ba 4 90 cB? 5 106 3a? x 10b _ l5abxQa 2a 
5b2° 106 5b? * 9a Bb? x 9a ~ 15abx3Bb. 36° 


Example 1. Divide 


> 7 
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5a+4 24-12 
Example 2. Divide po leaas, 4 Sree 


—52+4  x—27-12 #- beta 3274+ "—-2 
eae —@—3° 8e+a—-2° I—zZ—-3” a 12 
_ (#8 —5a+4) x (802+ 4-2) (@—1)(e-4)x(@+1) (Bx—2) 
~ (242 — a —3) x (a®?-2—-12)” (+1) (24-3) x (a@+3) (w—4) 
_ («@+1) (v—4) x (a@—1) (84-2) (w—1) (84-2) 
~ (@+1) (@- 4) x (@+38) (Qe—-3) (w+) (Qe-3)° 


72. More difficult examples in fractions are when numerator 
or denominator consists of fractions, or when numerator or 
denominator is partly integral in form and partly fractional ; 
fractions of this kind are called complex fractions, and the 
simplification, when required, should be performed gradually. 


a 23 
sages a a8 
Example 1. Simplify = =" 
ac Os 
xe a 


3 
eat 
Example 2. Simplify —————=. 
_ 15 
OTe = — 
Multiplying numerator and denominator by « the fraction takes 
2 4% w-3)(@7-1) . 
the form ea it8 A and this is equivalent es sate Ss ae ¥ pie. tO 
ve4+20— 45 ? € “ ~~ as 
fr} ' im A LE. 
2+5 r, Zs oS a x 
a RE NG, seca oa 
Example 3. Simplify om ATA + Bp 1 S@C NO saseessetete Ee. 
‘ ¢ a“ Ga. i, : els 
O+2° O-B. Y eee me 
2 oe BANGALORE: a 
The numerator = ed ata ae saab me 53 a 
a? ~ x at—x 
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The denominator 
_a(4-2)+u(a+nx) ata? 


a? — x2 at — 4’ 
thus. the numerator is equal to the denominator and therefore the 
value of the fraction is 1. ‘2 
EHxample 4. Simplify a ee 
j ew te and bese 5 
1 
af 
1+ 20 
1-2 
The given fraction 
fit 1 “¢ 1 ‘x 1 a 1 tt: ee 
z 1 Biiiy. ts 1 1l+a0 @-1 #1 
Wea 1 to we TT Bao gt ee 
1l+2¢ 1424 1+2 
1-2z 


73. The solution of problems in fractions is greatly facili- 
tated by a readiness in resolving algebraical expressions into 
their component factors in accordance with laws and formule 
that have been explained in former chapters. As a general rule 
the factors of the numerator and denominator of a fraction 
become apparent on inspection, and in this case the u.c.¥F. of 
the numerator and denominator is known and the fraction can 
at‘once be written down in its lowest terms. And when several 
fractions are under treatment the component factors of their 
denominators are generally apparent, so that the u.c.m. of the 
denominators becomes known by inspection, and the fractions 
are reduced to this L.c.M. as a common denominator by multiply- 
ing each numerator by the quotient obtained from the division 
of the L.c.m. by the denominator of the fraction. When the 
factors of the numerator and denominator of a fraction are not 
obvious, their H.c.F. must be found by the rule; and the dis- 
covery of this H.c.F. will frequently lead to the discovery of 
the other component factors, if any, and will always do so when 
the remaining expressions are quadratic in form. 


Similarly when the factors of the denominators of any 
number of fractions are not obvious on inspection, the L.c.M. 
of the denominators must be found by the rule; it is however 
in very rare instances that the employment of the rule is neces- 
sary, and its use should always be avoided when possible. 
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Results are said to be obtained by inspection when they are 


obtained by transformation or the use of formule and without 
the mechanical application of rules. 


iL 
4, 
7. 

10. 
12. 
14, 
17. 

20. 

22, 

24, 

26. 

29, 

31, 

33. 


35. 


EXAMPLES, 
By inspection reduce to their lowest terms : 
Aa*b>c® 9 Tey 3 ieee 
32ab4c8 * " AQays* tanta ey Zoe 
9a%betny22 el ee 6 a?+ab+b? 
Liabery*Z © (a+b)?" Pi bry 
a+ 2ab+ 6? 3 ae 9 a? + 6? — ¢c? + 2ab 
a? + b8 * at+a?+1° * @-B+4e+42ca° 
—b?—ac+be u a+ 6? — 2be — 2ca + 2ab 
a? — b?- ¢c? + 2be° : a? + b*— 42+ 2ab 
ac+bd+be+ad 13 a+ a?b + ab? + b° | 
ac—bd—be+ad’ * @&@-—ab—ab?+b3 
Sales : 15 ae A : 16 aE eee 
a* + ab? + bt * a —2a%b? + bt *  g?+a—30 
—72#£+6 ; ie a? — 16 19 5a? + 2507 
a?—11¢%+10 °  #?4+8x2+16 ‘ee 
@+(atbyetab 21 —(a—b)x2-ab 
—(¢—a@)x-ca "  g@+(b-—c)a—be° 
i — oF 23 aw —4arz+3a* 
a*+(a—b) w—ab’ *  g2+4ax — 21a? 
x? + Bay — 367? Operas arn? —1 
— 8xy +167" ° Yan? —(a*-2)a-—a 
Qu7+ 4-15 97 Bu) — 0 — 4 93. 6a? +5a—6 
2x02 —11l#+15° * 4z77+2-3 1022+992-9° 
8a? — 26.0y — Ty" 30 ab (~*—1)+(a?— 06?) oo 
6a? — 19xy — Ty? : aa? — 
: Sie —(a*b?+1)a+ab 39 3 + Qa? — 4a — 8 
—(abe+1)x+ad * ; 8 
i 4n+3 3A a — 3a°y + 3a0y" — YP 
73 —1 ‘ Bx®y — Bay? + 3y? 
(o+yPt(e-y)P gg mua —n (aly + ry?) bmg? 
B+ 307" "mx — (m+n) ay + may? 
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37. 


39. 


40. 


41. 


44, 


47. 


49, 
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ah = ay gg (@+y*) (a? tay +9?) 
wy? °  (@—y) (a —ay+y’) 


w+ (atb+c) #+(be+ca+ab) «+abe 
a3 — (a—b—c) «7+(be-ca— ab) x—abe* 
w+ yt +a — Qua? — Qa? — Qary? 


(w+y +2)? (a2? +4? — 2? — Q2y) 
omeaty. 4 1 


Se tne ss 
. 42. : 43. : 
“4 o4.2 pate Pee rue 
3 # x x 
2 2 
Bie ia. +14, ems 
x a x 
: 45. 46. ng 
gt Gein 
re gi 8 as * 4 
2 
ae & 79g? et 
2x Y 2£ Lv xy 
rT 48, ~ rear oa 
Dracee wee Ber Mies di 
os ie yt | 
Up 4 at y 
5-4 t224+1 +145 
a2 Z y” X 
2, 50. ‘ 4 4 
“pee LY uty 
2s Sa : 
ie 5) Pp x 


Reduce to their lowest terms : 


51. 


03. 


54, 


56. 


58. 


59. 


61. 


a? — 8ab? — 363 59 2a3 — 13a2b — 5ab?+ 63 
at—Ta2b?+h4° - : a—48ab?+7b3  * 
a? — 2b? — 3c? — 5bc - 2ca—ab 
a? + 2b? — 3c? + be —2ca—3ab° 


+024 4-3 55 x — 2x? —5x+6 
+30? +5243" "  g8+4+27—8x-12° 
a —"Ta?x + 6a BT 223 — ary + 2748 
x — dax® —9a®x + 36a3" "828 — 16a°y + Ldxy? + 18,3 * 


a (b? +c?) — b (c?— a?) —¢ (a? — b?) — abe 

a (b? — c?) — b (c?—a*) +¢ (a? +b?) +.abe 

at — 5a3b + 7a2b? — Tab? + 264 60. - w—m—4e+4-. 
at — a8b— 3a2b? + ab? + 26+ * "  gt+ 208 — 7a? -8xe2+12° 

at — 32 + 22° — 3241 62 wt + Qasy — Bay? — day’ + 4yt 

at — 303 4-32? —3274+2° "wt — Qaby — 3x?y? + Bry —4y** 


FRACTIONS. 


25° + Qaxut+ = a 8a°xv? + 16a4e + 320° 
— 64a6 

323 — Qaty — oa + 2a3¥° ays 

308 — Qaxly + 4arty? — Quy? + y8" 

g5, “= y)ty y= 2)+2@-#) | 

; B+pP+3—3sxyZ 


By inspection reduce to their lowest common denominator : 


a =a a ab 2 3 5 
66. b 9 3 ° 67. b2e’ ms ° 68. 30, 9 Aq?’ 6a2" 
: 1 a b a b oC 
69. a—b’? ab+b?’ a?—b? 10, be+ 2? b?-c?? ab-ca” 
ie aa ab 
- Bb? a+b? af+abe+ot 
oh b2 
72. a —b—842be’ a+h—c-2ab° 
 — : 
* atb+e’? a—bt+e’ a—B+c2+2ca" 
74 1 a a 
* Bat+3b’? 12503+27b3’ 25a?-—- 15ab+90?° 
1 a. ab 
1. 9a—%" 4a?+14ab+ 4902’ 8a3—343b3° 
76. 1 2a PE Aa 5a 
ata’ (cto 2a’ (#—a)?’ a 
We wee 
‘ g-y? w@+ayty?” w@-Qayty’ #-yx# 
a b C 
18 w+(b+c)a+be’ #*+(e-a)2—ca’ a®—(a—b) «—ab- 
ee es 
* g—@2? o®—(a+b)e+ab’ w%+(a—b)e—ab’ 
a ae J 
* —4¢743? w4+4e-21’ 2462-7 
: og dat eae Ol eR BE ze 
* (—152+36° 2-90-36’ x? 144° 
ee er 
* 974 30n—202? 3x?+8avr+4a2’ 62? +4+an-2a*" 
83. u+Ly 1 1 


a —8y3’ a®+20y+4y’ a — Any + 4y?" 
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ee = | Re wid 
°  g8— 44243? o2—Or4]1? 22—3x7—3° 
on : a 


at y?? w+ Qvy +42? x xy ty”? B+ yp" 


Reduce to their lowest common denominator: 


oe EAS Stn. te Ce 
a*—5ab — 6b?’ a’ — 4a*b— 11lab? — 663 

0 a 
a — 3a*b — 10ab? + 2403’ a3 — 4a7b — 11ab? +3003 

ee SL ag 

* @—a?—x7—2? 934372434742 

89, eens a 
w+ Quy + Qxy?+2y?? wx + a3y—Qy! 

90. ; : 


a — 6a*x? + 8a8x -— 3a!’ xt aa — 802s? + baler —2a%° 


By inspection find the value of 


1 1 ; ‘ 
i a-b a+b: 2 — +o. 
tea b a+b a—b 
93. a—b a a2 — 2° 94, eS a be 
a 6 a*+ab h 
Bich + b= a: 96. Oy aR 
97 eee eb < 20h 98 a+b a—b 2a?42b? 
 a-b ath ae ab a+b ate 
1 1 2 2 9 3 3 
OE) eae eae aes 100. 2-3 243 8-9 igs 
a a a+ x 
Bes aie a: 
Otayty  w-ayty? Ww 
102, et Tea 
1 1 1 PA Bagh i 
10 ° Ky" 7 PIP ae : Y ~. _ _ 2ay 
3 u* + vy typ ay 104 Pay +9 xe Bay 
ee 3 a+ 4a—3 
Ea igen + ees hay 
6. = 1 _ ti 


“+l tice w+] 


wes eee 


: FRACTIONS. oe 


ee 
: v—ayt+y" ar+ayty" a+ ary? +y4 
a b b 
“108. (G-b) @—a)* @—a) (@—b) (a+b) wad" 
a 2 ba 
109. (-6)(@—a) * ©—a)(@— 0) a®—(a+b)a+ab’ 
1 2 o 
10. @-(b+e)atbe* —(cba)atoa w—(atb)atad 
1 1 1 1 
111. pee 6 ba 94: 2. w—x-156 2%+xn—-—132° 
1 . 
113. 335-9" 43041" 
2 Ss! 
114. Qv?+54—-12 322+10x%—-6° 
1 2 1 
115. 5 SESS a Be OP 
116 _26+4 etl e- 5 
* 447-5 2434-10 2?—304+2° 
3 LG 1 
117, pero foe 6 £48. 
Me) a 
* —474+3- a?-9874+1 #7 4+4-3° 
119 (e+y—2)" “3 (y¥+2- a)? (z+a” as 
© @+y—P+I%ny * yt+2—2242y2  P+ar—y? +220 
120 ytzZ 2+x UY 


a ee 
(w-y)(@—2)  (y-2)(y-#)  @-4#)@-%) 
Find by inspection the following products : 


 .. 18 a 
A eae 124, € x *) ee 
125. a So b2* gt “Sr + 52° 

126. a x rer m ae : 

197, —2+Y ety wary ry" 


w+ ay +y? * Bry? & G+ QP? +-y** 
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os, Ba U+e)rbbe we etaobea — - 
: —(b-—c) «—be ~ #*-(c—a) #—ca’ 


v?+(a+b)«+ab 5 v*—(a+b)xu+ab 


129, 


ae eae A) 
L—-a L+6 L—C 
aon ' eel 
xu24+u4—6 —-2%-3 2*?-—5r4+4 
Ish. area A Gals: tape > 
Bie. 2 i 2 os 
132. Bea ght 3 6x + 7x es +4z 4 
oo — 8a*+72-6 42 +47-—3 
133 —624+9 v4 let 28 | a +0—20 
‘ ae. 28 #24+9%—-15 ~ w+ e7—12° 
B- x a—3x-3 x2 -—ax-2 
443 a +Qe41™% geod 
135, oe Pr — 2+ Qys Bieta di deg es BS 
aie a (yt2- Dee (2+u—y)? (w+y—z)? ° 


i ee Dig Hlo-y-a)teo , sy—2—2)42y 
eae u(e+u—Y)— YZ Y(e+ty—z)— 2x 2(y+2—”)—a2y" 


+ ay LY -“L-y _ 2ay 
i ae aes See : 
Oty H-y a + yf? 
B-Y  U+tY (w+y)? 
vy 1a es eee | 
tay ty x ge yp 
138, oy =a a a 
pee, bY. eH 
yd 4 {2 .4) - 2y 
3y Be NY x 
139. v 44 L 2 
eS ed + (+1) v4 
By 3 y a 
D0) ODD ODO) 
ad a ved 
z y ee Y & 


Find the following products : 
pe 260 : a? + 62+ ¢?— be-ca—ab 
a3 + 63+ ¢3 — 3abe a? —Qab+b? — 2 


141. 


142, 


143. 


(144. 


145. 


146. 


147. 


148. 


149, 


150. 
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2a? + 3ab-+ b2 203 — ab? +63 
Qa? — 2ab+ b? e 2a3 + a2b — 2ab? — b3° 
v2+27+2 a —3x0+1 
B— g—bat+2” 20-4" 
+9 +r—-4 a84+a?+9r-4 
a — x2 — 27 —12 e—5u—-12 ° 
x3 — xy? — by? 303 — 2xv*y + 2axy? — 373 
303 — Baty +ay?— by a8 + ay + xy? — 393 
+ 2+9n? —4-3 zt — 03 — 02+ 44-12 
at 4a3 + 8a? — lle +6 * wt — 203 $20? — Tet 6° 
a*— aa — ae +a*t a — an3 — 10a2x? — aba +a‘ 
O30 — Ie — 8080-0! atta — 4a tae tat” 


x 


eee? eta 
up x 
Zin I 

w—l5-- %#£+3+4- 


I ee ee 
Z LEO b x ith 
eee LY 6 OT 
Ye 2 8 By eet oa 
eye oY ZY 


Find by inspection the following quotierits : 


151. 


153, 


155. 


157. 


159. 


161. 


2a7b . 16a 19a%b7y4z° | 1338a7by'6 


ae: t oc ° $57. ~ 90ct at ~ SOOM 
TE Tog 154 atb  , a42ab+b? 
a a " @-2ab+0?*  a-b © 
ge 2} - ( 1 
etary 186. (a5) +(e-2). 


PE" a . 4 a iia ar ge 1 
(+h) +(-1+): 158. (« +142) +(e+143). 


Ce eee eee +(¢ y 
(o+4) : (« y+"). 160. @ UY Pahecar 
Ey ee CA C+  v-¥ 
x + ist z,) canal € —] Le . 162. x + ay? +y' hd 3 a y . 


H. A. 6 
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(w+ y)r—2 x? —(y +z)" 


189. (y= (way) 
164 u?—(b—e)x—be , 2 -(a+b)at+ab 
" w2+(e+a)xr+ca a — a 
165 w+2x-3 , xv +2—-6 166 v+120+36 , 4-36 
* w4+307-—4° 242x7-8 “  g@+a—30 ° «#-11#7+30 
167 wh Bay + Oy", + Ty? 
© #4 38ay+9y? © 2 —-27y8 
168, way —A42Qy2 L-Y-2 


© Ay? — (g2— 42 — 22)2* g2— 4? — 2 Dye" 

. w+ yt 2 —yz—20-—ay , (y—2)?+(z-x)?+(a-y)? 
169, ; 5) 9 Se Pe 2 2 2 : 

a+ y"— 2 —Wway LY" — 2 + 2yz 


x Bi 2 Yn 5) a 4y 
Beery. 8 tte: dy. pee 
170. ; e 171. a r5 
fe as Xx 1 a  3By O54 
2 BO CBs. BR 39> ay By eee 
a xt a @ 
172. ES ae 
@ g at a 
Simplify 
1 | \ 
173, poe 4. 1p2 0 a 
1 1 & 
1-— 1+—— 1-— 
fee es i= 
x 1 Rs 
ave 
x 
176 bet 25 
ke 177. wh 
x 30 
a 254 ae 
> cap we: 
if 8 
178, —. 179, — 
de 4 Go p2_ Om ascesiias 
Tee x2 — Qe +4 ee 
4x? 
x — 3a 424+ —— 
| eR 1 ans 


> Me Se Tee 
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+2 2+2 OY. 


183. 


ye 0 &0D) 


Prove that 


184. 
185. 
186. 
187. 
188. 


189. 


190. 
191. 
192. 


193. 


194, 


195. 


1 1 pee 
(a) (a0) * (b=0) (Ba) * (ea) (eb) 
b 


0. 


te Cc 
(a—6) (a—e) 4s (b—c) (ECOL oe 
aa Ee a+b 
G@=Dy(a=0* @=9 =a) * @=ay(e=B)~° 
a” 62 a = 
fa tilaey (b= 0)(b=a) | (e-a)(o=b) 


i She Ca ab = 
me Dilg=y  (b—c)(ba) | (ea) (68) 
a3 b3 3 


(a—b) (@—0)* (b=) (6—a) * (ea) (c—b) 


Ls 


=—-a+b+e, 


If 2s=a+b-+c, prove that 


1 1 1 1 abe 
j2a Fb sc 6. -s(¢—a)(s—b) (@—c) ~ 
i " 1 + 1 a s 
(@—D) =<) * a) (=a) * (@—a) (6-6) (Ba) (8-0) (6-0) 
b+e c+a a+b a? +-b2 +0? 
(e—5) (8-0) * (8-0) (s—a) * (8—a) (8-0) (@—a) (8-0) (@—e) 
s—a + s—b ree s—¢ i s 
s(s—b)(s—c) s(s—c)(s—a) s(s—a)(s—b)  (s—a) (s—6) (s—e) 
a? + b? +c? 
~ §(3—a) (s—b)(s—c)" ~ 
ee ee Fa Oy s 
(s—b)(s—e) (s—c)(s—a) (s—a)(s—b) (s—a)(s—6)(s—e) 
a* + b? + ¢? 
~ (s—a) (s—b) (s—c) 


ENG 5 ene ean RMR 9 
s(s—b)(s—e)  s(s—c)(s—a) ' s(s—a)(s—b) (s—a)(s—b)(s—c)’ 
6—2 
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196, 


197. 


198. 


199. 


200. 
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If the sum of two fractions is unity, shew that their difference is 
equal to the difference of their squares. 


If the difference of two fractions is = shew that m times their 


sum is 2 times the difference of their squares, 


Ifa— +1, ptove that Ghee and yeas 
a a as 
If a4 ,=2 that am 4 
a+ a= , prove that a + n= 2 


eS 3 eee , prove that a?=1. 
a? a 


CHAPTER X. 
INVOLUTION, EVOLUTION, 


74. Tue process of multiplying a quantity continually by 
itself and so obtaining its successive powers is called Involu- 
tion ; involution is thus a branch of multiplication and requires 
no special consideration. In the chapter on multiplication we 
have obtained the following results in involution ; 


(a+ 6)? =a? + 2ab+ 0°; 
(a — 6)? =a? - 2ab + 0*; 
(a+b+c)=a?+6?+ 0? + 2be + 2ca+ 2ab; 

(a +b)? =a? + 3a°b + 3ab? + 0’; 

(a — b)3 — a? — 3a°b + 3ab? - 0’; 
(at+b+cP=@+0 +04 3a? (b +c) + 30?(c+a) + 3c? (a+b) + babe; 
and in the same manner any other power of an algebraical 
expression can be found by successive multiplication. All squares 
and cubes of binomial or trinomial expressions should be written 


down by inspection from the formulae of this Article and should 
not be found by actual work. 


Example 1. Find the square of #—1 oe 


eo7 2 
(or t-1)a(as2) aera 
= uP so —2 (+3) +3. 
ag? wv 
Example 2. Find the square of /2x7—y +V/2y- @. 


(20 —y + V2y— a)? = 2 —y +21 (2e—y) (2y— 2) +2y —2% 
=atyt+2V bay —2 (+4). 
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Huample 3. Find the cube of — : 


Example 4, Find the square of »?— 2a + : 


3\? Sa) 3 Boee ; 
u*— 27+ —-) =x'+ 4024+ —-2x x-42x-—xw?-Q2xa?*xW 
st az Ey v 


='— 4734 4924 64 — 1249, 


75. Evolution is the reverse of involution and is the 
process by which we discover the quantity which when raised to 
a certain power will produce a given quantity; evolution is there- 
fore the extraction of roots, 


We have proved (Art. 70) that any power of a fraction is 
obtained by raising both numerator and denominator to that 
power; it follows therefore that any root of a fraction is obtained 
by extracting the root of both numerator and denominator. 


76. By the Law of Signs we know that all powers of a 
positive quantity are positive and that powers of a negative 
quantity are alternately positive and negative; hence all even 
powers of any quantity, positive or negative, are positive, and 
all odd powers have the same sign as the original quantity. 
These statements in involution lead to the corresponding state- 
ments in evolution that an even root of a positive quantity is 
either positive or negative, that there can be no even root of a 
negate quantity, and that an odd root of a quantity has the sign 
of the original quantity. 


SQUARE ROOT. 


77. A positive quantity has two square roots differing only 
in sign, and either of these may be regarded as the square root. 


This follows from the law of signs as already explained, or may 
at once be separately proved, for 


9° 
a=+ax+a or =—-ax—-a; 
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and the fact is expressed by the statement that 


Ja = +a, 
the double sign indicating that either the positive or negative 
sign may be taken. In practice it is usual to omit the negative 
sign, but the double sign is always to be understood when not 
expressed. A negative quantity has no square root. 


78. The square root of a simple expression can always be 

written down by inspection ; thus the square root of ab? is + ab, 
49ac4 (iis 

227 456 4 2d 4 pee S 

of Slayte® is + Ixy?z® and of i446 8 * Toe° 


In the case of either a simple or compound expression the 
square root of a numerical coefficient, if not apparent on inspec- 
tion, must be found by arithmetic. 


79. The square root of a trinomial expression which is a 
complete square may also always be written down by inspection. 
For we have (a+b)? =a?+2ab + 0 and (a— b)?=a* — 2ab +b’, so 
that the square root of the binomial a? + 2ab + 6° is the binomial 
a+, and of a?—2ab+0?isa—6. The square root is thus found 
by arranging the given trinomial in descending powers of some 
letter, by then finding the square roots of the first and last terms 
and finally by connecting these square roots by the + or — sign 
according as the sign of the middle term is + or —. Thus the 
square root of 9x° + 24a3+16 is 3a°+4, of 25:4 — 20a*yi + 4y° is 

- Be NG ag OR : ; 

5a? —2y*, and of 5g? 2 + dat is 3 On ) : 
In each of these examples it should be observed that the double 
sign is understood and, to be strictly correct, ought to be intro- 
duced ; thus the square root of a?+ 2ab +0? is a+6 or —a—8, of 
a?—2ab+0? is a—b or —a+b, of 928+ 240°+16 is 3a°+4 or 
— 3a? — 4, of 2524 — 20a%y? + 4y% is 5a? — 2y* or — 5a? + 2y4, and of 
Ag ve. 2a 3a 20 3a 


0q3 2 * ae 1S Se POOR IEE Fe 


80. Also the square root of any expression which is a 
complete square containing only two powers of a letter and 
arranged in descending powers of that letter can be written down 
by inspection. Thus the expression 


a? +b? +c? + 2be + 2ca + 2ab 
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may be written 
a’ + 2a (b +c) + b? + Qhe + &, 
ie. a’ + 2a(b+c)+(b+c), 
and is reduced to the form already considered, so that its square 
root is 
a+(b+c), 

i.€, atb+e, 
So also the expression 

a! + dary? + 25a4— 20a8y + 10a°a* — 4aaty 
may be written 

a? — (day ~ 10a”) a? + 4a°y? — 20a5y + 25at, 
Le. a — 2 (2ay — 5a?) a + (Qay — 5a’)’ ; 
and its square root is therefore 

a’ — (2ay — 5a’), 

1.€. x — 2ay + 5a? 

When the given expression is a multinomial containing more 
than two powers of any letter, and it is not immediately apparent 
how the terms should be arranged so as to bring the expression 
into the typical form of a complete square, another method must 
be employed ; and we proceed to investigate a general rule for 
extracting the square root of any algebraical expression. It 
should however be remembered that the rule is to be applied 
charily and that a solution by inspection is always to be preferred. 


81. In order to obtain a rule for extracting the square root 
of any algebraical expression V we proceed to examine how the 
square of an algebraical expression is formed and how from this 
square, if given, the original expression may be deduced. 


Let the given expression V be equivalent to the complete 
square (a + 6), i.e. a? + 2ab + 8, arranged in descending powers of 
the letter a. Extracting the square root of the first term a? we 
obtain a, the first term of the required root ; and subtracting a? 
from the given expression V we have 

NV — a? = 2ab + 6? 

Then to obtain 0, the remaining part of the root, we must 
obviously divide the first term 2ab of the remainder by 2a, twice 
the part of the root already found ; adding this new term 6 to 2a 
we get 2a + 6, and dividing V— a2, ie. 2ab + 6°, ie. (2a +0) b, by 
2a +b, we have the quotient } and no remainder, and the required 
Square root a+ 6 has been found. 
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If the required square root of WV be a trinomial a +6 +c, then 
N=(a+b+cP=(a+6bP+2(a+b)c+e; 
so that N-(a+b)?=2(a+b)ce+e. 


Thus we first obtain the part a + 6 of the root by the method 
already explained ; then to obtain the remaining part c we must 
treat the part a+6 of the root already found as we formerly 
treated a. We must divide the first term 2(a+6)c of the remainder 
by 2(a +), i.e. by twice the part of the root already found; adding - 
the quotient ¢ to 2(a+6) we get 2(a+6)+c, and dividing 
N—(a+b)’, ie. 2(a+b)e+e, ie. {2(a+6)+echc, by 2(a+b) +e 
we have the quotient ¢ and no remainder, and the required square 
root a+6+c has been found. If there were more terms in the 
square root we should proceed to treat a+b+c as we formerly. 
treated a and a+6 in succession, and the process must be con- 
tinued until there is no remainder. 


The operations we have described may be conveniently 
arranged thus: 
a? + 2ab+ b? (a+b 
a 
2a+6) 2ab+l? 
2ab + 6? 


a? + 2ab + 2ca+ b? + 2bc+ eC (a+b+e 
a 
Bab.) fab oe oS 
2ab +0? 
2at+2b+c) 2ca + 2bc+ ¢ 
2ca + 2be+ 0 


ancl so on. 


82. The square root of an algebraical expression is hence 
obtained by the following rule: 


Arrange the expression according to descending powers of some 
letter. Find the square root of the first term and put down the 
result as the first term of the root; subtract tts square from the 
given expression and bring down the remainder. Double the first 
term of the root and make this the first term of a dwisor ; diide 
the first term of the remainder by this first term of the diisor, 
make the quotient the second term of the root and add it to the 
first term of the divisor, thus completing the divisor. Multiply the 
divisor by the second term of the root and subtract the result from 
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the first remainder. Treat the two terms of the root already found 
as one and proceed as before ; continue the process until there is no 
remainder. 


Example 1. Extract the square root of 
0 — 4aa> + 2a*xr* + 100323 — 1llatz? - 6a5a+ 9a, 
x8 — 40x + 2a72*+ 10a8xv3 — Llatx? — Gaba + 9a8 ( a3 — Qax® — aa + 3a? 
x 


2x3 — Qaa;* ) -- daa + 2a2x4 
— 405 + 4a%x* 
203 — 4a? — 424 ) — 2a?x* + 10a3a3 — 1latx? 
—2a*at+ Aaras+ aru? 
243 — dan? — 2a*7 +3 ) 60x? — 12ata? — 6aba + 9a8 
6a3x3 — 12a4x? — Gaba + 9a 


; ~* 2 4y 4 
past Spy ae 
Exanyple 2. Find the square root of 4yp uty 7 ee ae 


a? Te |) Pi Ser 2 
=> Oi Ee a Ss ae ee ete =e 
47" eg a, +5 
a | 
4y? 
Sy) -aty" 
Xx 2\2 4y 4 . 
Maen 
2 4y , 4 
KS eae 


Example 3. Extract the square root of 
1+ 27-523 — A+ Bad + 4x8, 


15 2 
14 2a— 5a8——— uh 20° + das 1+e-—— — 228 
1 


2 
Q+u) 2x 
Qa + x 
; Dea Vg Py i LON 
2+2x 5) xu — 5x 47 
x 
yr hs fo 
x a+ mi 


2420 —4?-243)—4a3— dot4 2054408 
—4e3— 4at+2x°+4r8 
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Sometimes, as in this example, the expression is arranged in as- 
ending, and not in descending, powers of some letter ; the arrangement 
in descending powers is more usual, but it is a matter of indifference, 
provided one method or the other be adopted. 


Example 4, Find the condition that the quadratic expression 
ax?+bx+e may be a perfect square. 


The expression will obviously be a perfect square if in the process 0 
extracting the square root the remainder vanish. 


ax?+ba+e (vae+ as 
: 2 


an a 
4a 
b2 
oT ta 


2 


b 
Thus the remainder ¢— Tay must vanish; hence the condition re- 


quired is b?=4ae. 

An expression is a perfect or complete or exact square when its 
square root can be extracted exactly, and it may be proved to be a 
perfect square either by transforming it into the known form of a 
square or by extracting its square root exactly. Also just as in arith- 
metic we can extract the square root of any number correct to as many 
decimal places as we please, so in algebra when an expression is not a 
perfect square, its square root may still by the ordinary process be ex- 
tracted partially to as many terms as we please. 


CUBE ROOT. ~ 


83. The cube root of a positive quantity is positive and of 
a negative quantity is negative. This follows from the law of 
signs as stated in Art. 76 or may at once be proved separately ; 
for @=axaxa, and —a@=a?x-a=—ax—ax—a, so that 


J@=a and J—a=—a. 


84. The cube root of a simple expression can be written 
down at once by inspection; thus the cube root of a*b® is ab, 
ea AP a ee Hi: Ca 

of — 1252829 is — 5ay?x’, and of a7 3 8 3, ° 
a simple or compound expression the cube root of a numerical 
coefficient, when not apparent on inspection, must be found by 
arithmetic. 


In the case of either 
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85. The cube root of a quadrinomial, i.e. of a polynomial 
of four terms, which is a complete cube, can also be written down 
by inspection. For we know that 


(a+ b= a* + 30% + 3ab? + B%, 

(a — 6)? =a — 30°) + 3ab? — 0? ; 

_ so that the cube root of a*+3a*b+3ab?+b3 is a+b, and of 
a? — 3a°b + 3ab*— 6? is a—O. 


The cube root is hence found by arranging the given expres- 
sion in descending powers of some letter, by then finding the 
cube roots of the first and last terms, and finally by adding these 
cube roots together. 

Thus the cube root of 2° + 6a? + 120+ 8 is a+ 2, of 

a —6x?+12%—8 is x—2, of —a*— 62?—12a-8 is —x-2, 
and of —2° + 6279-122+8 is —x+ 2. 

86. Also the cube root of any expression which is a complete 
cube, containing only three powers of a letter and arranged in 


descending powers of that letter, can similarly be written down 
by inspection. Thus the expression 


a + 0° + 0 + 3a? (b +c) + 367 (c +a) + 3c? (a +b) + Gabe 
may be written : 
a’ + 3a? (b +c) + 3a (6? + 2be + c?) + 63 + 3b%c + 3bc? + 
1e. a +3a?(b+c)+3a(b+c)?+ (b+); 
and is thus reduced to the form already considered, so that its 


cube root is 
a+(b+c), 


1.6, at+b+e. 
So also the expression 
a — Sas y + 6arxt + 3a7x*y*—12a%aPy + 12a? —a®y? + 6aty?— 12a%y + 8a® 
may be written . 
a’ — dart (ay— 2a”) + 33° (ay? — da®y+ 4a‘) — (a®y®— baty?+ 12a°y— 8a°), 
i.e. a’ — 3a (ay — 2a”) + 32? (ay — 2a”)? — (ay — 20°) ; 
and its cube root is therefore 
a — (ay — 2a”), 
1.€, x — ay + 2a. 
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When however the given expression is not of this shape and 
contains more than three powers of any letter, and it does not 
immediately appear how it can be arranged in the typical form 
of a complete cube, another method must be employed. We 
proceed therefore to investigate a general rule for extracting the 
cube root of any algebraical expression. 


87. Let us examine how the cube of an algebraical expres- 
sion is formed and how from this cube, when given, the required 
cube root can be deduced. 


Let WV denote the given expression which is a complete cube 
of the form (a+ 6)*, Le. 


a? + 3a°b + 3ab? +0’, 
arranged in descending powers of the letter a. 


Extracting the cube root of the first term a® we obtain a, the 
first term of the required root; and subtracting a’ from the given 
expression VY we have 


N — a? = 307) + 3ab? + 6°. 


Then to get b, the remaining part of the root, we must obviously 
divide the first term 3a) of the remainder by 3a’, thrice the 
square of the part of the root already found; to 3a we must now 
add 3ab and 62, which together form the sum 3a?+3ab+ 6’ 
Dividing by this expression we have the quotient 6 and no 
remainder, and the required cube root has been found. 


If the required cube root of W be a trinomial a+6 +c, then 
N=(a+b+c) 
=(a+b)+3(a+bPc+3(a+d e+e, 


so that N—(a+bf=3(a+bPce+3(at+bjyes+e’. 


Hence we first obtain the part a+6 of the root by the method 
already explained ; then to obtain the remaining part c we must 
treat the part a+6 of the root as we formerly treated a, viz. we 
must divide the first term 3 (a+b)? of the remainder by 3 (a+ 6)’, 
thrice the square of the part of the root already found; then to 
3 (a+b)? we must add 3(a+6)c and c*, thus forming the sum 
3(a+6)?+3(a+6)e+e?; and dividing by this expression we have 
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e quotient ¢ and no remainder, and the required cube root 
a+b6+c has been found. 


If there were more terms in the cube root we should now 
proceed to treat a+b+c as we formerly treated a and a+b in 
succession, and the process must be continued until there is no 
remainder. 


The operations we have described may be conveniently 
arranged thus: 
a + 3a°b + 3ab? +b (a+b 
a? 
3a? + 3ab + 6?) 30% + 3ab? + 3 
| 3a°b + 3ab? + 5? 


a+ 30° + 30°c+ 3ab?+ babe + 3ac?+ b? + 3b%e + 3be2 + C(at+b+e 
a? 
3a?+ 3ab +b*)30% +3ab2+03 
307) + 3ab? + 63 
3(a+b)P+3(a+b)ce+e 
= 3a? + 6ab + 3ac + 36? + 3be + ) 3a°c + babe + 3ac? + 3b% + 3bc2 + ¢3 
3a°c + 6babe + 3ac? + 3b%c + 3b6c2 + ¢? 


The order in which the terms of the given expression are to 
be brought down is indicated by the order of terms in the divisor, 
the terms in each divisor and dividend being arranged in descend- 
ing powers of the letters successively. 


88. We have thus proved that the cube root of an alge- 
braical expression may be found by the following rule: 


Arrange the expression according to descending powers of some 
letter. Find the cube root of the first term and put down the result 
as the first term of the root, subtract its cube Jrom the given 
expression and bring down the remainder. Treble the square of 
the first term of the root and make this the Jirst term of a divisor ; 
dwide the first term of the remainder by this first term of the 
diisor, make the quotient the second term of the root, add thrice 
the product of the quotient and first term of the root and the square 
of the quotient to the first term of the divisor already found, thus 
completing the divisor. Multiply the divisor by the second term of 
the root, and subtract the result from the Jirst remainder. Treat 
the two terms of the root already Found as one and proceed as 
before; continue the process until there is no remainder. 
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~ It will be noticed that the rules for the extraction of square 
| root and cube root in arithmetic follow at once from the alge- 


braical methods which have just been explained. : 


OTHER ROOTS. 


89. If m and x be any positive integers it is easily seen that 
( ann = a”. 
For (a”)" is a product containing the factor a” repeated n times, 


=e am aca™ x aac: to ” factors 


= YMFMAMH veveveee to n terms 


—ymnr. 
== 00 3 


and similarly also (a”)”" =a". 

Thus a* = (a*)*, a° = (a*)’ or = (a), a® = (a)? or = (a*)4, a = (a), 
and so on; hence the 4th root of a quantity is the square root of 
the square root ; the 6th root is the square root of the cube root 
or the cube root of the square root; the 8th root is the square 
root of the 4th root or the 4th root of the square root, i.e. is the 
square root of the square root of the square root; the 9th root is 
the cube root of the cube root, and so on. Theoretically the xth 
root of an algebraical expression can be found by the methods of 
this chapter when 7 is the product of powers of 2 and 3. 


Example 1, Find the 4th root of 
if 1 
i 4 (#45) +6. 


The expression may be written in the form 


v 
BP ot Act] 
1,6. v +f i —4(2 +3 + 4, 
, 2 
i.e, G + ~ 2) ‘ 


so that its square root is 


and m-945=(#-2), 


> al 
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so that the square root of this expression is eee which is the 4th root 
required. . 
Or at once: gto w+) +6 
2 eRe 


2 
= (22+ ) ae (2245) ten 
ht to 
2 4 
w x 
: : 1 
so that the 4th root required is #— = 


Example 2. Find the 6th root of 
64a6 — 19205d + 240a4b? — 160a3b? + 60254 —. 12ab° + 6%, 
By the ordinary method the cube root is found to be 


— 4ab+b?, 
1.€. (2a— b)? ; 
and the square root of this is 2a—b, which is therefore the 6th root 


required. 


EHaample 3. Find the 8th root of 6561z8 and the 9th root of 
196832579218. 


By arithmetic the square root of 6561 is 81, of 81 is 9 and of 9 is 3, 
so that the 8th root required is 32. 


Also by arithmetic the cube root of 19683 is 27 and the cube root of 
27 is 3, so that the 9th root required is 3xyz*. 


EXAMPLES. 


Write down the square of 


3 : 
1, a@at—Z, 2. l-a+a?’ oF he 
a a aL 
4, 2 —L442 >i oii at 6 Hee 
: A OG eae | a Ps, OF area 
7 (l-v+o*)(14+0+.2"), 8, (1—-J/3v+27) (1+,/37+.2"). 
9, /2a+a—Va—o. 10. Vae+ty—a+-na— y+. 


H, A. - 


 —7 
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Write down the cube of 


We tat =: 12, 14+2a. 13, 20-2, 
a 3 

14, 3x?-4y. 15. 1+a-a’. 16. (1+a)(1-—a+a%). 
17. (1—#+2?) (14+0+.2°), 18, (l— /2v+ 2?) (1+,/20+ 27), | 
19, 1—2x+27, 20. a—1-<. 

Simplify 
21. (@+2b+3c)?+(a—2b438c)?, 22. (a+b)? +(a—b)3, 
23, (a+b)*+(a—b)4, 24, (a+b)6+(a—))%, 


25. (a+b+c+d)?+(a+b+c-—d), 
26. Find the fourth power of (+a) (#—a). 


27. Find the fourth power of +5, 
28. Find the fifth power of 1-2. 
29. Find the sixth power of a 
30, Find the eighth power of #+y. 


Find by inspection the square root of 


31. 36a%, 82, 144x%y8210, 33. an . 

34, 9a?+42ab+4+ 49}? 35. 16a4b4— 40a2b2c2+ 25ct, 

36. 1002? + 220xy + 121y?. 

37, (x? — 2-2) (x*— Qa — 3) (x? - 5a +6). 

38. 4a? — 362+81 39 9a2x? — 24aba+ 16b? 
4x? — 60x 4-225 "  Qatx? 4+-24abx +1602° 

40, u*—Av+4 41 289x? + 682y + 4y? 
x — 842+16 "  36lat+114a%y24 944 

42, pei et 43, T+eoee. 

44, coe ee 45, 16a? 2ab +0 


46, 2?+7?—Qax+2ay — Qxy +07. 


azys 
» ——— 20°93 + axy? + 4aty? — 4a2ay + x8, 
47 ; Qarys 32 4qsa2 4arx'y 8 


48. 
49, 
50. 


dl. 


53. 


4, 


50. 


56. 


of, 


58. 


59. 
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2 
9a? 4 a 4ab. 


at — 243 — (2a—1) wo? + Qavse + a1. 


Atye+G — 2x?yz—2y4 ee 


a 2 2 
pat—at g- 245-2 gt? 52, a2 — Aga td4 dX, 


ata? (av +2) + a20* (2y+1)4+2axny+y?, 
aa — 2abu? — (2a — 1) 674? + 2b8u + b4. 


1 1 a m? 
2 * mi = i 
xu (1 5, +73) m (247) + rh 
ah ean 2 alae: 2 
S ee m(Z 42) 42m +1). 


2 
a + 2am — 20 +5 ~ sere 
Lies a Bear 


2 2 
p23. 60. (744) -4 (2-2), 
J eee Yee 


Extract the square root of 


61. 


63. 
65. 
67. 


68. 


70. 


iA, 


72. 


— 6a3b + 11a7b? — 6ab3 + 54, 62. 1 - 4a+ 207+ 403+ a4, 
a+ 4036 + 10a7b? + 12ab? +964. 64, at—2a842a?-a+f. 


14474 627? +423 + x4. 66. st — 608 + 902 dor 194, 
7 6,24. 34/5 26440 
—4a"y + 4a%y* + xy? — 2a*y tas 

a+ a2 Qe (41) 424-5. 69, «6+ 20341 — 42? (v3 — 4? +1). 


1 
x8 — Lax? + af! — a ROOT 
289 
52924 — 469 + 0 + — = + 782x — 34. 


1—2a (1+a?—-a'+a5)+ a? (38-a?+a"). 
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73. eh Bq Sah at 
4a* a 
74. at—4a5e+2a%e (b+2c) — 4abe? + bc?. 


4u2 By | 4g = 92 2 8e 
2: oy? +2 Tien ee 


Find by inspection the cube root of 
76, 27a°b? —108a7b*c? + 144abct — 64c®. 


TT. 80° +122%y + 6ay2+y°. 78, 28-3 ( x *) ; 
79. «7° —15%4+ 7522-125. 80. 24389 — 2523a+4+ 87u?— a3. 


Bl, 28 — 62° +324 (y +4) — 403 (8y 4-2) +3.xy (wy + 4a — 27) + ¥3. 
82. 2° —3a25+3 (a?+b) vt—a (a? 4 6d) 234+ 8a2b2? — 3ab2w +B. 
83, 2 — Ixy (a — 8y) + 32x (2+x) — yz (8y +2) — 18xyz — 273 +23, 


84, w-+3(o4+5)-6 
x a 
3 2 yt 
85. ae $3(— 42 4 = G+ 5+) +0, 
y ye Ba. oy BF aft 

Extract the cube root of 
86. 2° — Gry + 9aty? + 4a%y — 8x2y4 — 1L2ay5— ¥, 
87. 1-344 52-325 — 2%, 


88. a — a —*, —3(a8—al+a5—2at+a3—a+1). 


89. a +24 — a8 (y— 1) = 3y (207 +4+32—- ay) +27 5 (22), 


90. 1-xv?—3x (1-2 + 2®— x!) 4 203 (1 = 2%) -— 9x! (1-v+23— 2), 


Find the fourth root of 
91. at — 4274 62?y? — day? + y/'. 
92. 16275—96a22° + 216at24— 216a%x? + 81a8. 
93, 256a*— 160a*b (8a — 5b) + 250? (64a? — 80ab + 250), 


2 2 
94, me( gett) +o (a +4) +6. 


95. 1+ 4@+ 6x? —-Llat— 12954 208 4+ 1227 + 628 — 479 — 4194 gA2, 
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Find the sixth root of 
1 1 1 
as hit a AY Books 

3 +6 (« of: ) +15 (« +2) + 20. 


6 


97. 64—96x+ 60x? — 2023 + 15.0? — 3475 + x 


96, 2°+ 


Find the eighth root of 
98. a8 +58 (w+) +28 (a! 1) _ 56 (2244,)+70 
ae ra VA ey put 


99, w+ 160!4+112v!2+ 4480 + 112028 + 179226 + 179204 + 10242? 
+ 256. 
100. Find the ninth root of 
09 — 928 + 3627 — 8425 + 12625 — 12644 + 8443 — 86x77 4+92—-1. 


CHAPTER XI, 
SIMPLE EQUATIONS, 


90. Aw equation is a statement that two expressions are 
equal to each other ; when the statement is true for all values of 
the letters involved, the equation is called an identical equation 
or more usually an identity. 


An equation is generally only true for particular values of 
the letters and so is only conditionally true, while an identity is 
always and unconditionally true. Thus the equation 2a = 10 is 
only true if «=5, but the identity 2-4 = (a —2) (w+ 2) is true 
always and for all values of 2. | 


The letters generally used for the unknown quantities in 
equations are a, y, z, the letter employed being x if there is only 
one unknown quantity, and x and y being employed if there are 
two unknown quantities. 


To solve an equation means to find the values of the 
unknown quantity which make it true, and the values so 
found are called the roots of the equation and are said to 
Satisfy the equation. The two expressions connected by the 
sign of equality are called the sides of the equation and are 
distinguished by being on the right or left. 


91. A simple equation contains the unknown quantity 
or quantities to the first degree only and so is also called an 
equation of the first degree; thus 32=8 or aw=b is a simple 
equation in w, and 2e=5y or ax—by=c is a simple equation in 
x and y. The degree of the term of highest degree in the un- 
known quantity or quantities which occurs in an equation is the 
degree of the equation. 
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The solution of simple equations depends only on the following 
four general principles : 
Tf equals be added to equals the sums are equal, 
Tf equals be subtracted from equals the remainders are equal. 
Tf equals be multiplied by equals the products are equal, 
Tf equals be divided by equals the quotients are equal. 


92. It follows at once from the first and second of these 
principles that any term may be transposed from one side of an 
equation to the other by merely changing its sign. For if. 


a=b-e, 
adding ¢ to both sides of the equation, we have 
at+e=b—cte, : 
i.e. a+c=6; 


so that the quantity —c has disappeared from the right side and 
re-appears on the left with its sign changed as +c. 


Again subtracting a from each side of the last equation we 
have 
a+c-a=b-a, 


i.e. | c=b-a; : 
so that the quantity a has disappeared from the left side and 
re-appears on the right with its sign changed as — a. 


By the same principles any term which appears on both sides 
of an equation may be at once cancelled since this is equivalent 
to adding the same quantity to both sides or subtracting the 
same quantity from both sides. 


Thus a—c=b—-¢, 
or at+c=b+e 
is at once reduced to a= 6. 


In the same way the third principle permits us to change the 
sign of both sides of an equation simultaneously, for this is the 
same as to multiply both sides by —1. Thus the equation 


a=b-c 


is the same as —aw=—bice; 
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a result which may also at once be obtained by transposing the 
terms from one side of the equation to the other. 


And the fourth principle permits us to remove a common 
factor which occurs on both sides of an equation. 


93. It will be found that a simple equation involving one 
unknown quantity may generally be solved by the following rule: 


Clear the equation of fractions, if any, and remove all brackets. 
Then transpose all terms containing the unknown quantity to one 
side and all the other terms to the other side. Finally divide both 
stdes by the coefficient of the unknown quantity and the required 
root is obtained. 


Sometimes however it is advantageous not to clear an equa- 
tion of fractions at*once but to do it gradually or by pairs of 
terms ; and sometimes artifices have to be employed which are 
illustrated in the typical examples here solved, 


Example 1. Solve the equation 


10x — 4=32+ 73. 


Transposing 3x to the left and —4 to the right by changing their 
signs, we have 
10% —3x7=73+4, 


1.€, wv="7: 
and dividing both sides by 7, 
e=11, 
Example 2. Solve vo il_« ¢£ 
awample 2. pao ea 


Multiplying both sides by 12, the u.0.m. of the denominators, we 
have 
2v —-6=4%— 32; 


and collecting the terms in x to the left and transposing —6 to the 
right, 
2u—44¢4-347=6 ; 


a Be Bi 


In an equation like this it is convenient, though not necessary, 
to get rid of fractional coefficients by multiplying both sides by the 
L.C.M. of all the denominators, 
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Example 3. Solve 
7 (@ -2)—9 (1-4) =6 (5a — 1)-2(1-82). 
Removing all brackets we have 
V4 --14—9+36"=307 -6—-2416z ; 
Transposing, 
72 +362 —302—-16%= —6-—2414+49, 
1.0. —3v=15; 
and dividing both sides by — 3, 
t= —5, 
Example 4. Solve 
(Qa — 3) (8v+4)=6 (~-1)?+4. 
Multiplying out and squaring we have 
: 6x? — x —-12=62?—-124%+6+4+4; 
and cancelling the term 6%? which is common to both sides, 
—#%—-12= —-12%+6+4. 


Collecting the terms in w to the left and the numerical terms to the 
right, 
124 —7=124644, 
i.e. 5 ty=22:. 


and dividing both sides by 11, 
L=2, 


In this example the equation is originally of a degree apparently 
higher than the first and so might be supposed not to be a simple 
equation, but on simplification it is found that the terms of a degree 
higher than the first cancel each other, and so the equation is reduced _ 
to a simple equation. / 


Example 5. Solve 
727-3 54-2 9 
. jo aes 
Multiplying by 4 (2«—1) (4¢—8), the L.0.M. of the denominators, we 
e 
4 (4a — 3) (‘7a —3) — 4 (24 — 1) (52 — 2) =9 (2x - 1) (4e- 3) ; 
multiplying out and removing all brackets, 
1122? — 1327+ 36 — 4027+ 36a —8=72x?- 90% +27; 
. 724"? + 40x? — 112%? + 132% — 36x — 907 = 36 — 8 — 27; 
i.e. Gpsal 
*, ¢=4. 


In this example, as in the last, the terms in 2? cancel each other, 
- and the equation is reduced to the ordinary form of a simple equation. 
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Example 6. Solve 


1 1 1 1 
fo oo eed ged 
The equation may be written in the form 
1 1 1 1 
G2 @-1 £24 2-8’ 
1 1 


CD @-B~ @=a)@-4) 
“. (@—1) (#@-2) = (4-8) (4-4); 
*, w—8e4+2=97—7e+12. 


Cancelling the common term «x? on both sides and collecting the 
terms in # to one side and the numerical terms to the other, 


o. 2=8, 
The solution of the equation 
x-1  x#£-2 Lv “2-3 
GL SLB lel gw! 
may be immediately deduced from the foregoing, for it may be written 
in the form 


x-2+1 %-3+1 x2—-1+1 4-441 


x-—2 WS hy eee Rae 
: 1 1 bt 1 
ae etipoelt Wopegs An pit tour 
ui bal Wapauity gaol 
Wigiee ig a 3a godine 


Or it may be solved independently by arranging it in the form 


es Nn _t-3) 2-2 
2-2 4-1 £-4 w#-3°? 
1 1 
so that =; : : : 
a @alwa5) 7 @ sees). as before 
Example 7. Solve 
9Ayr—° 
“75a — =O _ 4 (180 +895) — 2 (118 — "1152, 


Removing the denominator and brackets, we have 
"75% — "8x +'22 = "724 + 3:58 — 2:36 4-232; 
os (724234 °8— 75) = "22 42°36 — 3-58 ; 
ive, (1°75 —-75) v=2°58—3'58; 
e. =—-1, 
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In examples like this which involve decimals it is frequently more 
convenient to express the decimals at once as vulgar fractions, and this 
should always be done in the case of circulating decimals. 


Example 8. Solve 

a* (a— x) —b? (b+ 2)=aba. 
Removing the brackets, 

a3 — a®x — Bb? — b®x=absr ; 

*. (a2 +ab+b?) v=a3 — 6b; 

. w=a—b, 

EHxample 9. Solve 

Je+Va+4a=2 /a—0. 
Squaring, we have 

20+ 4042/0? + dar = 42 —4b ; 

. Va? 4 dan =2—-2 (a+b) ; 
squaring again, = 4? +. daw =x? 4 (a +b) 2 +4 (a+b); 
cancelling the common term x? on both sides and then dividing by 4, 

ax=—(a+b)x4+(a+b); 
°. (2a+b) r=(a+b)*; 
_ (a+b)? 


a DiipAapas 


In examples of this class the radical signs must gradually be 
removed by squaring and re-arranging the terms so that a single 
radical term may be on one side by itself. 


SIMULTANEOUS SIMPLE EQUATIONS, 


94. ‘Two or more equations involving the same number of 
unknown quantities and satisfied by the same values of the 
unknown quantities are called simultaneous equations ; and if 
the equations be of the first degree in the unknown quantities 
they are called simultaneous simple equations. 


It is readily seen that a single equation containing two 
unknown quantities has an infinite number of solutions, For 
example the equation 


32—4y=12 
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taki 


is satisfied by «=4, y=0, or by «=0, y= —3, or by x=8, y=3, | 


and so on; and generally if we assign any value we please to x 
the corresponding value of y is given by 


Oe =o 
so that there is no limit to the number of solutions. 


But if we have a second equation connecting # and y and 


' which is to be satisfied by the same values of a and y as the first, 
such as 


x—y=0; 
then from this second equation, 
y= 0-5, 
so that sett =y=0-5, 
Hence, multiplying by 4, 
3x2 —12= 42-20; 
.. 4e¢-—34%=20-12; 
Scat Os 
y= eb —b=3. 
Thus the only possible solution is given by «=8, y=3. 


The two equations presented for solution must be independent, 
ie, not deducible from each other ; for otherwise we have really 
only one equation to determine two unknown quantities, and the 
number of solutions will be infinite. Thus the equations 


30 —4y = 12, 
8y + 24 = 6a, 


are not independent, for the second is at once deduced from the 
first by multiplying by 2 and arranging the terms in a different 
order. Each equation thus expresses the same relation between 
«and y, and we have only one equation involving two unknown 
quantities and so having an infinite number of solutions. But 
the equations 
3x—4y= 12, 
x— y= 5, 


are independent and yield only the result a= 8, y=3. 


- 
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95. One method of solving two simultaneous simple equa- 
tions has been already suggested, viz. to solve each of them for 
the same unknown quantity and then to equate to each other the 
two values thus obtained ; this produces a simple equation con- 
faining the other unknown quantity only, which can be solved 
by methods already explained. 


Another method is to multiply the equations by such factors 
as will make the coefficients of one of the unknown quantities the 
same in the two equations; then by addition or subtraction an 
equation is formed which contains the other unknown quantity 
only. 


Or we may solve one of the equations for one of the unknown 
quantities and substitute the value thus obtained in the other 
equation. 


Any of these three methods enables us to effect the solution 
of the given equations, and the particular method to be adopted 
depends on the shape of the equations ; the second method is 
however of most general utility. . 


The process by which we remove one of the unknown quanti- 
ties from the given equations is called elimination. 


Example 1, Solve the simultaneous equations 


TI — BY HA ceccceceerscnceeseeccvcetetecanes Cin: 
BEE QY HS9 noone sc acseaeenesnsunsvnmeed aes (2) 
From (1), ya, 
and from (2), pee 5 om : 


equating these values of y, 
Ta-4 39-30 | 


5 ae 
multiplying by 10, 14” —8=195 — 152 ; 
-*, 1474+157=195+8; 
ie. 297 = 208 ; 
27. 
: "e—-4 49-4 45 
Then Dc ah 5 


Thus the solution required is #=7, y=9. 
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ELuample 2. Solve 130+ 4y TO) iii. clot eee (1), 
SE OY SOG csi sci ccal caavenee eee (2). 
To eliminate y multiply (1) by 5 and (2) by 4; thus 
654 — 20y7=50, 
124+ 207 = 412; 
adding, 772 = 462; 
*s =O, 


Substituting this value of # in either of the given equations we 
‘obtain y. Thus from (2) 


18+5y=103; 
“. 5y=85; 
y¥=17. 
Luxample 3. Solve 


1 1 ey 
ge 2y) +6 (By — 2a) = 10 ~ 30? 


2 1 ath Aer 
Bet OY) 5 e849) Et 


Multiplying the first equation by 30 and the second by 6, getting rid 
of brackets and collecting like terms, we have 


\ Sek foal MEIER ee (1), 
it — Sy ==), | isa snc vnpeeneeeee sane tene (2). 


From (1), y=*2—7; substituting in (2), 
2%-—9(«#-—7)=0; 
“. 72=63 5 


Then y=x—-T1=9-T=2. 


Example 4. Solve 
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subtracting, 114; 
= a=2; 
a 
Then Gago bel0-1=9; 
; 578 
y=% 


In equations of this shape the unknown quantities should be taken 
to be = 1 and not x,y; and the equations should not be cleared of 


fractions other than numerical before commencing the solution, as this 
would produce equations of the second degree in 4, y. 
Example 5. Solve 
xy — 34 —-2=(L%+2) (y--3)=1. 
First, getting rid of brackets, 
LY — 3x -2=xy —3u+2y—6; 


cancelling common terms on both sides and collecting the numerical 
terms on one side, 


2y=4 ; 
. “. Y=2, 
Then l=x2y —3x2-2=2x2-—34-2; 
wo C=—4. 


The equation here given is apparently of a degree higher than the 
first, but on simplification is readily reduced to a simple equation by 
the terms of a higher degree cancelling each other, 


Example 6. Solve 
Uaey—jy—Na42y= 40, Vaty—satyyVapayoe 
Squaring the first equation, 
a+2y—-IUN ay +y? =H +2y — 4a; 
w. Nay +y? =2a ; 
“5 MY HY HAG site hiecninden cavalo: 
Squaring the second equation, 
+ 2y —38a+2 V xy +4? — Bay =2+2y—a ; 
eae <c ; 
ee adh ORY HO sg hdde hive od sore stoagte (2). 
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Then from (1) and (2), 
Say +eaayty? =a; 
. 8aY = 3a"); 
7 Yo. 
Also 4a? say +y? =a0+ a" ; 
oo’ 
*, £=0a. 


In this class of examples the radicals must gradually be removed by 
squaring. 


96. We have proved that two simultaneous equations are 
required in order to determine two unknown quantities, and 
similarly three simultaneous equations are required in order to 
determine three unknown quantities. 


When three such simultaneous equations are given, from any 
pair of them we can eliminate one of the unknown quantities and 
from any other pair we can eliminate the same unknown quan- 
tity; we thus obtain two equations involving two unknown 
quantities which can be solved by methods already explained. 


As remarked already in the case of two simultaneous equa- 
tions, the three simultaneous equations given for the determina- 
tion of three unknown quantities must be independent, i.e. any 
one of them must not be deducible from one of the others or 
from both. 


Example 1. Solve the simultaneous equations 


BUA SYAQTHL ..crcsseescesceescncsvoenereen (1); 
DG — TY —AZ=16.....eceeseeceeneerereereeeens (2), . 
5ut+2Qy—92=2 ...... Wt (3). 
Multiplying (1) by 2, 6u +107 +42=2, 
and adding this to (2), Bat 4- By = 18.2.0. cee eevesenteens ses Mar! 


Multiplying (1) by 9 and (3) by 2, 
27x+45y+18z2=9, 
10a + 4y—182=4; 


adding these equations, — 377 +49y=13.......sssseeneeeeeesenees (5). 
18—8# 13—372% 
From (4) and (5), ae later 
882 —392x%=39—1l1la; 
281a= 843; 


r=3. 


2 ice ea 
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Then from (4), ae See 2; 
and from (1) 9-10+2z2=1; 
222s 
z=1, 
Example 2. Solve ae eee aes 
Masato 


ads me 


The shape of the equations indicates that it will be convenient to 


take the unknown quantities to be “, ae © instead of Ly Y, % and it 


will facilitate the solution if we replace = 3. : by 2 ys32 
Making this substitution and aan ns the second equation by 


24 and the third by 6 so as to make the numerical coefficients integers, 
we have for our three equations 


Ag! — By! — WRB, vin ck ee ee (1), 
Oi Ody BaD. eee (2), 
Aig s- Sif B 7 = Ong kl ect etic oes ee (3). 
Multiplying (1) by 3 and (2) by 2, 
122’ — 97’ -- Cs 
— 122’ + 487+ 67 = 
adding, 397'=13; 
: of 4 
Subtracting (1) from (3), 6y'+107/= —-3; 
ewes eee 
107 = —5; 
Sy tai 
Adding (1) and (3), 8a’ + 62'=3; 
'. 8a/-3=3; 
Br = 6: 
eas 


= a so that.a2=- 
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Example 3. Solve | 
: (y+2- 2)=3 (c+0-y)=" (c+y-2); 
a b c 
atyt+z=atbte. : 
Let the value of each of the first three equal quantities be #, so that 


yt+z2—“=ka, 
2+x2-—y=hb, 
e+y—z=ke; 
adding, e+ytz=k(at+b+e); 
but w+ytz=atbt+e; 
A. 
hence yte—-x=a, z+u-—y=b, r+ y-z2=C, 
Then we have v+ytz=atbte, 
Y¥tz2-X=a; 
subtracting, 2Qe=b+e; 
oo. 2=4$(b+0); 
similarly y= (cta), z=$(a+0). 


The artifice here illustrated is of frequent use in the solution of 
equations of this shape; when several quantities are equal to each 
other, it is of service to represent each by the same symbol &. Useful 
information may also often be obtained by equating each of several 
equal quantities to their sum divided by the number of the quantities ; 
thus if 

‘ Y—2=2-L=XL-Y; 
each of these three equal quantities 
=3 (y—-2+2-“#+4-Y) 
=0, 
so that x, y, z are all equal. 


97. In the same manner if we have four simultaneous 
equations involving four unknown quantities we must eliminate 
one of the unknown quantities between three pairs of the given 
equations, thus obtaining three new equations involving three 
unknown quantities, which can be solved by the methods just 
explained. And the process is similar for any number of equa- 
tions involving the same number of unknown quantities. 
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EXAMPLES, 
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Solve the following equations: 
7#+1=36. 2; 4¢4—-3=5. 
9—8x=57. 4, 27+9=5. 
37=10— 2. 6. 24=3+4+772. 
52=16+ 7x. 8 40=147+47. 
84+7=52£+13. 10. 9¢-3=74-+11. 
14+3=132% —1. 12. 2r—5=3+410x. 
274 —2=22r+4, 14. 70—8r=10-3z. 
72=37+ 2x —12. 16. 67=43 —4x—-60. 
419% —11077 =272x— 9901. 18. 1387%—7-—20%+31=17«. 


llz+13—182%—37=5 — 24. 
Te —12-—23274+41=1527 —37-— 44-15. 
23 — 447 —149—1llvw=100—x— 36+ 52. 


ona ts. b Ti pe TSS 1 
dB. 13° BLN, Rarer 
ea ae 9 iF em x 
LE ol Riad Ys pee merp nee 2 
a5 gt 2s 25: 37 19 3 3° 
Oe ET a Bee we x # 5 
Ce aa al. ig9- setae 
4 (~—9)=9 (x~— 4). 29. 7(e—3)=11(#+5). 


4 (¢—3)—5(10—x)=7 (w+5)—9 (24-7). 
7 (2% -+5)+4 (37—11)=9 (84 -—3)+8 (34+4). 
33 — 4 (Qa —3)—11 (32—5)=42—7 (32 —4) -10(a—4). 


15 (8 — 9x) — 13 (5 — 2x) +100x=17 (2+3x)— 19 (1— 4x) +1522. 


1—[#-—6— {2% —(3x-—7)}]=0. 
32 — 5a —[8 — 12” —{6 —7x—(10 —3x)}]=20. 
84 —[3 — {54 (2 - 7x)}]=8 -[7 — {4v—(5 —6z)}]. 


§ (7-4) + § (w—-3)=§ (w-1). 
$ (5a —2) — 3 (387+2)= 75 (7v+2)—} (4-2). 
8+17¢e 11-25% 9-llx 17-192 


2 Erk teat fe Ries Set tis a 


9 36 a 18 
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66. 


67. 
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ae eS 1aN et (ee a 
Farag ae Ao LO yaa & | 9 


(a —2) (# —3)=("#—1) (v-6). 45. (#+4)(2e—-1)=2(#@+1), 


(4x — 3) (7a +6) = (20-3) (140 +5). 

(8a — 5) (27 +1)=(4%+3). 

2a + (Ba —1) (4¢+8)=14(# + 2) (12”—1). 

2a? =(” —3)?+ (#@+5)*. 

(a —1) (a —2)+(#+2) (#—38)+(@+3) (@- 428 (6-4) (o BM 
25 (a2 — 1) =(2e—1) (24+3) + (8"—2) (62 +1)+(#+4) (8e—5). 
(3@-+13)?—2 (v+3)?=3 (@+7)?+4 (v—5)?. 

(7 +-2)8+(4+3)+(c+4)=3 (#7 +2) (v+3) (7+4). 


9a+1 _ 10e+3_ 5 55, Bu-2_ 2et1_ 1 

3¢+1 5x+3 4¢—3 374+2 12 

(7@ +3) (3v—5) a 7 57 4 rs 5 
(94+1)(@-2) 3 *  (Qe4+1)(4%—1) (2u-—1)(6@+1)" 

2 (6v%+1) Se—4 _ 10e+17 59, 1 et ee 
llvz—8 9 18 2 w+12 w+! 
Ay-1 _ SAL Domi D 61 1+¢4+27 — L-#+2 _ 4. 

4e2+u—-1 62?+2x-1 : 1+2 l= : 
+4 v— 2 2 


B+e+1 #2 -ae+1 84x41" 
3-4, 8x2 13+ 
13+ac 169-2 13-2 

1 1 ie SS | 


—8. 


1° 2-7 2-8 #¢-—6° 
1 i a l 
S2syon. 7-3 e—-4° 
1 1 1 l 
ype lee pe ES 2+8° 
L- 
r—- 


x 2-2 £41 


a 3 
eed ade Bo ep r—4° 
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@-1l w-2 x41, «-4 


wv Coil tel 2 3" 
2-4 v4+7 wx-1 . «44+4 


“2—5 Z+6 2 2. £+3° 
7w@—132 67-125 9x7—-98 82-108 


x—-19 e—2).° 11 ee Toe 

6v+93 8x2+43  3x7+54 llv+36 
v+15 “+5 U2+17 L+3 

10% —97 _ 40-99 _5e—142 & — 34 
a—9 «4 —23 e—-27 ~~ «w—A4l- 

"7344 —4°678 = 3472 4+ 1°822 —-1132. 

A5z °255-—°204r -0703 . :016z— 0119 


Ste AD 2. , 3T 004 

17x (38724 °47)—1:9 x (‘Sle —°71) = 4-7 x (23 — 15a) +1482. 
"12a- 5754 2i2v='83x7+ 424 — 6x. 

187 4 ‘3a — 027 =1°3434 -27u- 1°15. 

2(a—a)+5 (w@—3a)=8 (w— 5a). 79. a(v—a)—b(a—b)=0. 
ab (a —ab)=a? (a?— x) +b? (b?— <x). 

a2 (2—a)+b?(%—b)=abxr. 82. a(w+b)—4b(a—-8b)=(a+2b)*. 
a (a+b—x)=3b (4+ 20). 84. a(a—x)+5ab=9b (4b0+~2). 

3 (3b — 2) — 5a (4a — x) =3ab. 

4 (v+a)—f (Ba +5a)+} (77 +18a) = (9x —5a). 


fe eh 8B a{ 2b\-16 7. pa\t Hote Oe 
7 aaa Be 88. § (e-2) +2 (2-5) = 
3a—5x BO ae 

4a Bie va Bi 


(a+a) (a+b) —(#—a) (w7—b)=2 (a+b). 

(a — a?) (a— 6?) =(a —ab)?. 

2(a+a)(a+b)=x2 (w+4a)+u (v+40). 

(au +b) (bz —a)=(abr —1)(a+ab). 

(a +b) (2—a+b)?+(a—b) (a—a—b)? =2ax". 
(v—a)?+(a—b)?=(a— 6)? +22. 

(v—a+b) (v+a—b)=(4%-—a—b). 

a (a+ 4 — a?) +b (2% +a—b%) =(a+b) (wv? +3ab). 

(a—b) (~+ce)+(a--c) (~+a)+(a—a) (a+b) =a (84-1). 
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99. 


100. 
101. 


102. 


104. 


106. 


107. 


108. 


109. 


110. 


111. 
113. 
115. 
11%, 
119, 


121. 
123. 
125. 


127. 


pedo wb 103. z—a—b uv+a+bd° 

b a a®— }? Si Fo 
ee ako > abet ieee gt 

1 ape See peed 
z—a—-b «w-c «-a-c «£-b° 
2 Pe <2 l 
G—a 2-90 “2-61 Z—20 

esi o nes 

x x hie 

w—a 2-b+1 2-6 x—at+l 
et Goh. wobec 
_EESA Se Ea Benen 
Z-atb’ wtate w-—ate «+atb’ 

26-4 2co— 42 ects ese 
(a+b—a)? (ate—a)?’ 112. Va+7—-Vev—5=2. 
Ja—Va—144=8. 114. /63+57+/48+527=15. 

_ Sas ) phat 
2+14+Ve-1l= ——. 116. ¢+Va?+2*?=a. 
Vo+l+y/ ES v/ 
a—N2ar+2=wn. 118. /z+a?—-Vr4+8=a-b. 
Neta—NVo—a 7 120. Vr—-at+Ve+a=2 Ja. 
Vatat+/x—a 

Solve the simultaneous equations: 
30 —Qy=7, 2e+3y=22. 122. 17%-—4y=9, 5e—y=15. 
lla+4y=5, 7x+3y=0. 124. 40x=4-3y, 8e=12+5y. 
2=387+2y, 4=5y—Te. 126. j§v=6-jy, ky=5%—-he. 
Be eka eS oY e261 

5 3° 6? 107 2/ =3° 128. g ty 8=0, 12 5 1=0., 
13a—2y _ 10x— Sly _ 7 _5xe+2y a — 2y 

15 Oe SIE eo 


129. 
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a(a—a)?+b(x—b)?+e(x—-c)? 
= an (x — 2b) + ba (a — 2c) + cm (7 — 2a) + 8abe. 

(vw — be) (w—ca)=2x (a+ ab)— be (ab+ be). 

(a—x}+(b-—ax)=} (a+b—22x). 


Z+G, L+b 


4 


z-at+b x«x+a—b 


SIMPLE EQUATIONS. | 119 


130, 2-Y%=0=7-4%. 131, 2dw=8a— Gy +5= 200+ 12y—1. 


30.5 3 
132, 5 (87—9y)=11 (14e-11y), 7(8a+8) =2 (5y +22). 

+3 ytll «#-y 40-7 40-y «-Y 
Metros. 5 EST A 13 


135. 5(#—y)=4(e+y)=62—-7. 
136. 3(4v—3y—1)=5 (at+y—2)=7 (54— 2y —3). 


pe ay Oe _e—3y 
ae 7 pee ais 
3 3 1 1 3 
158. S(aty)—7 1 3(@—-y)—7 3(@+y)—-7 3@-y)-7 # 
139. 32—‘7y='05, ‘94+ '1l4y= "31. 

140, -25”+4:25 —-225y= "75a, ‘98v+3°65 — 29y=4'47. 
eee 140) to ee 
MY “oY Do ¥ bay 

5 
eee a 8 Oo ee 
ee me aie GY hie K. 
b..4 | eae) BS ey ae ee he 


147. 4 _ gy =2= "By. 148. «zyt+e+1=(e@-1) (y+1)=2. 


149. xy—2y+1=("-2) (y+1)=0. 
150, (a1) (y+2)=(e-3) (y +3), (22-9) (y+ 19) =2 (w-2) (y +4). 
151, (40-+1) (y—1)= (22-8) (2y+1)=(# +4) (49-9). 
152, (w-+1)(y—4)=(w-8) (y +8)=(w-5) (y +2) 
153, aty=atb, aat+by=2ab. 
154. avt+by=a?+)?, ax—by=a? — 0’. 
155. aa+b2y=a0°+6', bv=ay. 
156. (a+b) 2+(a—b)y=(at+b), (a—b)#+(atb)y=e —b*, 
157. (a—b) x+(a+b) y=2 (a? +0"), (a+b) x=(a—-b)y. 
158. (a+b)2+(a-b)y=a? +B, (a—b) #+(a+b) y=a — BD. 
159. (a—b) #—(a+b)y=2b (a? — 6°), (a+b) 2+(a—b) y=2a (a? + 0%). 
160, 208 +ab (ae —y)=(a2-+0%) (w+y), 209+ ab (w+y) = (0? +04) (wy). 
161. ab(at+y)=(a? +2") (wy), 2 (w—-y)=aty—2(a— by. 
gu Y¥ ut Magee x 


162, —-—<=0, Lise 163. Piet Coat 
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Pa 2 Ue ee 
164, EIS SO aden Naa a 
a—b at 
165. ee ; )v=(a—b)y. 
a Dire Sali Oi a a bb 
166. an eae 167. cy ee 
2 42 Bea 
168, (a-b) (T+) =o Fg 
Bot y Boy 
_ 169. Va—atJ/y=Va+y+a, Va+2a -J/y=/n+y—2a, 
“$170. Va—-Na-—y =Va—y, 2/2—-y=3 Va—y, 
Solve the simultaneous equations : 
W711. 37+2y+z=10, 2e—7y+62=6, 92+ 4y —52=2, 
172, 27+ 1ly—32=5, 8a+5y+2z2=11, w—Qy+z=10, 
173, 3¢%+4y+2z2=3, 8y+122—21xe=1, 10z—97+12y= 
174, x+4y—32=0, 8x—9y+%2=5ae—13y+10z=1. 
115. wt+y+2=207—y+32=5x+18y—2=1. 
176. «—y—z=0, ~-3y+32=0, wx+y+2-1=0. 
Wi7. 8x—9y+22=} (52+ 1ly—12z)=2 (22+ 432) =2. 
178. 7#=65-y—5z, 2y=8+42—34, 32=33 —5x4+3y. 
3 Peay ge oe eek 
179. Ot 4-9, 5 Erie eed her 
Se PG oY oe oe) Be 
Meo 7g > a  3tg=s gte—7-©. 
Be” oy OE BY Fee a AY ae 
PE atotg Mh Sty tg=8h, Tp- gt goes 
x 443 5x __ 433 by , 85 


—82 122-4 3x- BY _ 
183, 5-27 6+y ~~ 1+%2 
, 14. e+ ih (y—2)=21, y+, @—2)=51, e+ 44 (v—y)=65. : 
185, ae —tyt2) +3 (2+2)=§ (y—a) +3 (@-y) +3 (w—2) 
=1b(@-Y) +3 -2) +4 (@-2)=1 


S 


ee Se 0 

Pe. =i Bole ty 

4 5 3 2 6 ie Cee 
187... —-—- -—- =2, me CIES metas Gale =¥ 


oF OF 


188. 


189. 


190. 


191. 


192. 


193. 


194, 
195. 
196. 


197. 


198. 


199. 
200. 
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ne Gia 0 ae 5(- Beaty es oe -+2)=5 
mee eee 4 By 2Z) 9” By. 2\e a} eS 
pet es Ra COP a\s Dead. 

“iad G3)-° 

Pe ey oe eg 

ee 85 en hay BO 
erg 92 e112 192 38 

a b b b 


au+ by +cz=(b+c) x+(c+a) y+(at+b) z=0, 
bex + cay + abz=abe. 


a(y+2)=b (2+2)=0(@t+y)=2. 
Y-2=42-L=L-Y, U+Y+2=34. 
(6—c)x+(ce-a)y+(a—b)z=0, y—2+3(b-—c)=0, + y+2=0. 


a aoa, “+y—z=a?+b*— c+ 2ab. 


b 
B+e=y+q=2+5; 3(a@+y+2z)=2(a+b+e). 


“(a—y)=y (b—x), z(e+x4)=2(a+2), ax+ by=ab. 
BAY +24+U=84 —2y+2—-3u=24+y —2-4u=5, 
BY i elem} 


CHAPTER XII. 
PROBLEMS. 


Problems which lead to Simple Equations. 


98. A problem which produces an equation or equations is 
a statement of facts, real or supposed, in ordinary life, which has 
to be translated into algebraical language; and the symbolical 
expression of the conditions of the problem constitutes the only 
difficulty in dealing with this class of questions. 


In any problem presented for solution we must substitute one 
or more of the symbols a, y, z for the unknown quantities which 
occur ; we then proceed with these quantities a, y, 2 as if they 
were already known, and make them satisfy all the given condi- 
tions, thus forming as many independent equations as there are 
unknown quantities; and finally the solution of these equations 
determines the unknown quantities. 


99. In the solution of a problem it is frequently in our 
power to select either one unknown quantity or two unknown 
quantities and so to form either one equation involving one 
unknown quantity or two simultaneous equations involving two 
unknown quantities; and similarly we may often for the solution 
of the same problem form two simultaneous equations involving 
two unknown quantities or three simultaneous equations in- 
volving three unknown quantities. We must be guided by 
circumstances and the nature of the problem in deciding how 
many unknown quantities to have, and therefore how many 
symbols to employ in the solution of a particular problem; but 
the general rule may be laid down that the smaller the number 
of unknown quantities consistent with clearness of statement 
the better. Sometimes however considerations of symmetry 
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render the solution of a problem easier by using two unknown 
quantities than by using only one; and similarly, when three 
quantities are symmetrically involved, it is often more advan- 
tageous to employ three symbols than two. 


100. Problems which lead to equations involving one un- 
known quantity. 


Example 1. Find two numbers such that their difference is 48 and 
the greater is seven times the less. 


Let x be the smaller number, then #+48 is the greater and is seven 
times the less. Hence 
G+48=7x ; 
. 6r=48 5 
“t=, 
and . 42 = 50. 
Thus the two numbers required are 8, 56. 


Example 2. Divide 24 into two such parts that three times one. 
part added to seven times the other may be 100. 


Let # be one part, then 24-4 is the other; also three times one 
part is 37 and seven times the other is 7 (24—.), and the sum of these 
numbers is 100. : 


Hence 3z+'7 (24—2)=100; 
. 47=68; 
 e=1%, 
and 24—x=7. 


Thus the two parts of 24 required are 17, 7. 


Example 3. Divide Rs. 100 among three persons A, B, C' so that A 
may have Rs. 20 less than B and Rs. 10 more than C. 


Let # rupees be A’s share, then B’s share is +20 rupees and 0’s is 
“—10 rupees, and the sum of all their shares is Rs. 100. 


Hence 2+24+20+x2-10=100; 
-. &=90; 
*. @2=30; 
“. 2+20=50, x—10=20. 
Thus A’s share is Rs. 30, B’s is Rs. 50 and 0's is Rs. 20. 
Example 4. Gopal can perform a piece of work in 42 days and 


Govind can perform the same piece in 56 days ; in how many days can 
they perform it if they work together ? 
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Let x be the number of days required ; then Gopal can perform 
x 


of the work in one day and therefore 70} of itin « days, and similarly 


Govind can perform ee of the work in one day and therefore a of it in 
«days. But in # days they together complete the work ; hence 
SE: 
42 56” 
. 47+327=168; 
aides Loe 
v= 24, 


Thus Gopal and Govind working together can complete the work in 24 
days. 


Bes 


Example 5. <A father is nine times as old as his son now, but in 
twelve years will be only three times as old ; find the ages of father and 
son. 


Let a# years be the son’s age, then 9x years is the father’s age ; also 
in twelve years the son’s age will be #+12 years and the father’s will 
be 97+ 12 years, and the latter will be three times the former. Hence 


97+12=3(v+4+12); 


cor 6x2 — 24 3 
 “e=4, 
and 9x7 = 36. 


Thus the son’s age is now 4 years and father’s 36 years. 


Example 6. A pole 9 feet 11 inches long is to be sawn into two 
pieces, one of which is six times as long as the other ; find the length 
of each piece. 


Let x be the length in inches of the shorter piece, then 6z inches is 
the length of the longer, and the sum of # inches and 6% inches must 
be 9 ft. 11 in., i.e. 119 inches. 


Hence 2+6z¢=119:; 
4d Gs 

seedy, 

and 67 = 102. 


Thus the lengths required are 17 inches, 102 inches, 


Example 7. Find a number such that if 3, 5, 8 be severally added 
to it, the product of the least and greatest sums shall be equal to the 
square of the remaining sum. 


Png 


ae 
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Let x« be the number, then the three sums formed by adding 3, 5, 8 
to it are v+3, v+5, x+8, and by the question the product of #+3 and 


x+8 is equal to the square of 7+5. S 
Hence (7+3) (¢+8)=(#@+5)?; 
. v4+1l7+24=27+107+25 ; 
° £=l1. 


Thus 1 is the number required, and adding 3, 5, 8 to 1 we get 4, 6, 9; 


and 36, the product of 4 and 9, is the square of 6. 


Example 8. A man remits the same sum in sterling from India 
every month for the support of his family in England, and he finds 
that with exchange at ls. 6d. he had eighty rupees less to pay than 
with exchange at 1s. 2d.; find the amount of his monthly remittance. 


Let # pounds sterling be the amount of the man’s monthly remit- 
tance, then £x are 240v pence; and 240z pence divided by 18 pence, 
the cost of one rupee with exchange at ls. 6d., gives the number of 
rupees which are the equivalent of £v at that rate. Similarly 2402 
pence divided by 14 pence, the cost of one rupee with exchange at 
ls. 2d., gives the number of rupees which are the equivalent of £x 
at the lower rate; and the difference of these two quotients is 80 
by the question. Hence 


2402 240x 
esas ee 
1.e. errs 
er ey Ae 


Thus the man makes a monthly remittance of £21. 


Exchange is said to fall when the value of the rupee in sterling is 
diminished and is said to rise when the value cf the rupee in sterling is 
increased, and exchange is at par when the rupee is worth two shillings. 
The rate quoted daily in the Money Market and notified in the news- 
papers is the sterling value of the rupee in shillings and pence and 
fractions of a penny for that day. 


Example 9. At what time between 4 and 5 o'clock are the hands 
of a watch (1) together, (2) opposite each other ? 


Each division on the dial of a watch represents one minute in time, 
and the minute hand describes the whole dial, ie. sixty of these 
divisions, while the hour hand describes five, so that the minute hand 
travels twelve times as fast as the hour hand. Now at 4 o’clock the 
minute hand is at 12 and the hour hand at 4 and the hands are 
separated by twenty divisions, and if « be the number of divisions 
over which the minute hand must then travel in order that the hands 


may coincide, ri the number of divisions over which the hour hand 
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must travel in the same time. The distance of each hand from 12, 
measured in divisions, is at the moment of coincidence the same; 
hence 


x 


“. llv=240; 
e=21,%. 
Thus the hands are together at 21,% minutes after 4, 
When the hands are opposite each other they are separated by 


thirty divisions; and, measuring the distance of each hand in divisions 
from 12 as before, we have 


x 
w= 75+204205 


ee 1 1z ee 600 3 
; r= 54,5. 
Thus the hands are opposite each other at 54, minutes past 4. 


The solution of many of these examples might have been 
obtained by employing more than one unknown quantity ; but it 
is advisable to employ only as many as are necessary, since those 
which are needlessly introduced have to be eliminated before we 
can arrive at the solution. 


In all problems involving concrete quantities of the same 
kind care must be taken to express such quantities in terms of 
the same unit; thus in the 6th example the whole length and the 
two pieces of the pole should be expressed all in inches or all in 
feet. 


101. Problems which lead to equations involving two 
unknown quantities. 


Example 1. A number of two digits is six times the sum of its 
digits, and if 9 be subtracted from the number its digits are reversed ; 
find the number. 

Let « be the digit in the ten’s place and y the digit in the unit's 
place, then 10”+y is the number and is six times the sum of # and y. 
Also when 9 is subtracted from the number we get 10v+yv-—9, and the 
digits are then reversed so that the value of the new number is 10y+4. 
Hence 

lox +y=6 (w+), 
107+y—9=10y+2%; 
which when simplified become 
4.9 —- BY =O, c.cavescensesvecvcsasvensusanes (1), 


BW Y= Liccrecscravsasenvever sav an eepeRe (2). 
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Multiplying (2) by 5, 5a —5y=5, 
and subtracting (1), L=d; 
 y=4, 


‘Thus the number required is 54. 


Example 2. When the numerator and denominator of a certain 
fraction are each increased by 1 its value becomes 4, and when the 
numerator and denominator are each diminished by 3 its value becomes 
4; find the fraction. 


Let the fraction be a then when the numerator and denominator 


are each increased by 1 the fraction becomes mae and when the 


numerator and denominator are each diminished by 3 the fraction 


becomes = : : 
Pelee 
Hence uel =59 
o-3_1. 
y-3 3? 
which when simplified become 
fe sadn: <0 otk thes ae ee (1), 
OY SO oni ios Mis ok eon terete (2), 
adding (1) and (2), | LT 5 


w. y= 2e+1=15. 
Thus the fraction required is 75. 
Example 3. The charges for dinner at’a restaurant are for a man 
as rouch as for a woman and child together, for a woman as much as 


for a child and one quarter as much as for a man, and for a child 
twelve annas; find the charge for a man and woman respectively. 


Let the charge in annas be w for a man and y for a woman; then % 
annas, the charge for a man, is equal to the sum of y annas, the charge 
for a woman, and 12 annas, the charge for a child; and y annas, the 


charge for a woman, is equal to the sum of - annas, one quarter the 
charge for a man, and 12 annas, the charge for a child. Hence 
a=y+12, 
x 
i ose 4 +12; 


ee n-12=y=7 +12; 
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os OU 065 
u=32, 
and y=“ —-12=20. 


Thus the charge for a man is 32 annas, i.e. 2 rupees, and for a woman 
is 20 annas, i.e. 1 rupee 4 annas. 


Example 4. There are two brothers. the sum of whose ages di- 
minished by 4 years is twice the age of the younger, and the difference 
of whose ages increased by 4 years is one third of the age of the elder; 
what are their ages? 


Let x be the age of the younger and y the age of the elder; then 
the sum of their ages, v+y, diminished by 4, is twice the age of the 
younger, 7; and the difference of their ages, y—«, increased by 4, is 
one third of the age of the elder, y. 


Hence e+y—4=22, 
y-2t+4—" 
which when simplified become 
Ya DA S,, Sins cant toneeeaens Pa (2); 
Bar — 94 = 12... Sicneto- shoves ee (2) 
Multiplying (1) by 2, 2y —2x4=8, 
and adding this to (2), Z=20; 
y=xrt4=294, 


Thus the ages of the brothers are 20 years, 24 years. 


Example 5. A shopkeeper requiring change drew from the bank 
Rs. 540 in silver, the number of 8-anna pieces being twice the number 
of rupees, the number of 4-anna pieces being equal to the number of 
rupees and 2-anna pieces, and the number of 2-anna pieces being half 
the number of 8-anna pieces and 4-anna pieces; find the number of 
each coin. 


Let x be the number of rupees, y the number of 2-anna pieces; 
then 2v is the number of 8-anna pieces, x+y is the number of 4-anna 
pieces and y, the number of 2-anna pieces, 1s half the sum of 2, the 
number of 8-anna pieces, and w+y, the number of 4-anna pieces, Also 
the total value of all the coins in annas is 540x16, Hence 

y=3 (2v+u+y), 
16%4+8 x 27+4(%+y)+2y=540 x 16; 
which when simplified become 


YBBL oi tisasan hoe census (1), 
Cr+ Y= 1440 «1... veecurpeneeas saNeuansennss (2). 
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Substituting the value of y from (1) in (2), 


9v=1440; 
B= LOU 
2a = 320 ; 
also t+y=4x2=640, 
and ~  y=3u"= 480. 


Thus the number of rupees is 160, of 8-anna pieces 320, of 4-anna 
pieces 640 and of 2-anna pieces 480. 


EHaample 6. A steamer moving at a uniform speed meets with an 
accident to her machinery which reduces her speed by one-third and 
causes her to arrive two days late at her destination, the time which 
would otherwise have been occupied on the voyage being 20 days; if 
the accident had happened 500 miles nearer to port, she would have 
arrived only one day late. Find the original speed of the steamer and 
the whole distance travelled, the distance travelled at the reduced speed 
being 1000 miles. How many days from port did the accident happen? 


Let # be the number of miles per day travelled originally, y the 
whole distance in miles; then %x% is the number of miles per day 
travelled after the accident and y—1000 is the distance travelled at 


, ¥ 1000 . 


the original speed, so tha is the number of days’ sailing at the 


1000 


sy 


original speed and 


is the number of days’ sailing at the reduced 


speed, and the total number of days actually occupied over the voyage 
is 22, since the steamer arrives two days late. Also y—500 and 500 
are the distances which would have been travelled at the original and 
reduced speed respectively if the accident had happened 500 miles 
nearer to port, and in this case the number of days which would have 
been occupied in. sailing at these respective speeds would haye been 
Fy 
eo and 7S , and the total number of days would have been 21. 


3 


Hence 
y — 1000 ees 29, 
x 2a 
y— 500 , 500_ 9, 
which on simplification become 
22.4 — y=500, 
21v—y=250; 
subtracting, x=250; 
°. Y=22x —500=5500 — 500=5000. 
1000 3000 
Also Be = 500 si 
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Thus the original speed of the steamer was 250 miles per day, the 
whole distance travelled was 5000 miles and the accident happened 
6 days from port. a 


P 


102. Problems which lead to equations imvolving three 
unknown quantities. 


Example 1. A number of three digits is nineteen times the sum of 
its digits; if 99 be added to it its digits are reversed, and if 27 be 
subtracted from it the digits in the ten’s and unit’s place are inter- 
changed; what is the number? 


Let 2, y, 2 be the digits in the hundred’s, ten’s and unit’s place 
respectively; then the conditions of the problem at once furnish the 
following equations: 


1007+ 10y+z=19 (~7+y+2), 
100z% + 10y+2+99=100z2+ 10y7+2, 
1002+ 10y+2—27=100%+102+ 4; 
which on simplification become 


Oey = Wwe Onis seses ies eters, (1), 
B— HH1 si dgstivcesnarceteeweeeee (2), 
Y —2=3ss5.08 Hike eed eaten »..(3). 
From (2) and (3) y=x+4, z=x+1; 


substituting these values of y and z in (1), 
94 —-x~%—4—2x7—-2=0; 


ce sO Oe 
eerae = 
then y=xr+4=5, 
and 2=2+1=2. 


Thus the number required is 152. 


Example 2. A convict escapes from jail and running uniformly 
has gone a mile before his escape is discovered; a warder then starts 
in pursuit at a uniform speed less than that of the convict, and after 
- an hour mounts a horse and galloping uniformly catches the convict in 
twelve minutes. If the warder had originally increased his speed by 
one half he would have caught the convict in half an hour, and if he 
had originally ridden the horse he would have caught him in four 
minutes. Find the speed of warder, convict and horse, and the 
distance from the jail at which the capture took place. 


Let x, y, 2 be the speed of the warder, convict and horse respectively 
in miles per hour; then after an hour the distance of the warder from 
the jail is w miles and of the convict is 1+y miles, and after 12 
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minutes, i.e. + hours more, the distance of the warder from the jail is 
n+e miles and of the convict is lt+y+2 miles, and these distances 


must be equal since the capture then takes place. Hence 
w+ealtyte; 


5x GY=EZHO. Jn0 desesesesvecensestenaae man | 
Again if the warder had originally increased his speed by one half, 
2 
i.e. had run with the speed a , he would have caught the convict in 


half an hour; hence 


To 3% y 
pL pantaine 
F; ou —2y=4,, eoeoreer errr eee ee ee ee wna 


Also if the warder had originally ridden the horse he would have caught 
the convict in 4 minutes, Le. in ;4z hours; hence 


From (2) and (3), 8e=2y+4, z=y+15; 

multiplying (1) by 3, 157—18y+32=15; 

substituting the values of 3x and z in this equation, 
5 (2y +4) — 1874-3 (y+15)=15; 


5y=50; 

y=10. 
Then v=} (2y+4)=2t=8, 
and z=y+15=25. 
Also m+e=1tyt2=13. 


Thus the speed of the warder is 8 miles an hour, of the convict 10 miles 
an hour and of the horse 25 miles an hour, and the capture takes 
place 13 miles from the jail. 


Example 3. The price of brandy is five shillings, of whiskey three 
shillings and of gin half-a-crown per quart; find how much of each 
must be taken to form a mixture worth thirteen shillings per gallon, 
the mixture being such that the quantity of brandy and whiskey is 
half the quantity of whiskey and gin. 


Let 1 quart of the mixture be composed of x quarts of brandy, 
y quarts of whiskey and z quarts of gin, so that 


Mei Leweeetens sent eet Se eins facet ee (1). 
9—2 


iS GS 
Be 
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Then a gallon of the mixture costs 13 shillings so that.a quart costs 
14 shillings; hence 

bat 8y+j2=lP, “ 
i.e. DOM LLYALOZH1B..cccrvcereceeecncrecrereee (2). 


Also the quantity of brandy and whiskey is half the quantity of 
whiskey and gin; hence 


r+y= (y¥+2)s 


i.e. DEY —Z=Overrssvesveereeveeverecnsserensen (3). 
Adding (1) and (8), Bit Da Lr sassitas cient «thy aseasoee epee (4). 
Multiplying (1) by 10, 107+10y+10z=10; 
and subtracting from (2), LOT 4 2Y=B visececece veersereceeerennes eckeee 
From (4) and (5) by subtraction, 
ipa es 

oe OER 
Then y=} (1-32) =3 (1-H =h3 
and - 2=1l-w-y=1-2-7,=% 


- Thus 2 of the mixture must be brandy, 3 whiskey and ;% gin. 


Example 4. Two men B and C can do a piece of work in 5} days, 
C and A can do it in 44 days, and A and B can do it in 4;4 days; in 
how many days can A, B, C, working separately, do the work? 


Let x, y, z be the number of days occupied by A, B, C alone 


respectively; then in one day A, B, C can do : of the whole 


y) 2) 2 


wy 
respectively. 


Now B and C together do the whole in 5} days, ie. in 38 days, 
C and A together in 44 days, ie. in 24 days, and A and B together 
in 4,4, days, i.e. in 4? days. Hence ; 


Bea Seon Bada 
which may be written 
hee ey Lo oe | Rape x ben | 
fe. 88 ete ee zy 12? 
adding these three equations and dividing by 2, = 
Vente 
BY oe has 


z 


Then pug tate-Gts) “a 7 Bog 


rans 
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TaD lee bs Al Vee 285 Bee By 
etree we a) 2 24. 729? 
ee ee 
Sey ee) 12 2 TD ID 


9, z=12; and A, B, C working separately can do the 


x 
Z 
Hence r=8, y= 
12 days respectively. - 


work in 8, 9, 


EXAMPLES. 


Problems to be solved by equations with one unknown quantity. 


1. Divide 75 into two penis such that their difference is one- 
seventh of the less. 


2. The sum of two numbers is 24 and the greater is twice the less; 
what are the numbers ? 


38. Find two consecutive numbers such that three-fourths of the 
first is two-thirds of the second. 


4. Find three consecutive numbers whose sum shall be 36. 


5. The sum of two numbers is eleven times their difference, which 
is 3; what are the numbers ? 


6. A certain number is as much below 50 as thrice that number is 
below 146 ; find the number. 


7, The difference of two numbers is 6 and seven times the greater 
is ten times the less; find the numbers. 


8, If 36 be subtracted from a certain number the result is Ae oe: 


same as if twice the number were subtracted from 396; what is the 
number ? 


9, Find two consecutive numbers such that the difference of their 
squares shall be 35. 


10. Find a number whose square shall be equal to the product of 
the two results obtained by adding 3 to it and subtracting 2 from it. 


11. Divide 27 into two parts such that a third of one part added to 
a fifth of the other may make 7. 


12. Divide 60 into two such parts that the defect of one part from 
the whole may be one-third of the defect of the second part from the 
first. 


13. Find three numbers such that the sum of the first and second 
shall be 7, of the second and third 9 and of the third and first 8. 


14, Find a number from the twelfth part of which if 5 be sub- 
tracted the remainder is 5. 
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15. What number is that to which if 148 be added the result is five 
times the number ? 


16. Find a number such that the sum of a fifth afd a thirteenth 
of it shall exceed the sum of a seventh and a ninth of it by 94. 


17. Divide 56 into four parts such that the excess of the first part 
above the second, of the second above the third and of the third above 
the fourth are each equal to 4. 


18, Find two consecutive numbers such that the eleventh part of 
the second shall exceed the twelfth part of the first by 1. 


19, A third of one number is a fifth of another number, and the 
difference of the numbers is 50; find them. 


20. Find a number such that the difference of a sixth and a 
seventh of it exceeds the difference of an eighth and a ninth of it 
by 30. 


21. Divide 88 into two parts so that seventeen times one part shall 
exceed nine times the other by 14. 


22; Divide 31 into two parts so that the square of their difference 
shall exceed the square of twice the less by 93. 


93. There are two numbers differing by 4 and such that the square 
of the sum of twice the greater and thrice the less is less than the 
square of five times the greater number by 936 ; find the numbers. 


94, Divide 160 into four parts such that if the first part be 
increased by 3, the second diminished by 3, the third multiplied by 
and the fourth divided by 3, the results are all equal. : 


95. A has three-sevenths of what B has and B has four-ninths of 
what C' has, and in all they have £1133 ; how much has each ? 


96. Divide £55 among three persons A, B, C'so that A may have 
six times as much and B four times as much as @. 


27. A man paid a bill of five rupees with 4-anna and 2-anna pieces 
and used in all 33 coins; how many coins of each sort did he use ? 


98, A man purposing to give a gang of beggars 4 annas each finds 
that he is 6 annas short; he then gives them 3 annas each and has 
9 annas left over ; how many beggars were there and how much money 

had the man? 


29. Three brothers divide an inheritance of £600 in such a way 
that the middle brother receives £50 more than the youngest and £50 
less than the eldest ; find the shares of the brothers. 


30. A man distributed Rs. 43 among 32 old men and women, giving 
R. 1. 8a. to each man and R.1. 4a. to each woman; how many were 
there of each sex ? 


31. A zemindar let two-thirds of his estate and retained in his own 
hands 81 bighas more than a fourth ; find the size of the estate. 
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32. A is twice as old as B, but eleven years ago he was thrice as | 
old ; what is A’s age ? 
33. The ages of a man and his wife are together 52 years, but if the 
wife’s age were doubled it would exceed the husband’s by 2 years; find 
their ages. 


34, The difference of the ages of two boys is eight years and is half 
the sum of their ages ; how old are they ? 


35, A man bequeathed two-thirds of his property to his wife and 
two-elevenths of the remainder to each of his five children, and there 
was found to be £120 left ; what was the value of his property ? 


36. A and B have ten rupees between them, but if A were to give Ba 
rupee he would then have double what B had at first ; how much has each? 


37. Divide £2600 among three persons A, B, C, so that A’s share 
may be the sum of the shares of B and C and six times B’s share may 
be equal to seven times C’s share. 


38. Divide Rs. 100 into two such parts that one part divided by 
7 produces Rs. 7. 8a. 9p. and the other part divided by 3 produces 
Rs. 15. lla. 7p. : 

39. A subscription of £60 was raised by A, B, C; B subscribed 
half as much as A and £8 more, and C' subscribed half as much as B 
and £6 more; find the contribution of each. 


40. Twenty-one aged persons received a dole; those over 70 years 
old received 5s. each and those between 60 and 70 received 3s. 6d. each, 
and a sum of five guineas was distributed ; find the number of each 
class of persons. 

41, A man spent a rupee and then borrowed as much as he had 
left ; he again spent a rupee and again borrowed as much as he had ~ 
left ; he finally spent a rupee and found he had nothing left. How 
much had he at first and how much did he borrow? 


42. A costermonger bought a certain number of oranges at two a 
penny and one-third as many more at three a penny and lost a penny 
by selling them all at five for twopence ; how many oranges were there 
altogether ? 


43, A spendthrift ran through a quarter of his fortune in six 
months, through two-elevenths of the remainder in two months more 
and through eight-ninths of what was then left in four months more, 
and after this year’s extravagance had only £450 remaining ; find the 
original amount of his fortune. 


44, A casual person and a methodical person went on an expedition 
together, the former starting with twice as much in his purse as the 
latter; the casual person spent ‘three-sevenths of his money, then 
mislaid three-quarters of the remainder, then spent half of what 
remained in his purse, then lost the rest and borrowed five rupees from 
the* methodical person; while the methodical person spent half the 
amount the casual person did, and after lending him five rupees had ten 
rupees left. How much had each originally ? | 
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45. A wine merchant mixed spirits at three shillings a bottle with 
spirits at five shillings a bottle and charged £9 for four dozen of the 
mixture ; how many bottles of each kind of spirits were required for the 
four dozen of the mixture ? . 


46, A man had Rs. 10,000 and invested part at 3 per cent. and the 
remainder at 4 per cent., and the whole annual interest received was 
Rs. 370 ; find the amounts invested at 3 and 4 per cent. respectively. 


47, A capitalist invested £600 in two sums which at the rate of 23 
and 33 per cent. yielded equal interest ; how much did he invest at each 
rate and-how much did each sum yield ? 


48, # lent a certain sum of money to B at 5 per cent. and two- 
thirds of the same sum to C at 5} per cent., and the difference of the 
interest received from B and C was £12; find the total amount lent 
and the interest received from B and C respectively. 


49, A man invested his savings in 4 per cent. Government Rupee 
Paper at 104 which soon after declined to 99 owing to a fall in ex- 
change; if he had invested after the decline his annual income in 
rupees from the investment would have been increased by Rs. 20; find 
the amount invested. 


50. Twenty years ago with exchange at par it cost Rs. 1100 less to 
remit £130 to London from Bombay than it does to-day ; what is the . 
rate of exchange to-day ? 


51. <A father of a family residing in India has to make a, fixed 
monthly remittance in sterling to his wife in England, and he finds that 
the remittance costs him more by Rs. 24 when exchange is at 1s. 2d. 
than when the preceding month it was at 1s, 3d. ; what is the amount 
of his sterling monthly remittance ? 


52. Exchange drops suddenly and it then costs Rs. 2880 more to 
remit £3190 to England from India than when exchange stood at the 
higher rate of 1s. 23d.; find the rate of exchange. 


53. Ifa government servant in India with exchange at Is. 2d. 
receive the same pay in rupees as formerly with exchange at par, but if 
when converted into sterling his pay is £37. 10s. per month less now 
than then, find his pay in rupees. 


54, Thirty years ago the rate of exchange was double what it is 
now, and a remittance of £65 from Bombay to London then cost 
Rs. 600 less than now ; what was the rate of exchange thirty years ago ? 


55, A traveller from London on landing in Calcutta sold half his 
English sovereigns at the rate of 1s. 4d., and the next week sold the 
remaining half at the rate of 1s. 3d., and he realized altogether Rs. 744 ; 
how many sovereigns did he sell ? 


56. A plank is sawn into two pieces such that seven times one 
piece is as long as eight times the other, and the shorter piecé is 
found to be 3 feet 6 inches long; what was the length of the plank 
originally ? 


a pe ae 
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57. Find the area of a rectangle whose dimensions are two feet. 


shorter and three feet longer than the side of a square of equal area. 


58, Find the dimensions of a rectangle six feet less in breadth than 
in length, which would have its area diminished by eleven square feet 
if each side were shortened by a foot. 


59. A sugar cane 2 feet 10 inches long is divided among four 
children in such a way that the first gets 3 inches more than the 


second, the second 2 inches more than the third and the third 1 inch 


more than the fourth; find the length of each child’s piece. 


60. Divide a line 27 yards long into two parts such that the differ- 
ence of the areas of the squares described upon them shall be equal to 
the area of a square of side 9 yards. 


61. A train travelling at the rate of 20 miles an hour takes 1 hour 
12 minutes longer to go from Bombay to Poona than a train travelling 
at the rate of 25 miles an hour; find the distance between Bombay and 
Poona. 


62. A train leaves A at 11 a.m., passes through B at 11.40 a.m., 
from this point reduces its speed to 32 of what it had been, and _travel- 


ling at this diminished speed arrives at C at 1.45 p.m. The distance : 


from B to C being 66 miles, find the distance from A to C. 


63. Two cyclists start simultaneously from Bombay and Tanna 
and travel uniformly, but the one from Bombay at five-sixths of the 
speed of the one from Tanna, and they meet in half an hour ten miles 
from Bombay ; find the distance of Tanna from Bombay and the speed 
of each cyclist. 


64, A man walked downhill from Mahableshwar to Poona at the 
rate of 5 miles an hour, but on the return journey uphill he could only 
walk at three-fifths of bis former speed and the journey occupied 
9 hours 12 minutes longer ; how far is Mahableshwar from Poona ? 


65. Two boys A and B ran a race;after running uniformly for 
half a minute and when near the winning-post A was one yard in front 
of B; B then put on a spurt, and quickening his speed by one-third 
won by ayard in a second more. Find the speed of each and the length 
of the course. | 


66. Two persons started in opposite directions from a point on the 
equator and travelled uniformly along it, the speed of one being twenty 
miles a day greater than that of the other, and they met in 80 days; 
the Earth’s circumference being 24,000 miles, find the speed of each. 


67. A panther is pursuing a deer and takes two leaps to er’s 
three, but one leap of the panther is equal to two leaps of the deen; if 
the deer have a start of twenty of its own leaps, how many more leaps 
will it take before it is caught ? 


68. A dog chases a jackal, running seven yards while the jackal 
runs six, and catches it in 74 minutes, the jackal having had a start of 
- 440 yards ; find the speed of dog and jackal in miles per hour. 
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_ 69. When Jamsetjee’s mother died her age was treble his, but 
if ten years had been added to his age her age would only have been 
double his; how old was Jamsetjee when his mother died ? ' 


70, Four times a boy’s age is seven times his sister’s age, but 
if two years were added to his age it would then be double his sister's ; 
find the ages of brother and sister. 


71. My age, the age of my father and the age of my grandfather 
are the squares of three consecutive even numbers, and our united ages 
exceed thrice my age by ninety-two years ; how old are we? 


72. The Post Office makes three deliveries of letters in the day ; by 
the first delivery I receive thrice as many letters as by the second, and 
by the third half as many again as by the first and second together, 
and I receive altogether twenty letters ; how many letters do I receive 
by each delivery ? 


73. Two men can separately perform a piece of work in seven and 
eight hours ; in what time can they perform it if they work together ? 


74, A can copy 13 pages of a manuscript in 2 hours while B can 
copy 23 pages in 8 hours; how must they divide a manuscript of 85 
pages so that they may work for the same, time and finish simul- 
taneously ? 


75. A cistern is supplied with water by two pipes and in 8 minutes 
can be filled by opening both; if one of the pipes alone could fill 
the cistern in 12 minutes, in what time could the other fill it ? 


76. A tank can be filled with water by two pipes singly in 3 hours’ 
and 44 hours, and it can be emptied by a waste pipe in 3} hours ; if all 
three pipes are open, in what time will the tank be filled ? 


77. A lady asked her servant what o’clock it was and was 
answered that it was between 3 and 4 and that the hour and minute 
hands were together; find what o’clock it was. 


78. At what o’clock between 6 and 7 are the hour and minute 
hands of a watch separated by twenty minute-spaces ? 


79, A watch has hour, minute and seconds hands moving on the 
same axis, the seconds hand describing a complete revolution in a 
minute, and the hands are all together at noon ; when will (1) the 
minute and seconds hands, (2) the hour and seconds hands, be next 
together ? 


Pr A dishonest milkman adulterated a certain quantity of milk by 


addi ater; if he had put in twice as much water the mixture would 
have been one-third water; how much pure milk was there in a 
mixture of five seers? 


81. A lady engaged a dirzi for thirty days on condition that for 
every day he worked he should receive 8 annas and that he should 
forfeit 2 annas for every day he was absent, and at the end of the time 
he received 10 rupees; how many days did he work? 
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82.. A ship was provisioned for an eighty days’ voyage, but after 
fifty days one-third of the stores then remaining was condemned and 
thrown overboard, and at the same time twenty shipwrecked sailors 
were taken aboard; all on board were then put on half rations and the 
remaining provisions were made to last out the original time intended ; 
find the number of the ship’s crew. 


83, Two sailors without means decide to walk overland from 
Bombay and Calcutta respectively so as to meet; they start simul- © 
taneously, the one from Bombay walking at the rate of 5 miles in 
2 hours and the other at the rate of 7 miles in 3 hours; they walk 14 
hours each day and meet 49 miles nearer Bombay than Calcutta ; in 
how many days do they meet and what is the distance between Bombay 
and Calcutta ? 


Y 84, A man starts from Madras on his bicycle for Bombay and 
travels at a uniform rate nine hours a day ; half-way between Madras 
and Bombay an accident happens to hts machine and he has to reduce 
his speed by one quarter during the remainder of his journey and 
arrives in Bombay three days later than he had intended ; his speed 
originally being six miles an hour, how many days did his journey 
occupy and how far is Madras from Bombay by road ? 


85. The hands of a clock are opposite each other at 6 o'clock ; 
when are they next opposite each other ? 


86. How many minutes is it past 5 if three quarters of an hour ago 
it was four times as many minutes past 3 ? 


87. A’s watch gains half as much as B’s loses; the watches are 
both adjusted at noon on Monday and on the following Friday at 
6 p.M. A’s watch is found to be 12 minutes 45 seconds in advance of B's ; 
how many minutes per day do A’s and J’s watches gain and lose 
respectively ? ; 


88. Two cubical stacks of equal cubical bricks are such that the 
number of bricks in a horizontal row in a side of one stack is greater by 
unity than the number of brieks in a horizontal row in a side of the 
other, and the difference of the numbers of bricks in the stacks exceeds 
by 31 thrice the square of the number of bricks in a horizontal row in 
a side of the smaller stack ; find the number of bricks in each stack. 


89. An officer attempting to form a solid square with his soldiers 
found he had 39 too many, but that he would require 24 more if each 
side of the square were to be increased by one man ; how. many soldiers 
were there ? 


90. Acolonel draws up his regiment of 1504 men in the shape of a, 
hollow square eight deep ; how many men are on each outer side of the 
square ¢ 


91. An officer draws up his men in the form of a hollow square 
two deep and afterwards three deep, and finds that an inner side in the 
latter case contains thirty fewer men than in the former; find the 
number of men. 
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92. A fruiterer bought Alphonzo mangoes at Rs. 2 per dozen and > 


ye 


Mazagon mangoes at R. 1. 12a. per dozen and sold 39 dozen altogether — 


for Rs. 81, thus realizing 124 per cent. on his outlay; how many 
mangoes of each kind did he buy ? 


93. If the price of 100 Ibs. of sugar exceed the price of 8 lbs. of tea 
by Rs. 3. 13a. and the price of 3 lbs. of tea exceed the price of 16 lbs. 


_ of sugar by R. 1. 9a. 6p., find the price of tea. 


94, A grocer mixed superior sugar at Rs. 4 per maund with inferior 
sugar at R. 1. 8a. per maund and sold the whole at Rs. 2. 8 a. per maund 
in such a way as to gain 25 per cent. on the cost price ; how much 
superior sugar was in a maund of the mixture ? 


95, A visitor at Matheran ascended Prabhal Hill at the rate of 
a quarter of a mile an hour and descended at the rate of seven-twelfths 


of a mile an hour and occupied 23 hours over the ascent and descent ; 


what is the height of the mountain in feet ? 


96. A steamer started from Bombay at 10 a.m. on Dec. 30th, 1893, 
and went at the rate of 240 miles a day, and she was followed nine 
hours later by another steamer which went at the rate of 255 miles a 
day ; when and at what distance from Bombay did the second steamer 
overtake the first ? 


97. Two men A and B usually drink a cask of beer in 36 days ; 
when both have drank from the cask for nine days A goes away and B 
then finishes the cask in 63 days; find the time in which A and B 
would separately drink the contents of the cask. 


98, In an examination paper in algebra carrying a hundred marks 
one student got full marks for bookwork and attempted no rider, while 
another student, whose marks were two and a half times as many as 
those of the first, got seven-eighths of full marks on bookwork and 
thirteen-seventeenths of full marks on riders; how many marks were 
assigned to bookwork and riders respectively ? 


99. In an examination 560 marks were assigned to mathematics 
and 440 to classics and a candidate got 700 marks ; if he had answered 
a quarter more than he did in mathematics and two-fifteenths more 
than he did in classics he would have got 840 marks; how many 
marks did he get for mathematics and classics respectively ? 


100. If the value of gold at a certain rate of exchange is Rs. 28 per 
tolah and it falls to Rs. 26. 8a. per tolah on a rise of three farthings in 
the sterling value of the rupee, what is then the rate of exchange ? 


Problems to be solved by equations with two unknown quantities. 


101. Find two numbers such that their sum shall be 66 and 
difference 8, 


102. The sum of two numbers is 18 and the difference of their 
squares is 36; find the numbers. 
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103. Seven times the difference of two numbers is 245 and 
three times their sum is 459; what are the numbers ? 


104. Thrice the sum of two numbers is 225 and is five times their 
difference ; find the numbers. 


105. Find two numbers such that their sum is seven times their 
difference and their product is equal to the product of the greater 
diminished by 6 and less increased by 9. 


106. Find a fraction such that if 1 be added to the denominator, 
or if 1 be subtracted from both numerator and denominator, the value 
becomes 4. 


107. Find a fraction which becomes } on adding unity to the 
denominator and becomes 3}; on subtracting unity from the numeratcr. 


108. If the numerator of a certain fraction be increased by ¢ and 
its denominator by 2 its value becomes $, and if the numerator be > 
diminished by % and “denominator by # its value becomes 3; find the 
fraction. 


109. The sum of the two digits composing a number is 15, and if 
‘9 be added to the number the digits will be reversed; what is the 
number ? 


110. <A certain number of two digits is seven times the sum 
of its digits, and by subtracting 27 from it its digits are reversed ; 
find it. 


111. The sum and difference of a number of two digits and of the 
number formed by reversing the digits are 132 and 18 respectively ; 
find the numbers. 


112. A number lies between 10 and 100, the sum of its digits is 12, 
and if the number be divided by the sum of Eats digits the weHeR i8 7; 
what is the number ? 


113. A and B had Rs. 200 between them, but A spent four-fifths of 
his money and B spent two-thirds of his and then they had only 
Rs. 50 ; how much had each originally ? 


114, A herdsman sold 26 sheep and 28 goats for Rs. 255 and 
subsequently at the same price €0 sheep and 13 goats for Rs. 382 ; what 
was the price of a sheep and a goat respectively ? 


115. Two boys A and B compare the contents of their purses and 
discover that if A lent B three shillings then B would have what A had 
originally, but that if B lent Aa shilling then A would have six times 
what B had left ; how much had each boy ? 


116. A man paid a bill of Rs. 26 in rupees, 8-anna and 4-anna 
pieces ; the number of rupees exceeded the number of 8-anna and 
4-anna pieces by 6 and was five times the number of 4-anna pieces ; 
- how many coins of each kind were used ? 
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117. A bania drew Rs. 550 out of the Bank in notes of ten and five 
rupees, and the total number of notes exceeded by 12 the eleventh part 


of the number of rupees drawn out ; find the number of notes of each 
kind which he received. 


118. <A bill of £2. 1ls. 6d. was paid in half-crowns, florins and 
shillings ; the number of half-crowns was equal to the number of florins 
and shillings and five times the number of florins exceeded the number 
of half-crowns and shillings by 10; find the number of each coin. 


119. A dole of £17 was distributed among 56 old men and 48 old 
women and at the same rate might have been distributed among 44 old 
men and 62 old women; how much did each man and each woman 
receive ? 


120. A man has a certain sum in 8-anna, 4-anna and 2-anna pieces, 
the coins being twenty-two in number; if the number of 8-anna and 
4-anna pieces were interchanged he would have Rs. 6. 8a., and if the 
number of 4-anna and 2-anna pieces were interchanged he would have 
Rs. 7. 12a.; how much money and how many coins of each kind has 
he? 


121. If a lady pays her milkman at Poona Rs. 11. 5a. 4p. for 102 
seers of milk andin Bombay Rs. 18. 12 a. for 150 seers, and if for 48 quarts 
she pays Rs. 7 in Poona and Rs. 9 in Bombay, compare the Poona and 
Bombay seer and find the capacity of each in quarts. 


122. A hawker of fruit spent Rs. 5. 12a. in purchasing oranges and 
pummeloes, giving two annas for five oranges and five annas for two 
pummeloes ; he then sold three-quarters of his oranges at three annas 
for five and two-thirds of his pummeloes at seven annas for two and 
thereby realized as much as he had given for the whole of his stock ; 
how many oranges and how many pummeloes did he buy ? 


123. The ages of a man and his wife taken together exceed twice 
the wife’s age by sixteen years and the husband’s age diminished by a 
year is thrice the difference of their ages ; how old are the husband and 
wife respectively ? 


124, The difference of the reciprocals of the figures of a young 
man’s age is half their sum and is 4; how old is he? 


125, Double the sum of the ages of a boy and his younger sister 
is less than their father’s age by 5 years, but 6 years ago four times the 
sum of their ages was less than their father’s age by 3 years; the 
father’s age being 49 find the ages of the boy and his sister. 


126. A’s age is less than the sum of the ages of his two brothers by 
19 years, but 22 years ago A’s age was double B’s and five times (C's ; 
how eet years ago did A come of age and what were then the ages of 
Band C? 


127. On March 2, 1892, the age of an infant A in days was five 
times as great as that of another infant B, but on March 8th was only 


twice as great ; how old were A and B on March 2nd and on what days 
were they born ? 
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128. Two men A and B were engaged to dig an acre of ground; A - 
dug by himself for three days and then A and B dug together for two 
» days and found that a rood was completed; A and B continued working 
together for five more days and then A went away and B finished the 
remainder in nine days. In how many days could each separately dig 
the whole ground ? 


129. A tank which will hold 42000 gallons is filled by two pipes 
together in 4 hours 40 minutes, but if one pipe were open for 1 hour 12 
minutes and then closed and the other were open for 3 hours 45 
minutes the tank would be half full ; find the quantity of water poured 
into the tank through each pipe in an hour. 


130. A walked from Bombay to Bandora ten miles distant at a 
uniform rate, and starting immediately on the return journey met B, 
who had started from Bombay an hour and a half after him and also 
_ walked at a uniform rate, four miles from Bandora; if B had started 
_ twenty minutes after A he would have met A two miles from Bandora; 
find the rates of walking of A and B. | 


131. A man started on his tricycle purposing to travel at a uniform 
speed to a friend’s house and back, but after accomplishing a quarter of 
the return journey he met with an accident and had to drag his machine. 
the remainder of the distance at the speed of two miles an hour, and so 
arrived at home at the end of 83 hours instead of 4 hours as intended ; 
find the distance to his friend’s house and his speed on the tricycle. 


132. A grain merchant sold 2 candies of gram and 16 pharas of 
bran to a customer for Rs. 60 and at the same rate 7 candies of gram 
and 40 pharas of bran to another customer for Rs. 205; compare the 
prices of gram and bran, (8 pharas=1 candy.) 


133, A bania mixed the best rice at 10 annas a pilee with inferior 
rice at 2 rupees a phara, and sold a candy of the mixture for Rs. 40 at. 
a profit of 25 per cent. on the market price; find the proportion of the 
two kinds of rice in the mixture. (16 pilees=1 phara.) 


134, If aman buy white sugar at a European shop at Rs. 17. 8a. per 
ewt. and brown sugar in the bazar at Rs. 2. 8a. per maund, in what 
proportions must he mix the two kinds so as to sell by retail at 1 anna 
6 pies per seer and gain 25 per cent. on his outlay ? 

(1 maund= 28 lbs. = 40 seers.) 


135. A grocer bought two sorts of tea at 10 annas and 1 rupee a lb. 
and mixing them sold the mixture at 14 annas a lb., thus gaining 10 
per cent. on his outlay; if he had sold the mixture at 15 annas a lb. he 
would have gained Rs. 12. 8a.; find the quantity of each kind of tea. 


136. A man invested his savings partly in Railway Guaranteed 
Stock at 4 per cent. and partly in Mill Shares at 54 per cent., and the 
latter investment yielded £51 more than the former the first year but 
the second year yielded £3 less owing to the interest being reduced to 
24 per cent.; find the amount of stock held in each concern, 
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137. A person invested a certain sum at 44 per cent. and a second 
sum at 34 per cent., and the interest from the second exceeded that 
from the first by Rs. 20 per annum; if he had invested the first sum at 
the rate of interest of the second and the second at the rate of interest 
of the first, then the interest from the second would have exceeded that 
from the first by Rs. 140 per annum; find the sum invested at 
each rate. 


138. A remits two-thirds of his pay and B remits half his pay 
monthly from India to Europe ; when exchange was at Is. 4d. A and 
B together remitted £86. 13s. 4d., and with exchange at Is. 2d. 
A remitted £17. 10s. more than B; find the monthly pay of A and B. 


139, A government officer serving in India has+to remit a fixed 
sterling sum every month to England for the support of his family, and 
he finds that at first with favourable exchange half his pay sufficed for 
- the purpose, that when exchange fell fivepence lower Rs. 100 more were 
required, and that when exchange fell threepence lower still five-sixths 
of his pay was required ; what was the amount of his monthly sterling 
remittance and what was the rate of exchange at first ? 


140. Atacertain rate of exchange a sum of Rs. 24,000 is required 
for a remittance from Calcutta to London, but if exchange were to rise 


twopence Rs. 3000 less would suffice ; find the sterling sum remitted 


and rate of exchange. 


141, An officer remits to England from Bombay a fixed quarterly 
sum in sterling for the education of his children, and he finds that one 
quarter he requires three-eighths as many more rupees as for the 
preceding quarter when exchange was sixpence higher and Rs. 132 less 
than the succeeding quarter when exchange was a penny lower; find 
the amount of his sterling quarterly remittance and the rate of 
exchange the first quarter. What was the amount in rupees required 
for the remittance each quarter ? 


142. An oarsman rows 24 miles down a river in 3 hours and finds 
that it takes him 12 hours to return ; at what rate does the river flow 
and the man row ? 


143, Aman starts at noon and until 2.30 P.M. canoes down a stream 
which runs at the rate of 2 miles an hour; he then returns and finds 
that he is a mile short of his starting-place at 7.15 p.m.; find the 
distance he went and his rate of canoeing. 


144, A man swimming against the stream notices that if he 
diminish his rate of swimming by half a mile an hour he remains 
stationary and that if he increase it by a third he covers double his 
former distance in the same time; find the rate of the stream and of 
the swimmer. 


145. A boatman finds that he can row three miles against the 
stream in the same time that he can row five miles with it, and that 
he can row up the stream to the town 15 miles off and back again in 
eight hours; how long is he in going to the town and how long 
in returning from it ? 
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146. There are two lines of railway between a town A and another | 
town B, the total length of both lines being 239 miles ; by one line a 
train goes from A to B in 4} hours, and another train travelling at six- 
sevenths of the speed of the first train goes from A to B by the other 
and longer line in 5 hours ; find the distance from A to B by each line. 


147, A train travelled for 1 hour 30 minutes at a uniform speed, 
was then detained by a block on the line for 25 minutes, and afterwards 
accelerating its speed by three-quarters of what it had been before 
arrived at the terminus’ 10 minutes late; if the detention had occurred 
7 miles nearer the starting point the train, at the accelerated speed, 
would have arrived only 2$ minutes late. Find the original speed 
of the train and whole distance travelled. ; 


148, An express train of length 90 feet passes an ordinary train of 
length 180 feet in 10 seconds when they are moving in the same 
direction, and in 2 seconds when they are moving in opposite 
directions ; at what speed in miles per hour is each train travelling ? 


149, <A fast train starts from Colaba for Surat half-an-hour after a 
goods train, travels at the rate of 30 miles an hour, occupies 14 seconds 
in passing the goods train, stops two hours at Surat, then returns, 
occupies 6 seconds in passing the goods train and finally arrives at 
Colaba a quarter of an hour before the goods train reaches Surat; find 
the speed of the goods train and distance of Surat from Colaba. 


150. Lines of railway from A and B cross each other at C, and a 
train which started at noon from A has a collision at 3 p.m. at the 
crossing C with a train which started from B at 10 a.m.; if the train 
from A had increased its speed by a tenth part of the speed of the train 
from it would have been three miles beyond the crossing at 3 P.M, 
and if the train from B had travelled from 2 p.m. to 3 P.M. at the speed 
of the train from A it would have been seven miles beyond C at 3 P.m.; 
find the distance of C from A and from B. 


151. A greyhound is chasing a hare; the hare takes five leaps to 
the greyhound’s four, but three of the greyhound’s leaps are equivalent 
to four of the hare’s ; the hare has a start of 40 feet and is caught after 
taking two hundred leaps ; find the length of a leap of the hare and of 
the greyhound in feet. 


152. A company divide the expenses of a dinner and discover that 
if there had been four more guests each would have paid a rupee less, 
but that if there had been three fewer each would have paid a rupee 
more; find the number of guests and contribution of each to the 
reckoning. 


153, A saves one-sixth of his income one month while B spends 
Rs. 300 more than A and is Rs. 50 in debt at the end of the month; the 
next month A saves one-third of his income, while B after paying off 
his debt of the previous month spends Rs. 500 more than A and 
is Rs. 150 in debt at the end of the month; what is the monthly 
income of each ? 


H. A, 10 
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154. Three capitalists, A, B, C compare their fortunes and find that 
if A were to lend B half a lakh of rupees B would have thrice as much 
as C, but that if A were to lend Oa lakh anda half all three would have 
equal fortunes ; how much has each ? 


155. Ifa rectangular lawn were a yard longer and a yard narrower 
it would contain 82 square yards less, but if it were a yard longer and 
also a yard wider it would contain 162 square yards more; find 
its length, breadth and acreage. 


156. Three workmen, A, Band C are employed to excavate a trench 
720 yards long ; in nine days A and B together do 306 yards of which 
A does 18 yards more than B, and all three can do 49 yards in a day; 
in how many days could each separately do the whole work ? 


157. Ata Hindu mela a quarter of a lakh of rupees was distributed 
among mendicants; if there had been 1250 more mendicants each would 
have received one rupee less, but if there had been 1000 fewer each 
would have received one rupee four annas more; how many mendicants 
were there, and how much did each receive ? 


158. Inatwo-mile race between two boys, A and B, one boy A has 
a start of 528 yards but B beats him by 45 seconds, and in a mile race 
A has a start of 1 minute 30 seconds and there is a dead heat; find the 
speed of each in miles per hour. 


159. In an examination in Mathematics one student got ten- 
elevenths of full marks for bookwork and seven-eighths of those 
for problems and obtained 89 marks, while another student got 
one quarter of full marks for bookwork and one-fourteenth of those for 
problems and obtained 15 marks ; how many marks did the paper carry 
and how many were assigned to bookwork and problems respectively ? 


160. In the Euclid and Algebra paper of a University Examination 
A gets no marks for riders, two-thirds marks for bookwork in Euclid 
and one-half for bookwork in Algebra, and just passes with the 
minimum of 25 per cent. marks on the total; while B gets full marks 
for bookwork, seven-eighths marks for riders in Euclid, and four-fifths 
for riders in Algebra, and altogether obtains 91 marks out of a total of 
100 ; 53 marks being assigned to Euclid and 47 to Algebra, how many 
were given to bookwork in Euclid and Algebra respectively ? 


Problems to be solved by equations with three unknown quantities. 


161, Find three numbers such that the sum of the second and 
third may be 5, of the third and first 4, and of the first and second 3. 


162. There are three numbers such that the first is less than the 
sum of the second and third by 9, the second is less than the sum of 
the third and first by 7, and the third is less than the sum of the first 
and second by 1; find the numbers. 
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163. There are three numbers such that the sum of the first and 
second is equal to the excess of the third above the second, the sum of 
the second and third is six times the first, and the sum of the third and 
first diminished by 1 is thrice the second; what are the numbers ? 


164, Find three numbers such that the sum of the first and second 
may be equal to the third, the sum of the first and third may be twice. 
the second, and the excess of the third above the first may be 2. 


165. Find three numbers such that the first exceeds the second by 
as much as the second exceeds the third, and the difference of the 
squares of the first and second is equal to the sum of the first and 
second and is 9. 


166. The sum of three numbers is 30, the third is five times the 
difference of the first and second, and the difference of the squares of 
the first and second is equal to the square of the third; what are the 
numbers ? 


167. There are three numbers such that the square of the first is 
equal to the sum of the squares of the second and third, the third is 
thrice the difference of the first and second, and the second exceeds the 
third by 13; find the numbers. 


168. There is a certain number of three digits such that if 99 be © 
added to it its digits are reversed, 56 times the number is 45 times the 
number with the digits reversed, and the sum of the digits is 9; what 
is the number ? 


169. Find two numbers each consisting of two digits and having 
the same right-hand digit, such that if a cypher be inserted between 
the two digits of each the value of one is increased sevenfold and of the 
other ninefold, and the sum of the digits of both numbers is 15. 


170. There are two numbers of three digits each such that the 
digits of each are those of the other in reverse order; if the middle digit 
be omitted from each one number becomes the sixth part of what it 
was before, while twice the other is nine times what the first has 
become; the sum of the digits of each number being 9 find the 
numbers, 


171. There is a certain number consisting of three figures whose 
third figure is equal to the sum of the other two; by interchanging the 
first and second figures the number is increased by 90 and by inter- 
changing the second and third is increased by 18; find the number. 


172. Find three numbers such that the first with eight times the 
second, the second with twice the third and the third with four times 
the first may each be equal to 65. 


173. There is a number of four digits having 3 for its first digit on 
the left and 15 for the sum of its digits; if the first and last digits be 
interchanged the number is increased by 1998, and if the second and 
third be interchanged the number is increased by 90; find the number, 


10—2 
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174. Find a number of three digits which when divided by the sum 
of its extreme digits produces the quotient 49 and remainder 3, and 
when divided by six times the middle digit produces the quotient 41; 
also the sum of its digits divided by the extreme left-hand digit produces 
the quotient 2 and remainder 4. 


175. ‘There are three fractions in descending order of magnitude 
whose sum is 3; the difference of the first and second is equal to the 
third, and the difference of the second and third is half the first; find 
the fractions. . 


176, A grocer sold to one customer 4 seers of tea, 5 seers of coffee 
and 12 seers of sugar for Rs. 11. 10 a., to another 7 seers of tea, 3 seers 
of coffee and 10 seers of sugar for Rs. 13. 4a., and to a third 5 seers of 
tea, 6 seers of coffee and 8 seers of sugar for Rs. 13; find the price per 
seer of tea, coffee and sugar. 


177. A lady purchased a cat, a dog and a monkey for a guinea; if 
the price of the cat had been increased by two-thirds and that of the 
dog diminished by three-fourths she would still have paid a guinea, and 
if the price of the dog had been halved and of the monkey doubled she 
would again have paid a guinea; find how much she gave for the cat, 
dog and monkey separately. : 


178. A contractor sold a lot of camels, ponies and mules for 
Rs. 9750, realizing Rs. 180 for each camel, Rs. 75 for each pony and 
Rs. 30 for each mule; if the price of each camel had been halved and of 
each pony doubled he would have realized Rs. 1950 more, and if the 
price of each pony had been halved and of each mule doubled he would 
ae realized Rs.525 more; how many of each kind of animal did he 
sell ? 


179. A bania sold 2} candies of gram and 1} candies of corn to ~ 
one customer for Rs. 85, 4 candy of gram and 10 pharas of rice to 
another customer for Rs. 61, and 6 pharas of corn and 7 pharas of rice 
to a third customer for Rs. 50; find the price per candy of each kind of 
grain. (8 pharas =1 candy.) 


180. There are three pair of horses worth £800; if a horse of the 
first pair were interchanged with a horse of the second each pair so 
formed would be worth £290, but if a horse of the first pair were 
interchanged with a horse of the third each pair so formed would be 
worth £260; find the value of each pair. 


181. There are three ingots, A, B, C, composed of gold, silver and 
copper mixed in different proportions; 11b. of A contains 1 oz. of gold, 
5oz..of silver and 60z. of copper; 1lb. of B contains 2 oz. of gold, 
3 oz. of silver and 7 oz. of copper; and ilb. of C contains 402, of gold, 
6 oz. of silver and 2 oz. of copper. How much must be taken from each 
ingot to form a pound of metal containing 2 oz. of gold, 43 oz. of silver, 
and 4302. of copper ? 
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182. Three men, A, B, C, have to dig 180 square yards of ground ; 
Band C can dig 85 yards, Cand A can dig 76 yards, and A and B can 
dig 81 yards in a day; in how many days could each separately com- ~ 

_ plete the whole work ? 


183. In eight days B and C can earn Rs. 31, Cand A Rs. 34, and A 
and B Rs.37; how much can each earn in a day ? 


184. In six hours A, B and C can earn Rs. 7, 2a., while in four 
hours A and B can earn Rs. 2. 12a., and in three hours A and 
can earn Rs. 2. 10a.; what is the pay of each per hour? ! 


185. Three men, A, B, C, undertake a piece of work and perform 
half of it in 4 days; A then goes away and B and C perform three-fifths 
of what remains in 4 days; B then goes away and A returns, and A and 
C complete the remainder in 2,2, days; in how many days could each 
perform the whole work ? 


“186. A tank which will hold 12000 gallons is fed by three pipes; 
the first and second together can fill it in 1 hour 20 minutes, the second 
and third together in 2 hours 24 minutes, and the third and first 
- together in 1 hour 30 minutes; how many gallons can each pipe supply 
singly in an hour ? . 


187. Three pipes together can fill a cistern with water in 20 
minutes and a waste-pipe can empty it in 2 hours; the first and second 
pipes can fill the cistern in 24 minutes and the first and third can fill it 
in half-an-hour; if the waste-pipe be open in what time can each pipe 
fill the cistern ? 


188, A grocer mixed Assam tea at 14 annas per lb. with Ceylon tea 
at R.1. 4a. per Ib. and China tea at R.1. 8a. per lb. in such a way 
that the quantity of Assam tea was five-sevenths of the quantity of 
Ceylon tea and China tea taken together; how much of each sort did 
he take so as to form a mixture worth R. 1. 2a. per lb.? 


189, A vintner mixes wines which cost him £3, £2. 8s. and’‘£1. 16s. 
per dozen in such a way that the quantity of the cheaper wine is thrice 
the quantity of the other two wines taken together, and he sells the 
mixture at £2. 4s. per dozen at a gain of 10 per cent. on his outlay; 
how many bottles of each kind of wine must he take to make up a 
dozen of the mixture? 


190. <A haystack of uniform rectangular section is such that if its 
length and breadth were each increased by a foot it would contain 3030 
cubic feet more; if its length were diminished by a foot and breadth 
increased by a foot it would contain 570 cubic feet more; and if its 
length were increased by a foot and breadth diminished by a foot it 
would contain 630 cubic feet less; find its dimensions. What is its 
value if 48 cubic feet are worth a rupee ? 


191. A man left by will property of the value of £99,000 and he 
divided it among his six sons, five daughters and widow as follows: 
each son to have the same share and each daughter to have the same 
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share, but the share of three sons to be equal to the share of four 
daughters; and the widow to have half as much again as the share of a 
son and a daughter together; find the share of the widow, of each son 
and of each daughter. 


192, A man received a sum of Rs. 28 in rupees, eight-anna pieces, 
four-anna pieces and two-anna pieces; the number of rupees was thrice 
the number of eight-anna pieces, the number of rupees and four-anna 
pieces was five-sixths of the number of four-anna pieces and two-anna 
pieces, and the number of four-anna pieces exceeded the number of 
eight-anna pieces and two-anna pieces by 1; find the number of each 
coin, 


193, A person paid a bill of Rs. 1000 in notes of twenty rupees, 
ten rupees and five rupees; the number of ten-rupee notes and five- 
rupee notes exceeded the number of twenty-rupee notes by 18, while 
the value of the twenty-rupee notes exceeded the value of the ten-rupee 
notes and five-rupee notes by a number of rupees which was ten times 
the number of five-rupee notes; find the number of each kind of note. 


194, A grazier bought 24 cows, 16 calves and 600 sheep for £1133; 
the price of eleven calves was equal to that of ten sheep, and the price 
of a cow exceeded that of a calf and two sheep by as many threepences 
as was the total number of animals bought; find the price of a cow, of 
a calf and of a sheep. 


195, My father’s age, my age and my son’s age are such that my 
father’s age exceeds my age and my son’s taken together by five years; 
twice my age exceeds my father’s age and my son’s taken together by 
eleven years; and seven times my son’s age exceeds my father’s age 
and mine taken together by five years; what is the age of each of us? 


196, Three government servants, A, B, C, regularly remit from 
India to England for the support of their families seven-eighths, eight- 
ninths and nine-tenths of their monthly pay respectively; when 
_ exchange was at 1s. 6d. their joint remittance was £180; when exchange 
declined to 1s. 4d. A and B together remitted £40 more than C, and 
when exchange further declined to ls. 3d. A and C together remitted 
£50 more than #; find the monthly pay of each in rupees. 


197, Two officers A and B make regular but different sterling 
remittances every month from Bombay to London; one month their 
joint remittance cost Rs. 1050, and the following month with exchange 
a penny lower A’s remittance cost Rs. 160 more than B’s; also the sum 
of the two rates of exchange in pence exceeded by 1 the number of 
pounds sterling remitted monthly by B; find the sterling amount 
remitted by each and the rates of exchange. 


198. A policeman started in pursuit of a dacoit who had ten minutes’ 
start of him and was running uniformly; after running uniformly for 
half-an-hour the policeman mounted a bicycle and caught the dacoit 
after cycling two miles; if the policeman had originally increased his 
speed by a third he would have caught the dacoit in an hour and a 
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half, and if he had cycled from the first he would have caught him in 
ten minutes; find the speed of the dacoit and of the policeman when 
running and when cycling. 


199. A hound and a retriever chased a fox which had a start of 


~ 440 yards, and the hound caught the fox in three minutes, the retriever 


then being 704 yards distant; if the hound had diminished his speed 
by half and the retriever had increased his speed by a third, the 
retriever would have caught the fox in a quarter of an hour; find in 
miles per hour the speed of the hound, of the retriever and of the fox. 


200. In an examination paper in Algebra valued at 150 marks two 
students A and B together got twice as many marks in bookwork as a 
third student C, while C got four times as many marks in problems as 
A and B together; A and C together got 17 more marks in problems 
than in bookwork, and B got altogether 6 marks more than A; A, B 
and C together got 138 marks in bookwork, and C’ got 4 short of full 
marks both in bookwork and problems; find how many marks A, B, C 
individually scored in bookwork and problems respectively, and how 
many marks were assigned to bookwork and problems separately. 


ETE 


RBANM’SH.S(M) LIBRARY 
: B lore-42 


Accession No; or hn did poke 


i 4 : 
P ee r 2° } f ; Ss 
? : oad 4 himod j 
connin ef COCs Y ine sesh opr teesgeace 


CHAPTER XIII 
QUADRATIC EQUATIONS. 


103. A Quadratic Equation is an equation which 


- contains the square of the unknown quantity and no higher 


power; thus 2—3x+2=0, 42?=9, ax?+bx+ce=0 are quadratic 
equations. 


If the square of the unknown quantity alone occur and there 
is no term of the first degree in the equation, the equation is 
said to be a pure quadratic equation ; a pure quadratic equation 
can at once be solved by extracting the square root, and the two 
roots can be written down by inspection. Thus if a= 36, 
extracting the square root we have x=+6; if 7 (a®—1)= 9 (2—2”), 


the equation may be written 16z?= 25, and extracting the square — 


root, 4e=+ 5, so that c=+§$, 


If both the first power and the square of the unknown 
quantity occur in the equation, it is called an adfected 
quadratic equation; thus 2?+4«%—45=0, 1227+%=6 are ad- 
fected quadratic equations. ; 


104. Every quadratic expression when equated to zero 
forms a quadratic equation. Also the roots of such an equation 
are the values of the unknown quantity which satisfy the 
equation, ie. which make the quadratic expression vanish. 
Hence when a quadratic expression is capable of resolution into 
factors by inspection or by methods such as those of Chap. IV. 
VI., the roots of the equation formed by equating the expression 
to zero may at once be written down. 


Thus «?—16=0 may be written (w—4) (#+4)=0, and its roots are 
4,-—4; x*—T7x+10=0 may be written (w—2)(#—5)=0, and its roots 
are 2,5; 8v?+2v—21=0 may be written (27-3) (4v+7)=0, and its 
roots are 3, —4, and so on. 
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Saeailly if a, 8 be the roots of the quadratic equation 
a’ — px +q=0, then 


as he VON ees 
x pe+q=( =) Z 


2 
f ee) (2 + aha 
= (% — a) (w- 8) ; 


and the expressions 2*—px+q and (#—a)(«*—) are thus 
proved to be identical. 


105. The most general form of a quadratic equation is 
ax’ + be+ce=0. 


Multiplying by 4a, transposing the term independent of « and 
adding 6? to both sides, we have 


4a7x? + 4abe + b? = b?—Aac ; 
extracting the square root, 
Qau+b=+ Jb? —4ac; 
—b+ /b*— 4ac 
2a 


This method of solving a quadratic is due to the ancient Hindu 
mathematicians. 


_ Example. Solve 2a7—117+14=0. 


Multiplying by 8, transposing the term independent of 2, and 
adding 121 to both sides, we have 


16x? — 887+121=121—112=9; 
extracting the square root, 


44—l1=+3; 
°. 447=1143=14 or 8; 
°, #=¢ or 2. 


106. The method most usually adopted is however to 
divide by the coefficient of x?, transpose the term independent of x, 
and then add to both sides of the equation the square of half the 
coefficient of x. 
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Thus if at +ba+c=03 
we have by the process indicated, 
Bt Be 0 = 400 


We es 3s etc ‘ 
Og gt hae ee et 
extracting the square root, 
Re Bare 
2a Cae 
; -~b+ Jb?— 4ac 
we ee x= Das we b.0)0 © ble eS, 0610, 0 oe alu ns tee (1) 


as before. 


Any quadratic equation may be solved either by at once 
employing formula (1) and assigning to 4, b, ¢ the particular 
numerical values furnished by any particular problem, or by 
adopting the method of solution here illustrated. 


Example. Solve 60? -—'7x#4+2=0. 
The equation may be written 
v—Te=—-; 
adding to both sides the square of half the coefficient of 2, ie. of —75; 
we have 


re pnlas GEN eee come Eno: ee Oe 
u"— EL Ta 144 4=1103 


extracting the square root, 


12 12? 
e 7 am 1 2 1 
ee C= 13. — or > 
This result may at once be obtained by writing a=6, b= —7,c=2 


in formula (1). 


107. If the given equation be 
ax + ba+c=0, 
or mente re Uae 
Cs ate 
we have seen that its roots are given by (1), so that if a, B be 
these roots, ; 
—b + Jb? — 4ae ~b— J 6 — dae 
oe ee 


2a 2a 
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b 
hence : at Bae, 
Os eke ny eis Dy 
cae aa b+ Jb? — 4ac) (—b — 8 —4ac) 
4¢° 
_ bb (B—4ac) | dace 
a iat aes gt tgs 


Thus in any quadratic equation in which the terms are 
arranged in descending powers of x and the coefficient of the first 
term is unity, the swm of the roots is equal to the coefficient of the 
second term with tts sign changed, and the product of the roots is 
equal to the third term. 


Example 1. Find the sum and difference of the cubes of the roots 
of the equation «?—pxr+q=0. 


By the proposition just proved, if a, 8 be the roots of the given 
equation, we have idee | 


a+S=p, aB=g. 
Hence | a’? + B?= (a+) (a?—aB +?) 
=(a+8) {(a+B)? — 3ap} 
=P (p?—39);: 
and a’ — B°=(a— 8) (a?+a8+?) 


= (a+B)?— 408 x {(a+B)?— a} 
= 4/7? — 49 x ( p?—9q). 


Example 2. Construct the equation whose roots shall be the sum 
and product of the reciprocals of the roots of the equation 


v*—pi+q=07 
With the notation of the previous example the roots of-the required 
: 1. at p 


equation are to be ia , and a and these quantities are i 
a a 


Gane ap 
pti 
q 


and ue so that their sum is and product - Hence the required © 
7. ' 


equation is 


Le. gu —(pt+l1) gvrt+p=0. 
108. In the roots 
—b+ JB due 
20 
of the equation ax’ +be+c=0, 
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if b2—4ac be positive, the quantity under the radical is positive, 
and the roots are possible and different ; if b°—4ac= 0, the roots 
are equal and each is — = ; if b°-4ac be negative, the quantity 
under the radical is negative and so is impossible (Art. 76), and 
the roots are then said to be impossible. Thus the roots are 
possible and unequal if b’>4ac, possible and. equal if 6°’ =4ac, 
and impossible if l?<4ac; also both roots are possible or both 
are impossible, and one cannot be possible while the other is 
impossible. 


Example 1. Shew that the roots of the equation 
15a*+4x7-4=0 
~are possible and different. 
Here 62?—4ac=16—4x15x —4=256, a positive quantity; hence 
the roots are possible and unequal. 
Example 2. Find the value of m so that the equation 


ma? —12%+9=0 
may have equal roots. 


In the general equation the conditions that the roots shall be equal 
is 62=4ae, which in this case becomes 144=4xmx9=36m;3 .*. m=4, 
and the required equation is 

40% —127+9=0, 


and has equal roots, each being 3. 


Example 3. Examine the nature of the roots of the equation 
a? — 2x7 4+2=0. 


By the method or formula of Art. 106 the roots are found to be 
1+ —1 and are impossible, and in this case b?-4ac=4-—8=-—4 and 
is negative. 


109. Equations sometimes occur which are not strictly 
quadratics or which are quadratic in form though not in degree, 
and which, after transformation if necessary, can be solved by 
the ordinary methods. 


Example 1. Solve 4x4 —1327+9=0. 


This is an equation of the fourth degree and is at once seen to be 
equivalent to 
(a? — 1) (4a?-9)=0, 


and thus produces the two quadratic equations #*—1=0, 4a®—9=0, 
the roots of which are 1, —1, and 3, —# respectively. 


. 
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Or we may at once reduce the given equation to an ordinary 
quadratic qe —13y+9=0, by writing y for x, and may solve for y and 
subsequently find the corresponding values of x. 

Example 2. Solve «*—3%°+42?-327+1=0. 

Dividing by «? and re-arranging the terms we have 
+53 (247) +4=0; 

x x 
which may be written 


2 
(0+7) —3 (+2) +2=0. 
L L 


Put 7+ Bed: then the equation becomes 
& oc 3y+2=0, 


ie. (y—1) (y—2)=03 
the roots of which are 1, 2. 


We have now to solve the two equations 


nto=l, n4—=2, ie. 22—-xv+1=0, 2?-274+1=0; 


these are ordinary quadratic equations of which the roots are 


1+ -3 
2 
An equation like that which is here solved, having the coefficients 


of its terms reckoned from the beginning and end equal, is called a 
reciprocal equation. 


anc ub 


ELuxample 3. Solve 


Clearing of ail fractions we have 
(@+3) (—4) (w+11) + (w-8) (x +11) (w+4)=2 (w +3) (w+4) (w—A), 
Le. 2+102? — 2347-13824 4°+ 122? — v7 -— 1382 =22 + 64? — 324-96; 
which becomes on simplification, 
2? +4 —21=0, 
i.e. (7 —3) (24+7)=0; 
so that the roots are 3, —Z. 


In this case the equation, which is apparently a cubic, reduces to a 
quadratic by the terms in 2° cancelling each other. 


As a general rule an equation should be cleared of all fractions 
before we commence its solution. 
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Example 4. Solve 
uv? —4a+ Va? —424+6=0. 
The equation may be written 
a —444+64/0?—4¢+6-6=0, 
which, on putting v?—47+6= 77, becomes 
y’ +y —6=0, 
i.e. (y— 2) (y+3)=0; 


and the roots of this equation are 2, —3, so that the corresponding 
values of y? are 4, 9. 


We have now to solve the equations 
a®—4¢7+6=4 or =9, 
1.e. u?—474+2=0, x*?-4r-3=0. 
These are ordinary quadratic equations of which the roots are 
2+,/2, 2+,/7. 


If we now proceed to verify our solution we find that if we restrict 
the sign of the radical in the original equation to be positive, then the 
value y?=9 does not satisfy the equation, as in that case we should 
have y?+y=9+3=12, whereas y?+y is required to be equal to 6; and 
in fact the solution y?=9 would satisfy the equation y?—y—6=0 and 
not y7+y—6=0. Thus the only admissible solution of the given equa- 
tion would be v=2+,/2. 


Example 5. Solve 
Va+6+V/30+ 7=/1l6r+1. 
Squaring, we have 
4u +1342 /322+4 2507+ 42 =16r+1, 


Le. 6a — 6 = 3x2 + 252 +42 .ccceree cannpenee Ree ee 
Squaring again, 36.27 — 724 +36 = 34? + 254 4+ 42, 
Le. 332" — 9747 -6=0. 


The roots of this equation are 3, — 2, of which the former alone is 
found by trial to satisfy the given equation, while the root — 2; would 
satisfy the equation 


— VJe+6+V30+7 =) 16041. 


The explanation of this is that when we square (1) we obtain the 
same result whether the sign of the radical be positive or negative ; 
and so we cannot be certain without trial that the roots finally obtained 
belong to the given equation or to that equation with the sign of some 
radical changed. 


Meet 


nd 
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Simultaneous equations involving more than one unknown 
; quantity. 


110. <A quadratic equation involving more than one un- 
known quantity must contain a term or terms of the second 
degree and no higher; thus «#?+y?=25, xy=a? are quadratic 
equations in « and y. . 

As with simple equations (Art. 94), so with equations 
involving quadratics, two independent equations are required in 
order to determine two unknown quantities. These equations 
may be both quadratic, or one may be simple, or one may be of 
a higher degree than the second, provided that in all cases ae 
lead to a quadratic equation to be solved. Thus 


a—y=3, a + y? = 65 ; 
or xe —y’=8, 2y’ + xy=4; 
or e+y=T, e+ y= 133, 


which on division lead to the quadratic 

a —nyt+y=19; 
are all classed under the general Hem of simultaneous equations 
involving quadratics. 


Example 1. Solve BAYJHD sseresrscrnstenonecsenssntennanse (1) 


From (1) y=9—wx; substituting in (2), 

— x (9-—x)=56, 

1.€. 2a — 94 —56=0, 
which may be written si 
(7-8) (24+7)=0; 
so that ~=8 or —%, whence y=1 or 22 


Example 2, Solve PY 1S s 00 Sigs chine on ceeeuaeeeee GD 
al A) he S 8. SOO ES PEN Crbery es « (2). 
Multiplying (1) by 2, and adding to (2) and subtracting from (2) 
successively, 
(2+y)*=27 + 2xy+7?=64, 
(t- y= 2? + 2ayt+y?=4 ; 
Betraptinie the square root, wxw+y=+8, 
Hm—Yy= +2; 
whence v= +5, y= +3, or v= +3, y= +5; w, y having in all cases the 
_ same sign. 
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Example 3. Solve . 
Bi? 4+ ry = Y2S=B1 seccsssonssevassctnegs oncanaly 


I? — LY 4 BY7=15 vesrcavees secseon lot Wenee 


* Write y=me in both equations, then 
(8+m—m’*) a2=51, 
(l—-m+3m?*) z?=15; 
by division, Btm—mi _b1_ 17, 
l—-m+3m? 15 57 
which, on clearing of fractions, becomes 
28m? — 11m+1=0, 
(4m -—1)(7m—1)=0; 


1.e. 
*. m= or F. 
Then (1) by substituting the values of m or becomes 


xz*=16 or 49 ; 


2. = +4 or ty and i°F gst 


Simultaneous homogeneous equations of the second degree of this 
shape may always be solved by the rule here illustrated ; write y=ma 
in both equations and by division form an ordinary quadratic in m 


which can be solved by the usual methods, thus leading to the required 


solution in # and y. 
Example 2 might have been solved in this way. 


Example 4. Solve 
Dividing (2) by (1), 
vu + ay +y?=67 ; 


substituting w—5 for y from (1), 
+4 (a—5)+(a—5)?=67, 


which on simplification becomes 
v?—54—-14=0; 


and the solution of this is «= -2 or 7, whence y= -—7 or 2. 


<a ae | 
Example 5, 1 Dd SA 
xample Solve big Vika shave aeeean Be 
4 3 
gat gt POeeeceoeres eercee Doereerser anna ee 


ee 
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From (1) a“ 3 - ; ; multiplying (2) by 3 and substituting the value 


Eee cee 
au Oey segs! 


which on simplification becomes 


of a5 we have 


304 
ae ee. 1t=0; 
6 ae ae 


: oe aaa ee | EI 
The solution of this is zug 7G 8° that 


f rot sae. : ps ee aaa =92 or oe 
y 2 Ree wee aaa 21° 


In equations of this shape the remarks of Art. 95, Ex. 4 apply; the 


unknown quantities should be taken to be = Lynd not %, y, as other- 


wise on clearing the equations of fractions an equation of the fourth 
degree would result. If preferred the student may at once replace 


* : by 2’, y’ and solve the equations for wv’, 7’, returning to the original 


quantities w, y, in the final results obtained. Similarly if quantities 
like S. ~ are symmetrically involved, it will be convenient to replace 
4 : 


them by “’, y' and to solve the equations for x’, 7. 


EXAMPLES. 
Solve the quadratic equations: | 
1, #*?-—57+4=0. 2. «?-—3xe%-108=0, 
3. x27+18%+80=0. 4, «+4+2x7—195=0. 
5. 38v?-«—-4=0. 6. 72?-9xv—-36=0. 
7. 124?+7e%—-10=0. 8. 182?—-67x+14=0. 
9. («—4)?=36. 10. (#+7)?=169. 
ll, («#-5)?=2+1. 12. 4(«#—4)?=9 (w—5)2. 
13. 81 (47-3)? =(77+2)2, 14, 3(4%—-2)?=8x (4-5). 
15. 9 (2x?—x)=8r+15. 16. 14”?-2=37, 
17. 7x(6—7x)=9. . 18. 6(6x22—1)=—9r+1. 
ek s -L5 Praag 
20, "rer 20. eee 


H. A. dil 
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ey 
Ey 


ge—1l=4x. 
(aw —2) (w«—-6)=1. 
(2¢ +3) (7 —5x)=18. 


Siw Sie & 
au 

8 

— 

fon) 

S 

| 

ts 


10.2) 
8 
= 
co 


2? — 338ax+272a?=0. 
142? — ax —4a?=0. 


22. 


24. 


o4. 


(a — a) (%+3a) =(2% — 3a) (8% —5a). 


(30 — 4a) (4%+3a) = (5x4 —6a) (67+). 
58. 


(a+xP=a(a-Z2). 


(~ — a)? +(a@+a)?=(3%—-a)*. 
(40 — 3a)? — (84 — 2a)? = (2x —a)?. 


x — 2ax+a?— b?=0. 


ab (1 — #7) =(a? — 6?) a. 


62. 
64, 
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1 
a+ —=2. 


x*=6 (4 —2). 
(@ +11) (7 +12) =132. 
(6a +1) (8a —2) =7. 


1— 22% 
142% 


1—3x _5 
137. 2 
z-1 27-1 28 
2-3 £4+3 2-9” 
ign’: igang 
U2+30 £242 “#41 


eae 


2+2 4+4 x48 
x—-60 27-60 
%—25° 3%-—10- 
llv+3__ 12¢+41 
97+13 10%+11° 
oe tas 
G° BAA wes 
a —e+1 133 
e+ ¢41 °° 157° 
24-3 22+3 
#+3 w—3 
2° + 8ax=154a2. 
3927 = 16a (4 +32). 


ll 


+10 51. 


(a —2x)?=(8a —42)%. 


x2—(a—b)e—a(2a—b)=0. 
(a? — b?) 22 =(a? +0?) v+ab, 


100, 
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. 4a (v—a+b)=(a+b)?—(a—b)2, 


(b—c) #2+(c-—a)e+a—b=0. 


a (b+c) (1402) = {a2+(b +6) wv. 


xv 
= Fae So 72. 
= a 8 
G—-2 ate 15° 74. 
ek Oa Bae 
Bie aa 76. 
z2-Ya 38x-—2a 
z—4a  2x—4a' 18. 
4 4 ji 
“ uta %w—-38a' 80. 
xu a 
a 32 ye 82. 
1 1 f Sot | 
ee eb a TB a 
b a 
== 9, 86. 
2—a x£-—b 
a b ars 
See et aa 838. 
52 i aa 
z+a a+b a b. 90, 
1 
ol 99. 
Z2—-a «£-b w£-C 
ate b+e 
at+a b+ 94. 
Sets by rl 1 
=—Uset. c—c—a.-a 6° 
ee io. OE 
2-0 @£-b (-ec-a .cHb° 
c-—a c—b fy 
2-2(e+a)° #w-2(ce+b) ~~ 
ee COOK DP 
L—-C L-¢ atb+e’ 


68. 
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66, 5a (5a—2b)=a2—B2. 


pha * elares 
“w+ar+a* 1 


xv? —axz+ar 3° 


ax — a 2 

2 = ax—aP 
m—I1 m—-1l 2 
ma—“'na—-x2 a’ 
1 1 bie OY 
za eb a 8" 
a b 
eral te BP 

b a 250 
e+a' a+b ba’ 
eee 6 | (a+b)? 


a—-a «£-b (b—-a)x’ 


bas ao A) 
“-a’, «-b 


b 


b 


a a 


(145+ 


b 


b 


a 


ax*—(b4+c)“a=atb+e.) 
» (a? — 2c? + 2be) a? =(a+b+c) (2a—a—b—c). 


i 


oee BEEP ae hae 


G0 ee 
bHe-@)e+a3b . 
OO. ada ee 


2a+b+e  at+2b+e 2(a+b+e) 


rt+a «a+b L 


11—2 


i 
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Solve the equations ; 
101, w2t—132?+36=0. 102. 2#*—52?+6=0, 
103, 4a*— 10122425 =0, 104, 3240 101722+784=0. 
105, w!—17a’x? + 16at=0. 106. a@x*— 2a%x?+a*=0, 
107. «®—72°-8=0. 108, 2°—28%°+27=0. 
109. a?b? (w*+1)=(at+ D4) x, 110. a2b®c2x*= (ab? +c) x? — c%, 
lll, 2*-2#—2+1=0, 112, 24—2a3+4+22?-27+1=0. 
113. a*—6234+11lz?-6x%+1=0. 
114, a2'+4az?+ 6a2x? + 4037+ a'=0. 
115, 428 — 2526+ 4204 — 252744=0. 
L- t—2. Isr > ; 
ue, 4S. 7, = 
+1 442 443 tt+ta  %Wwta 4x+I1la 
a arm a a a ee 2a + 8a * 
i 2 6 ef 
120. papa at te 
a-e b-c b+e ate 
121. > ae ems 
122, eae 8 123, 2? —a.+ ae 
Uv xX 
124, (w?+a#+1)?=4 (a +4"+1)+3. 
125, (a#®—1)?=11 (2?-1)+24. 
126, 2 (2x0 —5)24 5a (2x—5)+6=0. 
127, 27 (1-—2¢)?+ 72 (1—2%)+6=0. 
128, 2(a—47+1)=3-(2?— 4x41)”. 
129, 8x (37+5)=15+4 (8224 5x—1)*. 
130. 8x (6x7 —5)=32+-(62?- 5x—2)” 
131. 3 (2°—3)=(23—3)?— 10. 132. 2? —Qx+4/x?— 2742 =0. 
133. 22-—Te#—4/22-7x-—4=0. 134, #?+3v—/x2?+3x-6 =8. 
135, 42-40 4+3=3/422— 4241. 136. 5a?+2-—2=/52% +2. 
137. (+3) (@+5)=/(e+1) (w+7) +20. 
138. «+Va+7=5. 139. x-3-2/x—3=0. 
140. 2v=154/8x—15. 141, 4v=8+4+3 /72+8. 
142, /7¢—6-—/5x—1=1. 143, /v+14+V2t+6=V 2422. 
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144, /4e+5-V/30+1=V 70-6. 
145, /2x+9-1/2n—16=V2—79. 
146. V(a+b) (a—2)+V(a—b) (a +x) =2a. 
147, Va?+0?+04+/o?+b?— 2 =2b., 
148. op lage py ep a 
5/a—ax 


Var+an+a _ Valtarar+ at 
Vx? — ax+at ax 


149, 


150. eS a ef 


151. Write down the sum and product of the roots of the equations 
v—d5r+6=0, 62%9-x-2=0, 20274+19%+3=0, 427-9=0. 


152. State by inspection whether the roots of the following equa- 
tions are possible and unequal, equal, or impossible : 


1822 — 32:—-10=0, 3322+527—-—18=0, 49x?- 84v+36=0, 5x?-—474+3=0. 
153. Ifa, 8 be the roots of the equation 7?+px+q=0, prove that 
a—B="/p?— 49, a®—B’= —/pt—4p79, 


Pat p 
gS a foe Beil Romi peas 
a’ + 3?=p? — 29, - + B q 
154, Find the sum of the squares of the roots of the equations 
—37-—28=0, 82?+14%—15=0. 
155. Find the difference of the squaresof the roots of the equations 
—7#+10=0, 322?-20xr-63=0. 
156. Find the sum of the cubes of the roots of the equations 
~3r+2=0, 80?+2x2—-1=0. 
157. Find the oe eae of the cubes of the roots of the equations 
—Ta+10=0, 227+3e%-2=0. 
158. Construct an equation whose roots shall be the sum and 
product of the roots of the equation «?—px+q=0. 


159. Construct an equation whose roots shall be the reciprocals of 
the roots of the equation x7?—px+q=0. 


160. Construct an equation whose roots shall be the product of the 
roots and the sum of the squares of the roots of the equation 


2 —px+q=0. 
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161. Construct an equation whose roots shall be the squares of the 
roots of the equation #?-px+q=0. 


162. Construct an equation whose’ roots shall be the cubes’ oF the 
roots of the equation #®- px+q=0. 


163. Construct an equation whose roots shall be the sum of the 
squares and the sum of the cubes of the roots of the equation 


u*—pr+q=0. 
| 164, Construct an equation whose roots shall be the fourth powers 
of the roots of the equation 2? —px+q=0. 


165. Shew that the roots of #?—2727%+'7680=0 are the sum and 
product of the roots of #?-—32v+240=0. 


166. Shew that the roots of 3x?+10%—8=0 are the reciprocals of 
the roots of 8v?-—10%—3=0. 


167. Shew that the roots of #?—1927—510=0 are the product and 
the sum of the squares of the roots of #?4+2r”-15=0. 


168. Shew that the roots of #?-1307+3969=0 are the squares of 
the roots of 77+ 27-63=0. 


169. Shew that the roots of #?+632—64=0 are the cubes of the 
roots of v7+3%7—4=0, 


170. Shew that the roots of #?—97x+1296=0 are the fourth 
powers of the roots of v?+x-6=0. 


171. If one of the roots of the equation 2?- pxr+q=0 is n times 
the other, prove that np?=(n+ 1) g. 


172. Shew that one of the roots of ?-—18%+72=0 is double the 
other and that one of the roots of #?—16z+48=0 is treble the other. 


173. Find for what values of m the following equations have equal 
roots; max?—13274+121=0, 922+2mx+49=0, 1692?—390%+m?=0. 


174, Shew that the difference of the roots of the equation 


ax*+be+ce=0 
is equal to the difference of the roots of the equation 
a'x? + b'4+c'=0, 
if a’? (b? — 4ac) =a? (b? — 4a’c’). 


175. Shew that the roots of 
—2axr+a?—b?—¢c?4+2bc=—0 
are the sum and difference of the roots of 
—(a+6+c)x+ab+ca=0. 
176. Shew that the roots of 
— 2 (a?+b?) w+at—2a7h? + b4=0 
are the squares of the roots of 
a“? — 2ax+a?— b?=0, 
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If a, B be Es roots of aa®+bar+c=0: 
177. Shew that 3° e are the roots of 


acx? — . — 2ac)«+ac=0. 


178. Shew that * +5) — B are the roots of 
“bet ae) taboo 
1 
179. Shew that a7 38’ Bo _ are the roots of 
ae 36?) 4? —2abr+a?=0. 
180. Shew that — atm ‘angle +3 are the roots of 


ox? +c? 3-3 ec? — ac (3b — 2c) w— b (2ac— b*) (3ac — b?)=0. 


Solve the simultaneous equations : 


181. v+y=12, a#7+y?=74. 182. 2¢-y="7, a«y=44. 
183. w+y=8, 2-—xry=3884. 184, v—-y=3, w«y+y?=280. 


185. 2?+7?=193,, xy=84. 

186. a?+ay+y?=3, 207+8xy+4y?=9. 

187. 52?-—32y+2y?=20, Ta?+4ay—5y?=7, 

188, wv(w—4y)=48, y(8v+y)=76. 

189. («—4)(y+3)=143, wy=150. 

190. («-7)(y—2)=3, (#+5) (y+3)=104. 

191, w(#—5y)=11, y (8y—x)=10. 
192, w(aty)+y (@—y)=23, 3x (vt+y)=20y (4-y). 
193. vtyt+tl=ay, #+7?=138. 

194. 6v—5y=2, #7 -3xvy+427?+5u—4y=12. 

195. (#+y)?=484+2(4+y), (e—-y)?=8-2(4-y). 
196. w(a+y)=4a+3, y (a+y)=4y+2. 

197. 5e-8y=4, wt+y=ay. 198. 6r+l5y=2Qvy, 27+ 9y=2y. 


199. 34+16=7y+5=wy. 200. x (a+y)=7x (4 —y)=28. 
ee RA Te wey 3) eae 
201. eae x + y*= 106. 202. apy Be L—Y =3. 


903, zx “ty _W gt y2= 34, 


204, * __¥ _>) 5(n-+y)-8(e-y)=1. 


168. 


205. 
207. 
208. 
209. 
210. 


211. 


213. 


215. 


217. 


218. 


220. 
221. 
222. 
223. 


224. 


225. 
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e-y=7, ®B-y=973. 
e+ayty=21, 2-y=126. 
w—ay+y=97, 2+4+y=1843. 
w+ aoy+y?=37, «+a7y?+y*=481. 
v—svyt+y?=109, wt+x2y?+y'=4251. 


2 ROS Bsa & 1 
a+y=15, —+ 


: yr 12" 212. x--= 
5t7=6 atan2 au, 2 5 
= Vata tar a6, 44 


a(a+y)=a(2a—b), «2-7? =b (2a—6). 
2(a@—y)=a—b, 4(2?-—xy+y")=3a?+ D2, 
aty=2a, w+y3=2a (a? +362). 


a(v—y)=b(a+y), 2-y*=ab. 
8a 3b 16a?_ 90? 

ic 5 aN0 a —s-=il, 
ati wv y 


LO Sa aS oe Bek 
ees 2c, a a? + 6?—c?+ 2ab. 


. 
a 


206. wty=4, #+7=316. 


CHAPTER XIV. 
PROBLEMS WHICH LEAD TO QUADRATIC EQUATIONS. 


111. Tue remarks of Art. 98, 99 apply to all equations, 
irrespective of their degree. The translation of a statement of 
facts from the language of ordinary life into that of algebra 
sometimes leads to simple equations, sometimes to quadratics and 
sometimes to cubics or equations of a higher degree. The present 
chapter is concerned with problems that produce quadratic equa- 
tions, which on being solved furnish the values of certain quanti- 
ties we seek. 


It often happens that one of the results obtained is inconsistent 
with the conditions of the given problem and so is inadmissible ; 
this occurs when the problem is hampered by certain restrictions, 
inseparable from its nature or from the nature of things, which 
are not included in the equation at which we arrive. There will 
be no practical difficulty in discovering whether a result obtained 
is admissible or not in any particular problem, as the inadmissible 
result is in such cases manifestly absurd, and generally takes the 
form of a negative root, while the conditions of the problem render 
such a value unmeaning. 


112. Problems which lead to equations imvolving one un- 
known quantity. 

Example 1. Find what number being added to its square will 
produce 56. 

Let # be the required number, then 

| a? +x27=56, 
i.e. (7-7) (~+8)=0 ; 

*, #=7 or —8. 

Thus the number required is 7 or —8; but if, as is often the case, 

negative numbers are excluded, then the only answer would be 7. 
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PF Roamle 2. Divide 48 into two parts such that their product may 
be forty-five times their difference. ‘ 


Let x be the greater part, then 48—w is the less, and their difference - 


is w— (48-2), Le. 24-48. 
Hence x (48 — v7) =45 (24 - 48), 
which on simplification becomes ‘ 
a* +427 —2160=0, 
i.e. (x — 30) (w7+72)=0; 
*, e=30 or —72. 


The former result is alone admissible, as 48 is to be divided into 
two parts which are positive numbers ; thus the two parts required are 
30, 18. 


Example 3. A sum of three rupees was distributed among.a gang 
of beggars ; if there had been eight more, each would have received one 
anna less ; how maiy beggars were there ?” 


Let w# be the number of beggars, then each receives ones 


annas ; . 
t : : 3x16 
and, if there had been eight more, each would have received eae! 
annas; also the former sum exceeds the latter by 1 anna, Hence 
38x16 3x16_ 1 
x LZ+8 


which on simplification becomes 
224 84 —384=0, 
1,6. (v— 16) (#+24)=0; | 
*, ©=16 or — 24. 
~The number of beggars must be positive so that the latter result is 
inadmissible, and the number required is 16. 


Example 4, A dealer bought a horse for a certain sum and on 
re-selling it for £171 gained as much per cent. as was the number of 
pounds he gave for the horse; find the cost. of the horse. 


Let # be the number of pounds the dealer gave for the horse; then 
in return for an outlay of £# he received £171, so that for each pound 


of outlay he received £ ae and for each £100 of outlay he received at 


the rate of £ — ; his gain per cent. was thus i 100. Hence 
be 100 =; 
a 
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which may be written if 

22+ 100% —17100=0, 

Le. (~ —90) (w+190)=0; 
-. #=90 or — 190. 


The latter root is plainly inadmissible, as the original cost of the 
horse must have been a positive number of pounds ; the cost required 
is therefore £90. 


Example 5. If a boy’s age and his father’s age amount together to 
36 years and the eleventh part of the product of their ages exceed the 
boy’s age by 6 years, how old are they ?_ 


Let # years be the boy’s age, then 36-2 ere is the fattier’s age,* 


and we have - en, 
~ 208-9 ays, - 
which on simplification becomes - 
=252466-0, . 2% 
ee (~—3) (w— 22)=0; S¢ ) 
*, v=3 or 22, 


4 


The latter root is plainly inadmissible since, if the boy’s age were 
22, his father’s age would then be 14, whereas a son must be younger 
than his father. 


Thus the boy’s age must be 3, and therefore the father’s is 33. 


113. Problems which lead to equations involving more than 
one unknown quantity. 


Example 1. Find two numbers whose product shall be 84 and the 
sum of whose squares shall be 193. 


Let x, y be the numbers required; then 


Pt LOB ii ss cdessnger cae ascia eee (2). 


Multiplying (1) by 2, adding to (2) and subtracting from (2), we 
haye 


(c+y)?=361, 
(7 — y)?=25 ; 
extracting the square root, e+y= +19, 
B—-Y= £5; 


pre eh, Ye eS Or ST, ye PID, 
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Example 2. A tank is filled in 2} hours by two pipes which are 
open together, and the sum of the times occupied by the pipes in 
singly filling the tank is 3} hours ; in what time would each pipe singly 
fill the tank ? ' 


Let x, y be the number of hours in which the pipes would singly fill 
the tank, then in 1 hour the pipes would contribute = : of the whole, 


21 
and so in 33 hours would contribute sy 26 of the whole, and the tank 


is then full. Hence by the question 


CAYSAP ois caicativpwenchooer eth sashovee (1), 
21 
and 28. 28 J. 
be, 
oes ace 
eer opeer 1) 
1.6. ety i ee es (2) 
Dividing (1) by (2), xy = 22 ; 
substituting from (1), x (12 —4)=22, 
Le. 8x? — 2647 +21=0 ; 


which may be written 
(27 —3) (4v-—7)=0; 
*, =3 or Ff, and .. y={ or 8. 
Thus one pipe fills the tank in 13 hours and the other in 1? hours. 


PROBLEMS. 
Problems to be solved by equations with one unknown quantity. 


1, Find a number which shall be less than its square by 156. 
2. Find a number which being added to its square produces 306. 
3, Find a number which exceeds its square root by 182. 


4, The sum of a number and its square root is 650; find the 
number. 


5. The product of a number and of two-thirds of the number 
exceeds the square of the remaining third by 80 ; find the number. 


6. Five times a number exceeds the square of half the number by 
9; find the number. 


7. Twice a number is less than the square of a quarter of the 
number by 20; find the number. 


8, The square of half a number exceeds the square of a seventh 
part of it by 45; find the number. 
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9, Divide 20 into two parts such that their product shall be five 
times their sum. 


10. Divide 18 into two parts such that their product shall be twelve 
times their difference. 


11. Divide 21 into two parts such that the square of the greater 
shall exceed ten times the square of the less by 6. 

12. Divide 16 into two parts such that the square of one part may 
be nine times the square of the other. 


13. By what number must 3375 be divided so that the quotient 
may be twice the divisor and the remainder may be 13? 


14. Find two numbers whose difference shall be 5 and product 204. 
15. Find two numbers whose sum shall be 23 and product 126. 


16. Find two numbers whose sum shall be 20 and the sum of the 
squares 202. 


17. Find two numbers differing from each other by 3 and such that 
their product added to their sum produces 129. 


18. Find two numbers which together make up 14 such that their 
sum shall be less than the sum of their squares by 86. 


19. Find two numbers which together make up 12, such that the 
sum of their squares shall exceed their product by 63. 


20. Find two consecutive numbers whose product shall be 306. 


21, Find two consecutive odd numbers the sum of whose squares 
shall be 290. 


22. Find two consecutive numbers whose product exceeds their sum 


by 29. 


93. Find two consecutive even numbers such that the difference of 
their cubes shall be 488. 


94, Find three consecutive numbers such that the sum of the 
squares of the first and second may be equal to the square of the third. 


25. Find three numbers such that the second shall be double the 
first and half the third; and the sum of their squares shall be 189. 


26. Find three numbers in ascending order of magnitude and each 
less than the succeeding number by 3, such that the sum of their 
squares shall be 93. 


27. The sum of the two digits of a number is 15 and their product 
is less than the number by 22; find the number, 


28, A number exceeds five times the product of its two digits by 2 
and the left-hand digit exceeds that on the right by the same amount ; 
what is the number ? 


29. One of the two digits of a number is the square of the other 
and when 18 is subtracted the digits are reversed ; find the number. 
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30. The difference of a number and its reciprocal is four-fifths of 
the sum of the number and its reciprocal ; find the number. iv 


31. The sum of two fractions is unity and their product exceeds 
half the smaller fraction by 5; ; find the fractions. 


32, Find two fractions, one exceeding the other by 4%, such that 
their product shall be $. 


33, The sum of two fractions is unity and the difference of their 
squares is three-fifths of the sum of their squares ; find the fractions. 


34, The difference of two fractions is } and their sum is eight times 
their product ; what are the fractions ? 


35. The hypotenuse of a right-angled triangle exceeds one side 
by six inches and the other by a foot; find the dimensions of the 
triangle. 


36. The area of a right-angled triangle is 30 square feet, and the 
difference of the sides is 7 feet ; find the lengths of the sides and of the 
hypotenuse. 


37. The area of a rectangle is twice the area of a Square whose side 
exceeds one side of the rectangle by two inches and is less than the other 
by a foot ; find the dimensions of the rectangle. 


38. One side of a rectangular plot of ground exceeds the other by 
66 yards and the area is an acre; find the length and breadth of 
the plot. 


39, Divide a line two feet long into two parts such that the rect- 
angle contained by the whole and one part may be equal to the square 
on the other part, and give your result in inches correct to three places 
of decimals. 


40. A dole of Rs. 72 was distributed among a number of old men ; 
if there had been six fewer, each would have received one rupee more ; 
how many were there ? 


41. Twenty dozen oranges were distributed equally among a 
company of children; if there had been twelve more children each 
child would have received one orange less; how many children were 
there and how many oranges did each receive ? 


42, A picnic of ladies and gentlemen was arranged on the under- 
standing that the cost should be equally divided among the men, and 
it was found that, if a man had taken the place of each of the ten ladies 
who attended, then each man present would have paid five shillings 
less; the total cost being £15, find the number of men in the party. 


43, Find the price of eggs per dozen when one more for an anna 
would lower the price by one anna per dozen. 


44, What is the price of apples per score if two score less for a 
shilling would raise the price a halfpenny per score ? 


Prgms nt la etial 
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_ 45, A contractor sold a number of mules, each for as many rupees 
as was the number of mules; if he had sold fifteen more for the same 
money, the sale price of each mule would have been Rs. 20 ; how many 
mules were sold ? 


46, A charitable bania distributed 48 seers of rice among a number 
of beggars ; if each had received 2 seers more, then the number of his 
seers would have been half the number of beggars ; how many beggars 
were there ? 


47, A herdsman bought a flock of goats for Rs. 720 and keeping 90 
sold the remainder for Rs. 270 at a gain of Rs. 3 each ; how many goats 
did he buy ? : 


48, <A lady bought some phulkarries from a borah for Rs. 45; if 
she had bought one more she would have had twice as many as was the 
cost in rupees of each phulkarry ; how many phulkarries did she buy ? 


Ral 


49, Two labourers can dig a piece of ground together in 5,5 days, 
but working singly one would take 2 days longer than the other to 
perform the work; find the time in which each could singly dig the 
ground. 


50. A tank is supplied with water by two pipes, and by one of 
them it can be filled 10 minutes sooner than by the other while both 
together can fill it in 174 minutes ; in what time can each pipe singly 
fill the tank ? 


51. Two pedestrians started simultaneously to walk to the same 
place 21 miles distant ; one walked half a mile an hour faster than the 
other and arrived at his destination an hour before the other; at what 
rate did each walk ? | 


52. Two horsemen A and B started at the same time to ride 
30 miles, and A rode 2 miles an hour slower than B and completed the 
journey half an hour after B; at what rate did each ride? 


53. A wine-merchant sold 4 dozen brandy and 5 dozen whiskey for 
Rs. 366, and he sold a dozen more of brandy for Rs. 162 than of whiskey 
for Rs. 60 ; find the price per dozen of brandy and whiskey. 


54, A grocer sells tea 8 annas per lb. dearer than coffee, and 32 lbs. 
less of tea than of coffee can be purchased for Rs. 77; find the price of 
tea and coffee. 


55. A merchant bought a bale of cloth, and on selling it again for 
£75 he gained as much per cent. as was the number of pounds the cloth 
cost ; what did the merchant give for the cloth ? 


56. <A grocer bought a quantity of sugar wholesale for Rs.9 and 
retailed it at the rate of one rupee per maund more than it cost him, 
and after repaying himself the original outlay he had 380 seers left over ; 
how many maunds did he buy? (1 maund=40 seers.) 
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57. Twenty-six men and boys are paid for their week’s work, the 
men receiving £21 and the boys £21, but each man receives five shillings 
more than each boy ; how many men were there ? 


58. A costermonger bought a number of oranges for 5 shillings and 
sold all except two dozen, at a farthing each more than they cost, for 
6 shillings ; how many oranges did he buy ? , 


59. The difference of a man’s age and his son’s age is 28 years, and 
the eighteenth part of the product of their ages is less than the father’s 
age by 20 years ; find their ages. 


60. ‘The sum of the ages of a woman and her daughter is 27 years, 
and the ninth part of the product of their ages exceeds the daughter's 
age by 5 years ; how old are they ? 


61. A father’s age exceeds his son’s age by 22 years and his 
daughter’s age by 26 years, and the product of the ages of the father 
and his two children is twelve times the father’s age; find the ages of 
the father, son and daughter. 


62. If as many hundred pounds are invested as is the rate of 
interest per cent. and an equal sum is invested at a rate one per cent. 
lower, and if the two investments together produce £45 per annum, 
what are the sums invested and at what rates of interest 2 


63. A man invested twice as many thousand rupees as was the 
rate of interest per cent. and twice this sum at a rate one per cent. 
lower, and the interest from the second investment exceeded that 
from the first by Rs. 160; find the amounts invested and the rates 
per cent. 3 


64, A government officer remits from India every half year the 
sum of £195 for the support of his family in England, and he finds 
that the remittance costs Rs. 480 more when exchange is at a certain 
rate than when it was twopence higher ; find the rate of exchange, 


65. A father of a family makes a remittance of £28 every month 
from Bombay to his wife in London and finds that formerly with 
favourable exchange the remittance cost him Rs. 144 less than now 
with exchange sixpence lower ; what was the rate of exchange formerly 
and what is it now? 


66. A traveller landing in Bombay sold sixty sovereigns at a certain 
rate and a month later sold twenty-seven more at a rate three half- 
pence lower and realized altogether Rs. 1440; at what rates did 
he sell? 


67. To remit to London from Calcutta as many pounds as the 
number of pence in the rate of exchange increased by unity costs $4 of 
what it would cost to remit a pound less with exchange threepence 
lower ; what is the rate of exchange ? | 
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68. The acreage of an estate is twelve times the number of shillings 
paid as rent for each acre, and, if a forty-eighth part of the estate were 
laid out as forest and the rent of the remainder were increased by a 
shilling an acre, the rental would be increased by £3. 10s.; what is the 
extent of the estate and rent per acre? 


69. <A farmer, by subletting all his land except 40 acres at Rs. 4 
per acre more than he paid his landlord, paid his own rent for the 
whole and had Rs. 80 left over ; his rent being Rs. 1600, find the acreage 
of the farm. 


70. The current of a river flows at the rate of 2 miles an hour and 
it takes a boatman 4 hours to row to a place 6 miles off and to return ; 
at what rate would he row in still water 2 


71. A man who can swim in a lake at the rate of 140 yards a 
minute finds that it takes him two minutes longer to swim up a river 
a distance of 450 yards than to swim the same distance down the river ; 
what is the speed of the current 2 


72. In consequence of the depreciation of silver the price of 
whiskey has risen four annas a bottle in India, and a dozen less 
than formerly can now be purchased for Rs. 330; what is now the 
price of whiskey per dozen? 


73. A started from Bombay to walk to Tanna and simultaneously 
B started from Tanna to walk to Bombay and they met in 4 hours, 4 
having taken 4 minutes less than B to walk a mile; Tanna being 
22 miles distant from Bombay, at what speed did each walk? 


74, ‘The length of a haystack of uniform rectangular section exceeds 
the height by 16 ft. and the breadth by 20 ft., and the solid content 
would remain unchanged if the length were increased by 10 ft. and the 
breadth by 28 ft. and the height were diminished by i6 ft.; find the 
dimensions of the haystack. ' 


75, In an examination paper in mathematics carrying a hundred 
marks a student scored n marks for problems and +10 marks for 
bookwork and obtained the th part of full marks on the entire paper ; 
how many marks did he get for problems and bookwork respectively ? 


Problems to be solved by equations with more than one unknown 
quantity. 


76, Find two numbers such that their product shall be 208 and 
the sum of their squares 425. 


77. Find two numbers such that their sum shall be 20 and the 
sum of their squares 208. 


78, The product of two numbers is 135 and the difference of their 
squares is 144; find the numbers. 
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79. The product of two numbers is four times their sum, and the 
sum of their squares is 425; find the numbers. ey 


80, The product of two numbers is fifteen times their difference, 
and the sum of their squares is 3744; find the numbers. 


81. The sum of two numbers is nine times their difference, and 
nine times their sum exceeds their product by 4; find the numbers. 


82, Find two numbers such that their sum shall be five times 


their difference and eight times the square of the less shall exceed 


thrice the square of the greater by 80. 


83. Find two numbers such that their product increased by 18 
and the sum of their squares diminished by 26 may each be equal to 
four times their sum. 


84, Find two numbers such that four times their product in- 
creased by 5 and the sum of their squares diminished by 8 may each 
be equal to eleven times their difference. 


85. The sum of two numbers is 17 and the sum of their cubes is 
1853 ; find the numbers. 


86. The difference of two numbers is 7 and the difference of their 
cubes is 5803; find the numbers. 


87, The sum of the cubes of two numbers is 280 and the sum of 
their squares exceeds their product by 28; find the numbers. 


88. The difference of the cubes of two numbers is 316 and the 
square of their sum exceeds their product by 79; find the numbers. 


89, The difference of the fourth powers of two numbers is five 
times the difference of their squares, and the sum of their squares 
exceeds their product by 3; find the numbers. | 


90. The sum of the squares of the two digits of a number exceeds 
the number by 18, and if 27 be added to the number its digits are 
reversed ; find the number. 


91, The product of the two digits of a number is less than the 
number by 26, and the digits are reversed by subtracting 9 from the 
number; find the number. ; 


92. Two rectangular fields contain each three acres, but one is 
11 yards shorter and 10 yards broader than the other; what are the 
dimensions of the fields ? ~ 


93, A reservoir is filled with water in 36 days by two pipes which 
are open together, but one pipe alone would fill the reservoir 21 days 
sooner than the other; in how many days would each pipe singly fill 
the reservoir ? 
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_ 94, Two workmen can together build a wall in 24 hours, but if 
they work singly it takes one of them 14 hours longer than the other 
to do the work; find the time in which each man could singly build 
the wall. . 


95. ‘Two coolies A and B were engaged at such rates that B’s pay 
for 5 days exceeded A’s pay for 4 days by an anna, and at the end of a 
certain time A, who had worked every day and two days more than B, 
received Rs. 3. 12a., while B received Rs. 2. 8a.; how many days did 
each work, and what was his rate of pay per day? 


96. A boy A can run 880 yards while another boy B runs 704 
yards, but if A were to reduce his speed by 110 yards’a minute B 
would then run a mile quicker than A by 20 seconds; what is the 
speed of each boy? 


97. Two persons walk in opposite directions round a courtyard 
which is of the shape of a right-angled triangle, and, starting from one 
extremity of the hypotenuse, they meet at the other extremity, one 
having gone 120 yards more than the other; if one goes 13 yards while 
the other goes 17 yards, find the dimensions of the courtyard. 


98. The fore-wheel of a carriage makes ten more revolutions than 
the hind-wheel in 150 yards, but if the circumference of each were 
increased by a quarter of a yard, then the fore-wheel would make nine 
more revolutions than the hind-wheel in 156 yards; what is the cir- 
cumference of each wheel ? | 


99, ‘Trains start simultaneously from Bombay and Calcutta, and 
when they meet one train has travelled 280 miles more than the other 
and completes its journey in 18 hours 40 minutes, while the other 
completes its journey 23 hours 20 minutes later; find the rates of the 
trains and the distance from Bombay to Calcutta. . ; 


100. An oarsman who rows 4 miles an hour on still water can row 
6 miles up one river 45 minutes quicker than he can row the same 
distance up another river, while he is 74 minutes slower in rowing back 
that distance on the former river than on the latter river; find the 
rate of the current of each river, 
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CHAPTER XV. 
RATIO. PROPORTION. 


114. Ratio is the relation which one quantity bears to 
another with reference to magnitude and is measured by the 
number of times one quantity contains the other. 


Hence by the definition, the ratio of a to 6 is represented by 
a 

b ,] 
this fractional form or by the notation a:6. Thus the ratio of 
10 to 2 is 12 or 5 and may also be expressed as 10:2 or 5:1, 
while the ratio of 2 to 10 is ,2, or 4 and may also be expressed as 
2:10 or 1:5. 


The first term of a ratio is called the antecedent, and the 
second the consequent, of the ratio; thus in the ratio a:6, @ is 
the antecedent and 6 the consequent. If the antecedent be 
greater than the consequent, the ratio is said to be of greater 
inequality ; if the antecedent be less than the consequent, the 
ratio is said to be of less inequality; and if the antecedent be 
equal to the consequent, the ratio is said to be a ratio of equality. 
Thus 4 is a ratio of greater inequality, ? is a ratio of less in- 
equality, and 4 is a ratio of equality. : 


the fraction or quotient +, and the ratio is either expressed in 


115. As ratios may be expressed by fractions, therefore they 
follow the laws of fractions, and so both terms of a ratio may be 
multiplied or divided by the same quantity without altering the 
value of the ratio. Thus because the fraction — is equal to the 
fraction ; : 
a:b, 


therefore the ratio ma: mb is the same as the ratio 


og ts 
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Also since ratios may be expressed by fractions, therefore they 
may be compared by reducing their equivalent fractions to a 
_ common denominator and by comparing the numerators. Thus 
ane ratios 4:7 and 5:9 po be expressed by the fractions + and 

, i.e. by the fractions 3§ and 33 having a common denominator, 
a the former fraction is the greater, so that the ratio 4:7 is 
greater than the ratio 5: 9. 


The ratio formed by the product of the antecedents of any 
number of ratios for a new antecedent and the product of the 
consequents for a new consequent is said to be the ratio com- 
pounded of the given ratios ; thus the ratio ace : bdf is compounded 
of the ratios a:b, c:d and ¢ : f, and the ratio 2:5 is compounded 
of the ratios 3:4 and 8:15. The ratio a®: 0° is called the dupli- 
cate of the ratio a: 6, and a’: 6° is called the triplicate of the ratio 
a: b. 


Tt should be noticed that only concrete magnitudes of the same 
kind can be compared by the method of ratios; thus we can 
compare rupees with sovereigns but not with inches, and lbs. with 
oz. but not with days. 


116. By adding the same quantity to each of its terms a ratio 
of greater inequality is diminished and a ratio of less inequality 28 
increased ; and by subtracting the same quantity from each of its 
terms a ratio of greater inequality is increased and a ratio of less 
inequality is diminished. 


For let the given ratio be ~; then by adding the same quan- 


5? 


tity «x to both terms of the ratio a new ratio _ 


- is formed, and 
5 + , 

we are to compare the ratios — and = 1.€. ee 

peat which are fractions having a common denominator, so 


that it suffices to compare their numerators. If a>6, then 
ax>bx, ©. ab+ax>ab + ba, i.e. a(b+x)>b(a+a); and if a<b, 
then ax < be, “. ab + ax<ab + be, ie. a(b +x) <b(a+a); hence 


a+2 a 
> <-— according as a<> 6. 


b+a 6 
Again by subtracting the same quantity « from both terms of 


and 


Dt 1 -G+2., 
the ratio a new ratio is formed, and we are to compare the 


b—«x 


ne 
- 
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— 2 b(ia—2)  , a(b— “: fe 
ratios a and & p? i.e. jb b (6 2) 2) and jh (b= If a>, then 


ax> bx, .. ab—ba>ab—ax, ie. b(a- Nsiatb x); and if a <6, 
then ane .. ab — bx < ab — aa, i.e, b(a-«) <a (b—2x); hence 


ax a 
— > <=— according as a> <0. 


b—ax b 
ae 5 <4 while $> 3. 


Example 1. What is the least integer which being subtracted 


from both terms of the ratio 8:25 will make it less than the ratio 


1:82 
In this problem we are to compare the ratios 
8-24 1. «, S(8—2) 25-2 
95 AMT gM BOR a) OM SOB a)? 


and we are to find the least integral value of x which will make the 
former less than the latter. ‘This will happen if 


64-8 < 25-4, 
ie. if 39 < 72, 


by transposing terms or adding the same quantity 87-25 to both sides 
of the inequality. 


Thus we have 77 > 39; .*. 2>54; and the least integer which is 
greater than 54 is 6, which is therefore the integer required. 


Example 2. Find two integers in the ratio of 4 to 7 such that if 6 
be added to each the ratio becomes 22 of what it would be if 9 were 
added to each. 


Let the two integers be 4%, 77; then by the question, 
4v+6 20. 4749 
Te+6 21 Ya49? 
which becomes by simplification, 
142? —51%+27=0, 
i.e. (% —8) (14z—9)=0. 


Hence w=3, and the required integers are 12, 21; the root x=, gives 
quantities that are not integers. 


117. It sometimes happens that the ratio of two quantities 
cannot be expressed by the ratio of two integers; this occurs for 
instance when we attempt to compare the diagonal of a square 
with one side and find the ratio to be ,/2, which is a number that 
cannot be expressed in the decimal or any other scale though its 


mw: 
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_ value can be assigned to any required de 
the ratio of two quagtities cannot be e 
ratio o.Ftwo Fide Wa are said to b 
contrariwise when thé ratio of two quan 
exactly by the ratio.of two integers they 
surable. In other words quantities that 
terms of a common unit and so have a c 
commensurable, whereas quantities that cannd 
are incommensurable; and a single quantity 
incommensurable when it cannot be exactly exp 
of a unit. 


Thus 1/ 3, \7/5 are incommensurable quantities. 


118. Proportion is the equality of ratios, and four 
tities are said to be proportionals when the ratio of the first to 
second is equal to the ratio of the third to the fourth. 


Gil <o 
Os. ay 
among. them is also expressed by the notation a:b=c:d, or 
a:6::c:d. In this case a and d are called the extremes and 
b and c the means. 


Thus a, 6, c, d are proportionals when and the relation 


119. When four quantities are proportionals the product of 
the extremes rs equal to the product of the means. 


For when the four quantities a, b, c, d are ‘proportionals, we 
have 5 = < ; multiplying by dd we have’ad = bc, which proves the 
proposition. 


Also conversely 7f the product of two quantities be equal to the 
product of two other quantities, the four quantities are propor- 
tionals, the factors of either product being taken for the extremes 
and of the other for the means. 


For if ad=bc, then dividing in succession by bd, cd and ac, 
eon Db dd 


we have 5 = 5, PR BT ig? FO that .a¢ :.6—6;.d, a: CERE: d,; 


It follows from this that if four quantities a, b,¢,d are 
proportionals, they are proportionals when taken alternately or 
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s may also at once be obtained indepen- 


\ 


Ci Oak ae ee 
=-—x- 5 PS a 
a. '¢? edad? 

Cc On 

—= ++, ie —=-— 

PF Be a@ eC 


a, b, c, d are proportionals, then 
a+b:b=c+d:d, and a—b:b=c—d:4d. 


= a3 so that adding unity to both sides we have 
¢ 


tly Balok le. a+b: b=c4+d:d. 


b d 
Also subtracting unity from both sides we have 
a—b c-d. 
sy A rs et ca a-b:b=c—d:d. 


Again if a, b, c, d are proportionals, then (Art. 119) ° = 2 ; 


so that adding unity to both sides and subtracting both sides 
from unity in succession, we have 


a+6 cid a=—b. cd 
———_ = —— and =——, 
a Cc 
i.e. a+b:a=c+d:c and a—b:a=c—d:c. 


Further since 


a0 -c+d a-— 6 ..¢=—0 
+ and = 


b d be \ai ues 


by division 


Os le. a+b:a—b=c+d:c—d. 


121. A particular case of the general proposition of Art. 119 
a 

bg 
the product of the extremes is equal to the square of the mean. 
The quantities a, 6 and d are then said to be in continwed pro- 


is when 6 and ¢ are equal, so that and ad= 6"; in this case 
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portion, b is called the mean proportional between a and d, 
and d is called a third proportional to a and b. Any number 
of quantities are said to be in continued proportion when every 
three consecutive quantities are in continued proportion. 
Also when a, 6 and d are in continued proportion so that 
<b ltiplvine b b h a Oo 
eg nu plying Ne ee ues a 
Hence when three quantities are in continued proportion the first 
bears to the third the duplicate ratio of that which it bears to the 
second. 


= = 5,80 that a:d=a?: 0 


122. Ifa:b=c:d=e:/f, then each of these ratios is equal 
to the ratioa+c+e:b+d+f. 


vied Foals suppose, so that 
a=kb, c=kd, e=Kkf; 
hence by addition a+c+e=k(b+d+f); 
; Gt Oe hd eg 
epee! Tee aor 


This proves the proposition. 


A more general proposition of which the last is a particular 
case is that each of the given ratios is equal to the ratio _ 


patge+re: po+qd + rf, 
where p, g, 7 are any quantities positive or negative. 
For we have pa=kpb, qc=kqd, re=krf; — 
hence by addition . 
pat+qe+re=k( pb +qd+rf); 
_ patge+re | ean a! Be 


De EY aa a AE A 
The proposition may be extended to any number of ratios. 
cy—bz az—cx  br-ay o; Z 
x ay Re J prove that == Fe. 
Dividing numerator and denominator of the first ratio by bc, of the 
second by ca and of the third by ab, we have 


Dees ou iis ON 


Example. If 
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and by the proposition just proved each of these ratios is equal to a 
ratio whose numerator is the sum of the numerators and denominator 
the sum of the denominators; hence each ratio 


=0,. 
Sogn 2 
Foal 
CUES Rosin? boll cio iO Oe, ener 
Therefore + - 0, - are A: 0; i.e , 


Example 2. Solve the simultaneous equations: av+by+cz=0, 
a2+y+cz=0, a’x+b"y+c"z=d. 
From the first two equations we have, by eliminating z, y, 2 
successively, 
5 TY 02 DATE OS 
be’—b’e ca’'—ca_ab'—a’b’ 


and by the proposition of this Article each of these ratios 
2 a"a+b"y+e"z 
a” (be — b'c) +b" (ca' — c'a) +c" (ab’ —a’b) 
a ad af 
~ a" (be —b'c) +6" (ca' — ca) +c" (ab’—a’b) 


by the third equation; thus the values of », y, z are determined and 
the equations are completely solved. 


Equations solved in this way are said to be solved by the method of 
ratios. 


EXAMPLES. 
~ 1, Arrange the following ratios in order of magnitude: 7 : 8, 
11:12, 8:9, 17:18. 


2. Arrange the following ratios in order of magnitude: 11 : 16, 
7:10, 18: 20, 5:8, 27: 40. 


3. What ratio is compounded of the ratios 3 : 5 and 10 : 27? 
4, Find the ratio compounded of the ratios 3 : 8, 4: 9 and 6 : 7. 


5, Write down the duplicate of the ratio 4 : 9 and the triplicate of 
the ratio 3 : 5. 


6. Find the ratio of six annas to three rupees. 


7, Find the ratio of thirty-six rupees to three guineas when 
exchange is at 1s. 2d. 


8. Find the ratio of 1 foot 6 inches to 10 yards. 
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9. Find the ratio of 1320 square yards to an acre. 
10. What is the ratio of 140 Ibs. to 5 cwt.? 
11, What is the ratio of 144 minutes to 2 days ? 


12. What value of xz will make the ratio 4+2 :9+2 become the 
ratio 3:42 


13. What value of # will make the ratio 17+4%:5+a become the 
ratio 7:3? 

14, What value of w# will make the ratio v—11:x—7 equal to 
the ratio 2:3? 

15. Find a number which being added to both terms of the ratio 
7 : 10 will produce the ratio 6 : 7. 


16. Find a number which being subtracted from both terms of 
the ratio 25 : 21 will produce the ratio 2 : 1. 


17. Find # so that the ratio +4 :x2+17 may be the duplicate 
of the ratio 6 : 7. 


18, Find x so that the ratio 1:4 may be the duplicate of the 
ratio w—5 : 4-3. 

19, What value of w will make the ratio 1: the duplicate of 
the ratio «7 : 64? 


20. What value of w will make the ratio «: 16 the triplicate of 
the ratio 81 :«#? 


21, What value. of x will make the ratio 1:8 the triplicate of 
the ratio +1:42+3? 

22. Find the ratio of y to # so that the ratio 8y+3 : 5y— 
may be equal to the ratio 3: 1. 


93. Find the ratio of y ie 80 that the bert llg— Aye 13% + 8y 
may be equal to the ratio 1: 


24, Find the ratio of y to w so that the ratio #?+2y? : 3xy may 
be a ratio of equality. 


25. Find the ratio of y to # so that the ratio wy : 3v?+10y? may 
be equal to the ratio 2 : 23. 


26. Find the ratio of y to x so that the ratio 6y2+ lay : a may 
be equal to the ratio 2: 1. 


27. Find the least integer which being added to both terms of 
the ratio 6 : 17 will make it exceed the ratio 3 : 7 


28. Find the least integer which being subtracted from both 
terms of the ratio 12 : 25 will make it less than the ratio 1 : 6. 


29. What is the greatest integer which being added to both terms 
of the ratio 17 : 8 will make it exceed the ratio 5 : 3? 
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30. What is the greatest integer which being subtracted from 
both terms of the ratio 23 : 10 will make it less than the ratio 7 : 22 


31. Find two numbers in the ratio of 5 to 8 such that if 4 be 
added to each the ratio becomes that of 7 to 10. 


32. Find two numbers in the ratio of 3 to 4 such that if 5 be 
subtracted from each the ratio becomes that of 2 to 3. 


33. Find two numbers in the ratio of 5 to 9 such that if each 
be subtracted from 30 the ratio becomes that of 5 to 1. 


34, Find two numbers in the ratio of 9 to 4 such that if 5 be added 
to the greater number and 4 to the less the ratio becomes that of 2 to 1. 


35, Find two numbers in the ratio of 6 to 11 such that if 10 be 
added to the less number and 15 be subtracted from the greater the 
ratio becomes one of equality. 


36. Find two numbers in the ratio of 2 to 3 such that if 6 be 
subtracted from each the ratio becomes two-thirds of what it would be 
if 6 were added to each. 


37. Find two integers in the ratio of 8 to 13 such that if 10 be 
added to each the ratio becomes eight-ninths of what it would be if 
35 were added to each. 


38. Find two integers in the ratio of 3 to 4 such that if 8 be 
subtracted from each the ratio becomes fifteen-sixteenths of what it 
would be if 6 were subtracted from each. 


39. Find two consecutive even numbers such that the ratio of 
their squares shall be the ratio of 4 to 9. 


40, Hind two consecutive numbers such that the square of the 
first increased by 7 bears a ratio of equality to the square of the 
second diminished by 8. 


41, Find two numbers in the ratio of 2 to 3 such that their sum 
bears to the sum of their squares the ratio of 5 to 52. 


42. Find two numbers in the ratio of 5 to 3 such that their 
difference bears to the difference of their squares the ratio of 1 to 96. 


43. Find two numbers in the ratio of 4 to 1 such that their sum 
bears to their product the ratio of 1 to 20. 


44, Find two numbers such that their difference, sum and product 
may be in the ratio 1: 4: 15. 


45, Find two numbers such that their product, the difference of 
their squares and the sum of their squares may be in the ratio 3:8 : 10. 


46. Ifaand bbe unequal quantities prove that the ratio a24 62 :2ab 
is always a ratio of greater inequality. 


47, Prove that the ratio a+6:a?+0? is greater than the ratio 
a? +b? : a+ except when a=6. 
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48, What quantity must be added to each term of the ratio a: 6 so 
as to produce the ratio ma : nb? 


49, If the ratio a : c be the duplicate of the ratio b—a : c—b, shew 
that b?=ac. | 


50. If a:b be a ratio of less inequality and c:d bea ratio of 
greater inequality, prove that the ratio a+c : b+d is greater than the 
ratio a : b and less than the ratio ¢ : d. 


Find what integral values of x will satisfy the following ten pro- 

portions : 

Bl. 2: 12=13:4. pV ciey bala! oo et 3 

Go, 60 S27: -7. 54. w#+1:74+4=44+6:24+14. 

55. 2-38: x2-7=27-8: x4-11. 

56. 3742 :4”7+1=574+8: 7v+4. 

57. Qr—1:4¢%-5=37—-4 : 5a—4., 

58. 30-2: 474+9=57-2 : 84+4. 

59, w—1:x2—3=3(e+4+38) :2(#+1). 

60. v—1:#+1=7 (2?-—24+1) : 9(#*+2+1). 

_ Find what proportions are deducible from the following five equa- 
tions : 

61. a?+y?=a0. 62. 2? -y=ay. 63. 8+y=a3. 

64. #-y=arn. 65. wt+a%’?+at=y', 


If a : b=c : d, prove the following five results: 
66. a(b+d)=b (ate). 67, a*(b?-d?) =b? (a? —c’). 
68. (a? —c?) (b?— d?) = (ab — cd)’. 
69. (a+b+c+d)d=(b+d) (c+d). 
70. (a+b+c+d) (a—b—c+d)=(a+b-c-—d)(a—b+c-d). 


If a, b,c be in continued proportion, prove the following five results : 
71. c(a—b)=b(b-c). 72. b(a+b+c)=be+ca+ab. 
73, (at+b+c)(a—bt+c)=a? +b? +07. 

74, (a—b)(b+c)=(a+b) (b-c). 75. (a2—b*) (b?—c?) =b? (a—c)* 
76, Ifa, b, c, d be in continued proportion, shew that 
(a? +b? + 0%) (62? +2 + d?) =(ab+ be +cd)?. 


77, Find three numbers in continued proportion such that their 
sum shall be 21 and the ratio of the first to the third 1: 4. 
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78. Find three numbers ih continued proportion such that fifteen 
times the sum of the extremes shall be seventeen times their difference 
and the mean shall be 8. 


79. Find three numbers in continued proportion such that twice 
the sum of the extremes shall be five times the mean, and the difference 
of the extremes shall be 12. 


80. Find three numbers in continued proportion such that their 
sum shall be 13 and the sum of their squares 91. 


81. Find four numbers which are proportionals such that the first 
is less than the second, third and fourth by 9, 16 and 37 respectively. 


82. Find four numbers which are proportionals such that the sum 
of the first and second is 28, of the first and third 40 and of the third 
and fourth 84, 


83, Find four numbers which are proportionals such that the ratio 
of the first to the second is 1 : 2, the sum of the numbers is 108 and 
the difference of the first and third is 6. 


84, Find four numbers which are proportionals such that the ratio 
of the first to the third is 1 : 3, the sum of the first and second is 14 
and the difference of the third and fourth is 18. 


85. Find four numbers which are proportionals such that the 
product of the extremes is 210, the ratio of the first to the second is 
2:3 and to the third is 5: 7. 


86. A rod is divided into two parts in the ratio of 5 to 6 and 
from the same end in the ratio of 7 to 8, and the distance between the 
points of section is an inch; what is the length of the rod 2 


87. The sides of a triangular field are in the ratio 8 : 15 : 17, and 
the area of the field is 8640 square yards; find the lengths of the sides. 


88, A man has 550 rupees, eight-anna pieces and four-anna pieces, 
the sums of money in each denomination being in the ratio 12 : 3:1 
respectively ; what is the number of each kind of coin ? 


89, <A banker pays a constituent the sum of Rs. 1500 in notes of 
fifty rupees, twenty rupees and ten rupees, the numbers of the notes 
being in the ratio 5 : 2:1 respectively; find the amount paid in each 
kind of notes. 


90. Two bottles contain mixtures of spirits and water ; a mixture 
consisting “of one pint from the first bottle and two from the second 
contains spirits and water in the ratio 29 : 7, while a mixture consisting 
of one pint from the first bottle and three from the second contains 
spirits and water in the ratio 13 : 3; what is the proportion of spirits 
in each bottle ? 


er n= 


> =e? 


91. 


92. 


93. 


94. 


95. 
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y 2 


v 


fagre te Tal}? prove that #+y+2=0. 


TE 


a eo , prove that 


If a+b+c is not zero and us = 


b 
L=Y =e. 
ae rig a Pies eae 
If a ae Aoaye preva than 
naa a OA Ca Beas 
yte—@ eta-—y “t+y—z 
“1 cas sel SS a ae 
If pio On AOS that 
Bete i wl oils fiail ba Or Be 
Qnt+4y+e Qyt4e+a Qt+4at+y 
coh Ssleaeae ana J as sl . ; 
othe) — a 2(c+a)—b Fath) otro ne 
a b C 


Z(yt2)—a 2etx)—y Baety)—-2 


By the method of ratios solve the equations : 


96. 
97. 


98. 


99. 


100. 


5x —2y+4z2=0, 22—y+z2=0, “ety+e=4. 
Qa—Qy+z2=0, Ie+y—3z=0, B+yp+e= 26. 


1 


au =by=cz, 2+3 pie tae te 
erate nel ay Be O° 


‘ hi a 
ee a One 


When four numbers are proportionals, shew that the greatest 
and least are together greater than the other two. 


¢ 4 r 

r » 

* z “ se 
ara 


MISCELLANEOUS EXAMPLES. 
Cuap. [.—XII. 


UNIVERSITY OF BOMBAY. 


1. Ifa=2, b=3, c=4, find the value of 
a—b+e beta ou +6 
at+tb—c’ b+c—a cta-b° 


. 2. Simplify 
(6+c—a)?+(c+a—b}>+(a4+b—c)?+24abe.. ¥v 


S-Ghew that —— 4 —2- = —* I< $ (/ 7 ee 
Yn De Y GLY AD , Le 


4, Solve the equations: 


oy 34 
3 :— 11-4: 

7 snr Seva =O) .25 00 (2). ¥ 
7 3 AA 
5. A man whose age is 40 has a son who is 9 years old; when wil is 
__ the father be twice as old as his son ? A 

6. A farmer sold to one person 9 horses and 7 cows for Rs. 3000 

and to another 6 horses and 13 cows at the same prices and for the 

same sum; what was the price of a horse and of a cow ? 


7. Ifa=4, b=3, c=2, evaluate 
| 2a+b (2c—a) 
3b — 4/208 
8. Multiply 2?-4043 by 4242, and a™—2c" by a—c% 
9, Divide at—81 by a-3. 


10. Extract the square root of 


A gD, < peas euis,- 
eg 5. se ee 
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11. Find the u.0.F. of 6a2+7av—322 and 6a?+1llav+32*, and 
_ deduce the H.¢.F. of 72034 + 84a2x? — 36ax3 and Q4a%x + 44a + 1293, 


12. Reduce to their simplest forms: 
7@—-10 38¢-7 27%—30 


Ss Henne 30 vate Cy 

as —¥ 44 ia Lucie SE page (2) 

Toe <eS8 ates Ss coc ena 

23) ad) 
erie Psi eo jeunes (4). 
13. Solve the equations: | 

1604 = ee 

Fe areca 


14, -A boat’s crew rowed 34 miles down a river and up again in 
100 minutes. If the stream had been half as strong again they would 
have taken 31} minutes longer; find the rate of the stream. 


15. Simplify a —[5b — {a — (3c — 3b) + 2c— (a— 2b —e)}]. 
16. Multiply #°+a5—aa(z+a*) by v?+a3—ax(v+a). 
17, Find the u.c.F. of 

a — pa - pa? —p'a—2p* and 8a? —Tpa?+3p%a — 2p%, 


18. Solve the equations: 
(g+2 40> A 


5 2 =0 eee ase dor eeervre eer eeoser ald 
Pee 

GY | aie sdissaventomtaetad Ook 
4 

2 + S_5| 

“ey 


Oe | 
19, Divide 1- yp+al by yeaa 


Sd 


x 20. To the sum of = and annex +2 and conineny the result 
rs = by zy, putting the patie in He simplest form. 
H. A. 13 
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21. Solve the simultaneous equations ;. ot 
4x —5y+62=38, 
82 —Ty —3z=9, 
72 —8y+92=6. 3 
22. Find (1) the instant of time between 3 and 4 o'clock at which 
the hour-hand and minute-hand of a watch are exactly in the same 
direction, and (2) the instant at which they are exactly opposite each 
other. 


93. Ifa=4, b=3, c=2, evaluate 
ilar Oe eat Sora 
b+c ' cta at+b° 

24, From a (a?+b?) +b (b? +0) +¢(2+ a?) 
subtract: ab (b+c)+be(c+a)+ca (a+ 6). 

25. Multiply a?+2a7b+2ab?+ 63 by a’ —2a2b+ 2ab?— 63, 

26. Find the u.c.F. of 

US +29 — 5at*— 2? 4+2e7+1 and # + 224-43 -—3x?+1. 


27. Solve the equations : 


eee % 

9 Ta ets TP es (1) 
ol ea OG : 
y-1 y xy ee ee | eoreeoe @eoresee (2) 

«“v—-y=l 


28. Divide 25 into two such parts that the greater may be 49 times 
the less. - 


: 29, If A and B together can do a certain piece of work in 8 days, 
Band C together in 10 days and @ and A together in 9 days, in how 
many days would each do the work if he worked by himself? - 


___. 30. ‘There is a number whose three digits are in descending order 
of magnitude and differ from each other in succession by the same 
amount. If the number be divided by the sum of its digits, the 
Quotient will be 48; and if from the number 198 be subtracted, the 
igits of the difference will be the same as those of the original number 
but in reverse order; find the number. 


31, If a=4, w=2, find the numerical value of 
a 2act Bhan _ Wat 
i ih (a-2) aS/2a+4e 64a ° 
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32. Divide a*u? — b?2?+ a®bx — ab’a+ a —a2b-+ab?— 3 
1S sel an? + bau? + abs +a? +b? 
33. Find the t.o.m. of a?—1, a-1 and a?+5a+4., 
34, Reduce to their simplest forms: 


a a «x 
(5-3) ++ =) COOP EDs oor eoenearecses +300 GL). 


w+No®-1 w—/x?-1 
2 — x21 ati oe—1 : 


35. Shew that the sum of any fraction and its reciprocal is always 
numerically greater than 2. 


36. Solve the equations: 


2-1 %x«£-2 3-2 


UE eons oleae erie Ober eeocerearecsecoeeoes (1). 
Ve+1+Ve—1 9 ORTO KEEP OTO EH Ooo d eee ee HERE OE 
eRe 
BRYCE! 2 OE ae a0), 
etal 
Med 


37, A vessel can be filled by means of one tap in 3 hours and by 
means of another tap in 5 hours; in what time will it be filled if both 
taps run together ? 


38. A ship left Bombay on a voyage of three weeks with provisions 
for that time at the rate of a seer a day foreach man. Attheendof | 
a week a storm arose which washed four men overboard and sodamaged 
the ship that her speed was reduced by half, and each man could be — 
allowed only three-quarters of a seer per diem afterwards ; what was the ; 
original number of the crew? 


39. If a=1, b=2, c=3, d=4, evaluate 

i i a ec da 

be” td ed. da da ;db 
40. From (a+6)#+(b+c)y take (a—b)x-(b-c)y. 
41, Multiply at+a@%b+a7b?+ab?+b* by a-b. ) 


42, Find the u.c.F. of a4—a* and @&-—a@w—ax?+ 23. 


13—2 
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43, Reduce to their simplest forms : 
b=c e-@ , a—b 


be Ch ab OS e ere deesgnccescecssescd® »-(1). 
a (Be ae e 
b aay PR b2 (b+ax) Peer eee eee ee tere eeree . 


1 1 
44, If x+—=p, prove that a+ =p — 3p. 
45». Solve the equations: 


a ee (1). 
Vi nN 

— —-=d 

Pee Poet becriay): Re (2). 
Lowe t ey, 

Cg 


46. Find a number such that, whether divided into two equal 
parts or into three equal parts, the product of the parts shall be the 
same. 


47. A labourer is engaged for ten days on condition that he shall 
receive 8 annas for every day’s work done and that he shall pay 1 anna 
for every day on which he is absent from work, and at the end of the 
ten days he receives 8 annas; how many days did he work and how 
many was he absent? 


48, Remove the brackets from the expression 
‘ a —[2b + {8e— 38a—(a+6)} +2a—(b+8c)]. 
49, If a=2, y=3, a=6, b=5, evaluate 
(ety)? b+ (e+) (6-20) + Vb-yP 2, 
and a+ 2a—{y+b—[x-—a—(y—2b)]}. 
50. Multiply together (a?—3a+2)? and a?+6a+1, 
51. Write down the u.c.¥. of - 
(7-1)? (@—2)(@-—8) and (#—1)8 (w—4) (w—5). 


22 2 tt 
52. Multiply - a “+1 by - ++ i. 


20 L L : 
oe SUMP Ged) a= e) 8 xoibaa) + eleSmmeeene 


54. Shew that Parts 
anNate a cena 
ee =atv+Var+ao2 
Va+a—J/% 


ee mia. 
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55. Solve the equations: 


24-3 4x-5 
a AM GET eee corte ee eeneeresceeseeeeee (1). 
RABE Ala 1D cose sacna heen (2). 
RY + 0 NI BE BAAD. cecccesseerenseesoees (3). 


56. A cistern can be filled by two pipes 4 and B in 12 hours and 
by the pipe A alone in 20 hours; find the time in which it would be 
filled by B alone. 


57. A privateer sailing at the rate of 10 miles an hour discovers a 
ship 18 miles off running from her at the rate of 8 miles an hour; how 
many miles can the ship run before she is overtaken ? 


58. Ifa=16, b=10, e=5, y=1, find the numerical value of 
(a —y) {a/ (2b2) +27} + /{(a- 2) (b+y)}. 
59, Divide 6a4— ab + 2a7b? + 13ab?+ 4b! by 2a? —3ab 4-46”. 


60. Prove that 
{(b—c)?+ (e—a)?+ (a—6)?}?=2 ((b —¢)* + (c—a)* + (a— 6%}. 


61. Simplify + 
“+—— 
@+1 
1+ Paty . 
62. Extract the square root of 
Ast — 493 + 5427 —-QxH+ALvcccces APOE (1). 
As Ya 4 
ante gna ate PPPs POPLIN TE retin case (2). 


63. <A lb. of tea and three lbs. of sugar ‘cost six shillings, but if 
sugar were to rise 50 per cent. and tea 10 per cent. they would cost 
seven shillings; find the price of tea and sugar respectively. 


64, A railway train after travelling for an hour meets with an 
accident which delays it an hour, after which it proceeds at three-fifths 
of its former rate and arrives at the terminus three hours behind time; 
had the accident happened 50 miles further on, the train would have 
arrived 1 hour 20 minutes sooner. Find the length of the line. 


ae 65. If a=3, b=—2, c=1, evaluate 

he C4+R+e2 ae 

ay nated by aE SE 

be anid Fa at i bet 
L a (a—b) (a—0) {2a + BI he — NAHE) (AF) -srseere (2). 


66. Extract the square root of 
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67. Add together 2 
| 1 2b ; 


68. Shew that 
aty _ NB + ey — oP 
Vaty-y Nat-P-yVa-y 


69. Solve the equations: 


Ae 1D APG. cuca shen vee OT te (1). 
2x-3 2x+6 
ba-2 5ax+37 CROOK Ree reer seers Oeedoedee? (2). 
2 Bb 
eB eee oe een 
3,4 9 
pais) a’ bE) 


70. Find the exact time between 3 and 4 o’clock when the hour- 
hand and minute-hand of a watch are at right angles to each other. 


71. A merchant has a share in the Back Bay Company and a share 
in the Mazagon Company; the market rate for the two shares was 
Rs. 2000, but Mazagon shares rose 10 per cent. and Back Bays fell 
20 per cent., in consequence of which the value of the two shares 
became 124 per cent. less than before. Find the original market value 
of each share. 


72. Two boats start at the same time from Bassein and Tanna, the 
distance between which is 18 miles; at a distance of one mile from 
Tanna the Callian creek ;falls into the Tanna creek, causing a current 
at the rate of 24 niiles an hour towards Tanna and of 2 miles an hour 
towards Bassein. The boat from Tanna is rowed at the rate of 34 miles 
an hour and the Bassein boat at 3 miles an hour; where will they 
meet ? 


73. Substitute ¥+3 for # in the expression 
xt — 98 4+ 247-3. 
74, Find the t.o.m. of | 
a? —4a?, 2+ 2ax7+ 4a27+8a' and 23 —2ax?+ 4a2x— 8a, 


75. Simplify 
Se Reger tert oo — 
21) 10(e=1) b@esey ee 


eet b : a b ¢ 
(-<, -|- 3) <- oe _ 3) “e wecveenessetse (2). 
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76. ” Solve the equations: i 
Sa Fy w 54-8 27-9 


TG es Ga ea ee = .(1). 
: ae 2 
(a+2) (b+2)—a(b+e)=— +H Pee rr eine: (2). 
ax +by=e¢ 
; ac ateee Ce (3) 
+91 
os serch) ee ea (4). 
LE ed 
3a 1 6b 3 


77. Extract the square root of 
Aa — 12003 + 25a%mn? — 24a8x+ 16at. 
78, ‘Two shepherds who own a flock of sheep agree to divide its 


value; one of them takes 72 sheep and the other takes 92 sheep and 
pays the first Rs. 350; what is the value of a sheep ? 


79. Aand B start simultaneously from Poona to go to Kirkee. A 
would reach Kirkee half an hour before B but, missing his way, goes @ 
mile and back again needlessly, during which he walks at twice his 
former pace, and he reaches Kirkee 6 minutes before B; C starts 
twenty minutes after A and B and walking at the rate of 24 miles an 
hour arrives at Kirkee ten minutes after B. Find the rates of walking 
of A and B and the distance from Poona to Kirkee, 


80. Reduce to its simplest form 
{202 — (y? — xy) — {y®— (4ay +.2*)} + 2y?— (Bay —2")}. 
81. Divide a’ —2a!b + 2a%b? — 4a7b3 — 8ab* + 1605 by a?—20%, 


82, Resolve into two factors : 
a? — 4b? — 0? + 9d? — 2 (Bad — 260). 
83. Find the u.c.F. of. 
Aaba + bata? — 18083 and 12a5a? — 34040 + 28a%.x't — 6022. ‘ 
84, Find the value of 
a+b a—6b Qa? \ a—b 
a—b a+b a®—b?/ 2a 
85, Extract the square root of 
0 — aby + Aarty? — Quy? + 407y? +y', 
86. Solve the equations : 
4u—9 z “2—3 _ba—3 Z+6 
27 Ae G 
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75-2 | 80e+21 23 
B(@+1)" 5(B0+2) atl 
9x—Qy B8u-Qy 4 
30 SB Pols so 


5a — 4 
ae + ley = 20-25 

87. The charge for first-class tickets of admission to an exhibition 
was Rs. 4 each and for second-class tickets Rs. 2. 8as.; the whole 
number of tickets sold was 259 and the total amount received for them 
Rs. 731. 8as. How many first-class tickets were sold, and how many 
second-class tickets ? 


88. A and B agreed to reap a field for Rs. 20; if they had worked 
together every day the field would have been reaped in 15 days, but at 
the end of 7 days A left off working for 4 days and it consequently took 
163 days to reap the field. In how many days could A alone, and in 
how many days could B alone, have reaped the field? And what share 
of the Rs. 20 ought each to receive for the work he actually did ? 


4B i.s.adiel gene 


89. Find the L.c.m. of 
Qa + Qasy — 18.x?y? + 22xy3 —8y* and 3x4 — 3a%y— Ixy? + lbxy>— Gy*. 


90. Reduce to its simplest form 


BN ata Eo +(@-2) 
yz 2 uj) \y up 


91. If 2s=a+b+e, prove that 
s(s—b) (s—c)+s(s—c) (s—a)+s (s—a) (s —b) =(s—a@) (s—b) (s—c) + abe. 
92. Solve the equations: 
10¢+4 7-20 11—-5x , 4v—332 
ole = 1415: ar rs mF Go eertteeeeseees ou 
12y — 10x 


100 — YF" 74 


16y +" =264 — oe 

93. A garrison of 1500 men was victualled for 36 days, but after 

16 days it was reinforced, and the provisions were then exhausted in 
12 days; find the number of men in the reinforcement. 


94, <A person left Poona in the Satara mail tonga at 2 P.M, and 
having proceeded a certain distance he alighted and returned to Poona 
on foot, walking at the rate of 3 miles an hour, and he reached Poona 
at 8 p.M.; if he had gone six miles further in the tonga he would not 
have reached Poona till 10.40 p.m. How far did he go towards Satara 
and what was the speed of the tonga ? 
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oe x at e+ ax 
95. Find the value of Pate Sc a aR ES 
; ; 1 Js V 
6. Sey 4a3 (a+) ™ 4a? (a—2x) T 5 (a? + x7)" 


97, Find the u.c.F. of 673+ 132?4+ 6x and 87° + 6x? —92. 


98, Reduce to its lowest terms the fraction 
t+ Ta +740? —1bx 
3 — I? —1382+4+110° 
99, Extract the square root of : 
at — 2a +3a?—$at+ 4h. 
100, Solve the simultaneous equations: 
Uut2e+y+2z= —3, 
Qu+x2+2y+2=3, 
u+2e+12y+z2=21, 
Ut+u+6y+2=10. 
101. A garrison had sufficient provisions for 30 months, but at the 
end of 4 months the number of troops was doubled, and 3 months after 


it was reinforced with 400 more men, and the provisions lasted only 
15 months altogether; how many men formed the garrison originally ? 


102. Divide the product of y3—12y+16 and y®—12y—16 by 
y?—16, and (a#?—yz)>+8y%2 by xv? +yz. 

103. Resolve «!®-y1° into five factors. 

104. Find the u.c.F. of 2”5-—1lz®—9 and 42°+11a*+81. 

105. Solve the equations: 
2e—-1 3-2 5e-4 T#+6 1) 
RING BG Ig ceeteteeeenees (1). 

w#-1 «2-2 4-5 «£-6 


eR em (2). 
(a +8) (@ —§)=(@48) (%—5) 4B... cc ceecce es (3). 
(a — 2) (@+5)= (4-8) (CHB) AE ceccccccneeeees (4). 


106. Divide Rs. 15,200 among Krishna, Gop4l and Govind, so that 
Gopél shall have Rs.1,000 more than Krishna and Govind Rs. 2,700 
more than Gopal. 


107. A certain sum is to be divided among A, B and C; A is to 
have Rs. 300 less than half, B Rs. 100 less than a third and C Rs. 80 
more than a quarter ; how much will each receive ? 


oS, 
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108. One-tenth of a rod is coloured red, one-twentieth orange, 
one-thirtieth yellow, one-fortieth green, one- fiftieth blue, one-sixtieth 
indigo, and the remainder, which is 302 inches long, violet ; find the 
length of the rod. 


109, Divide a?+14-, by a—1+-, and 
eh 


24 te OY Dy eB 
110. Find the u.o.F. of 234+22742%7+4+1 and #- on —-1; ; and the 
L.0.M. of 6(«?+.2y), 8(xy—y*) and 10(a?-¥y?). 
111. Extract the square root of 
424+ 12a5y + 13x74? + 6ay> +y4, 
112. Solve the equations : 


E (VAL) +E (@H+3)H=4E (GHA 416 ween (1). 
6v+13  38r+5 _ 24 (2) 
Satie bp os as? ee 
ote + By = 33 
‘jewel pate (3). 
Yee + 20 = 27 


113. There is a number consisting of two digits whose sum is 10, 


. 
a re 


and, if 72 be subtracted from it, the digits will be reversed ; what is 


the Humber ? 
114, Simplify 


az—yt y) a+b , («#-y? 
a’b+ab2 (@+y)2 "ab 
115. Find the square root of 
— 40° + 1044 — 202° + 254?— 244 + 16 ; 
and the cube root of 
8x3 + 60x?y + 150vy? + 125y°. 
116. Solve the equations : 


(3”—1)?4+ (47-2)? =(5"—-8)? woe ey Ter (1). 
oo as 2) 
Se--4j=98. 5) Sa . 
2 3 4 33 
% ye 10 
Lil do 80 ee (3). 
Ce Aa 60 
6 28 91 | 
wy -@--31G0 
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117. B has 5 miles start of A but only travels at the rate of 
3 miles an hour, while A travels at the rate of 4$ miles an hour ; 
where will A overtake B and how long will he take to do it? 


118. A mixture is made up of a gallons of one liquid at m rupees 
per gall-a, 6 gallons of a second liquid at n rupees per gallon and 
e gallons of a third liquid at p rupees per gallon; what will be the 
value of the mixture ? 


119. The sum of the three digits of which a number consists is 9; 
the first digit is one-eighth of the number consisting of the last two, 
and the last digit is likewise one-eighth of the number consisting of 
the first two; find the number. 


120. Reduce to its lowest terms the fraction 
38a? — 3a2b + ab? — Bb 
4a? ~ ab— 3b? 


121, Divide +a a l+a a 


122, Extract the square root of 
a? —2an+22+2a—-2e+1. 


123. Solve the simultaneous equations : 


L+Y —2=8, 
yte—x2=7, 
2+x2—y=65. 


124. A man has a number of rupees which he tries to arrange in 
the form of a square ; on the first attempt he has 116 over, and when 
he increases the side of the square by three rupees he wants 25 to 
complete the square; how many rupees has he? 


125. <A fraction becomes equal to 3 when 18 is added to its 
numerator and becomes equal to 1 when 1 is subtracted from its _ 
denominator; find the fraction. 


126. A person walked to the top of a mountain at the uniform 
rate of 24 miles an hour and down again by the same way at the rate 
of 34 miles an hour, and he was 5 hours in going and returning ; how 
many miles did he walk ? 


127. Multiply 22+7?+22+1 by 2?+y7?—2—1, and divide 24325 — 9° 
by 37-y. 


128. Multiply 


of the results. 


a*+ab 


a+ be by Pear and by , and find the difference 
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* wag 


129. Reduce to its simplest form 
20? — By at—y"\ , (— wt—y* 
L—y gt — 2 . “—y ey? 
130. Find the u.c.¥F. of #2—3a2x-2a' and #3-—axr?—4aivand the 
L.c.M. of #?—4, ~?-5x%+6 and xz?-9, . 


131. Extract the square root of 
4a4 + 6x? + 82474154425 ; 
and the cube root of 


1 1 
Eo uaa rs 
a +35+3(0+5). 
132. Solve the equations : 
142 fv =y/ (407+ 1/162 4+2),.....000ve0s sae 5) 
lo+28 _ a/0+38 & 
Ja+4 oe Ja+6 COOKSHCOCOSSETEDeCHSLeDLOL CE SES OD . 
52—4y=4+4 34 
Qu +42=8+4 3y PT TY (3). 
2y+e%=14-32 


133. Divide the number 99 into five such parts that the first may 
exceed the second by 3, be less than the third by 10, greater than the 
fourth by 9 and less than the fifth by 16. 


134. A person being asked what o’clock it was answered that it 
was between 5 and 6 and that the hour and minute hands were to- 
gether ; what was the time ? 


135, A quantity of grain was divided equally among a certain 
number of poor persons; if there had been ten more each would have 
received one seer less than he did, and if there had been eight fewer 
each would have received one seer more than he did; find the number 
of persons and the quantity of grain each received. 


136. Find the value of 


/3—222 —x ne 
az (1+32) a? when v= — 35 
and of 1—[(1-{1-(1-—1-1)}}. 


137. Simplify 


9a7b?  [ 8a(a-y) . ern  @-@? \) 


16(a@+y) | 7(e+d) ~ | Qlab? * 4 (a2 —y?) 


ate x \% ive Ra 2 xe 
= ies) = ( ae ) + a (ae ¥2) ...(2). 
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138. Find the coefficient of w in the quotient obtained by dividing 
y 
3° 
139, Separate into their simplest factors 
xv — ay —6y? and x — 4ay? — vy + 4y?. 
140. If wy=ab(a+b) and 2?-xy+y?=a3+ 63, shew that 


8at+ay—y* by #—- 


141. Find by inspection the L.o.M. of 227-8, 322-90 -+6 and 
627+18%4+ 12. 
142. Extract the square root of 
25 24 16. 
_- 


dort — 1297 - — 
x 


ge" 48? 
and the cube root of 
829 — 1248 + 6x? — 874°+ 362° — 944 + 5423 — 27x? — 27, 
143. What value of c makes 
(a — 2)? —(a—1) (#@-3)=e 

an identity? Can any value of c make it an equation ? 

144, If the telegraph posts by the side of a railway be 60 yards 
apart, shew that twice the number passed by a train in a minute gives 
roughly the number of miles per hour at which the train is moving. If 


eleven posts be passed in a minute, in what time would the distance 
traversed, estimated by this rule, be one mile in error ? 


145. A boy receives a fixed sum as pocket-money at the beginning 
of every week, and in each week he spends half of all that he had at its 
beginning ; he had no money before the first pocket-money was given 
him and at the end of the third week he has 1s. 2d.; what is his weekly 
allowance ? : 2 


146. Remove the brackets from the expression 
{m —n — (8a —2y)} — {2x + 5y—(m+n)}. 


147. Find the quotient which arises from dividing the third power 
of 10a? by the square root of one million times a, 


148. Find the u.c.F. of 
Qa? —262?+8x% and 6x4?7-x#-2; 
and the L.c.M. of 
w?—1, 224+207-3 and x — 7x? + 6x. 


149, Reduce to its simplest form 


b-a\ , / b-a 
(a+ or) iz (1-a7=). 
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150. Extract the square root of 
xt — Gay + 13024? — 12xy3 + 4y', 
151. Solve the simultaneous equations : 


BOOS Beg ee 
zy ay 188 
eee 
ei ay BB 


152. From a certain sum of money I took away one-third part and 
put in its stead 50 rupees; from the sum thus increased I took away 
one-fourth part and put in its stead 70 rupees, and I then found I had 
120 rupees ; what was the original sum ? 


153. Reduce to the simplest form 
a? + 2d? — (Qe? — 6) — {(d? — c? -— e”) + (2 -e?)}. 
154. Find the u.o.F. of. 
2x* — xy —6y? and 3x?-8xy+4y?. 


ql x (x%+3) 2 
_ 155. Add together @+l)@+2) and 32 (w+) 


of the sum when v=3, 


, and find the value 


156. Extract the square root of 


157. A and B invested equal sums; A gained Rs. 1000 and B lost 
so much that his money became two-thirds of A’s money. If each 
were to give the other a third of his present money, B’s loss would be 
diminished by a half; how much did each invest? 


158, Find the continued product of 
at+b+e, -—at+b+c, a—b+e, at+tb-e. 


= 159. From the sum of the squares of _* and —~, subtract the 
. a—b a+b 


square of 


a 
160. Find the u.c.¥. of the expressions forming the numerator and 
at — 15x? + 284-12 


denominator of the fraction ~ Se 1brald and reduce it to its 


lowest terms. 


161. Solve the simultaneous equations ; 
xa+y+2=6, 
du —y+2z2=7, 
44+ 3y—-z2=7. 
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162. Determine the time between ten and twelve o’clock at which 
the hour and minute hands of a clock are exactly together. 


163. One student said to another: “If you give me half your 
money, I shall have a hundred rupees.” The other replied: “I shall 
have a hundred rupees if you give me a third of your money.” How 
much had each ? 


164, Divide a?1*+ (2ac— 6?) vt+c? by aa*—ba?+e, 
165. Resolve the expression 
2 (b2c2-+ a2 + a2?) — (at + b4+ cA): 
into four factors. 
166. Find the u.c.F. and L. O.M, of a*— 24 and a3— a*x — ax? + 2°, 


167. Solve the equations: 
20-9, & x#-3 


at eS Oe 

oT, is zn SF — 2H iivtelesur ae eee (1) 
182 —°05 

12a — “5 ="AREBD sicccsesvtsiee ee) 
CEOS 

Ye ANG oes Sis catescn ee (3). 
ede 
y-2 2 


168. A train carrying three classes of passengers at 6 as., 4 as. and 
3 as., has eight times as many third class passengers as there are of the 
second class and seven times as many second class passengers as there 
are of the first class, and the whole sum received is Rs. 290. 6as. How 
many first class passengers are there ? 


5 . 
169. If (+2) =3, prove that a? 40. 


170. Resolve into their simplest factors ee 


(1) 62?+52-—6, (2) 322-10r7-8, (3) Q9at— 8242+ 9y!4, 
171. Find the u.c.r. of z4-—37+20 and 524-327°+ 64. 
172. Extract the cube root of 


a + : =e (#45) + 54 (2+5) ={t2. 
a a a 


173. Solve the equations : 
4 (7a@+1)-4 (17-22) =} (5¢4+1)....... Hotieiee (1). 
x “— 2a @w+2a 


ap + Wee a =—9 3a+b Peer rer eroeansossassoeene (2). 


~ 
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174. A father’s age is four times that of his elder son and five 
times that of his younger son; when the elder son has lived to three 
times his present age, the father’s age will exceed twice that of his 
younger son by three years; find their present ages. 


175. <A cottage cost Rs.1500 to build; at what rent must it be 
let to pay five per cent. clear after allowing ten per cent. of the receipts 
for repairs ? 


— 


176. If #+y=2z, shew that 
mae oe Ee 5 = 9. 
L-2 yz 
177. Divide 23+ 8y3 — 2784 18xyz by 7+ 2y—3z2. 
178, Resolve into factors of the first degree the expression 
a? (b+) +6? (c+a)+c? (a+b) + 2abe. 


lio. Lf oe find the value of 


a+b’ 
24+2a «+26 
w—-%a «-—226° 


180. Solve the equations: 


ee en Te 5 8 bocce Poeeerreee (1). 


(a — a) (w —b)=(a@+a)(@4D) cecccrosercerees ee 


181. A criminal having escaped from prison travelled for ten hours 
before his escape was known, and was then pursued so as to be gained 
upon three miles an hour. After his pursuers had travelled for three 
hours they met an express going at the same rate as themselves which 
had met the criminal 2 hours 24 minutes before; in what time after 
the commencement of the pursuit will they overtake him ? 


182. Divide the number 127 into four such parts that the first 
increased by 18, the second diminished by 5, the third multiplied by 6, 
and the fourth divided by 23, shall all be equal. 


183, Divide (423 —3ax)? + (4y3 — 8a2y)?—a® by a%+y?- a2, 

184. If 

(a+b) (+c) (+d) (d+a)=(a+b+c+d) (bed+cda+dab+ abe), 
prove that ac = bd. 

185. Resolve 10%2?—23x%-—5 into its simplest factors. 

186. Shew that 


2 (a—b) (a—e)+2 (b-c) (b—a) +2 (c—a) (c—b) 
is the sum of three squares. 
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187. Find the u.c.F. of ; 

[24 — 100234 8a2z? — 4034 +4a* and 82*—-13a23+4 5a2x? — 3034+ 3at 

188. A certain number consisting of two digits becomes 110 when 
the number obtained by reversing the digits is added to it; also the 


original number exceeds unity by five times the excess of the second 
number over unity; what is the number ? 


189, A person walks from A to B, a distance of 74 miles, in 
2 hours 174 minutes, and returns in 2 hours 20 minutes, his rates of 
walking up hill, down hiil and on the level being 3, 35 and 33 miles an 
hour respectively; find the length of level road between A and B. 


190. Find the continued product of 
2 —W?, #2 -Qry +2, «w*+2y* and a°42xry+27/%, . 
191, Resolve into factors and thence find the L.c.m. of 
a? +6ab+5b2, a—a?b—ab?+b? and a*+5ab— 6b? 
192, Simplify the following fractional expressions : 


167—27\ | 13 
(2+ 6) zg (2-145) setsless ateney se ewie (ie 
(at — 4a? + 12a*— 16a + 16) 9 
? </ (a? + 2408 + 1920? + 512) SGesee+oorseeseone ( ). 
193, Solve the equations: 
pee 
22 2 22+7 1-2 1 
Zeer re i2 Ty tetteereetseeeeepeenes (1) 
Bg os 
ae BA eyes (2). 
PET GY =? 


194. I bought a horse and carriage for £90; I sold the horse at a 
gain of 12 per cent. and the carriage at a loss of 4 per cent. and gained 
on the whole 6 per cent.; what was the original cost of the carriage ? 


195. A man walks one-third of the distance from A to B at the 
rate of @ miles an hour and the remainder at the rate of 2b miles an 
hour, and travelling back from B to A at the rate of 3c miles an hour 
takes the same time; prove that 

Dri. Bk 
abe 3 


196, Simplify 
24 {a —4 (x—1)} {w—% (vw —2)} {a -F (w—-14)}; 
and subtract the result from 
(2? +72+12) (4? -x«—-6) 
as me Te Te 
H. A. 14 
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197. Reduce to its simplest form 

a? b2 oe 

(a—b) (a—0)* (=e) ba), (ea) (6—8)’ 
198. Resolve into factors the expression 
| 4 (ad — bc)? — (a? + d? — b? — c)*. 
199, Find the u.c.F. and L.o.M. of 
4 gt—4o34202+6a—9, vt—2?+6x—-9 and a4+2%°— 5a? —6x24+9. 

200. Extract the square root of 


cB iat 


and the cube root of 
8x5 — 3625 + 66x74 — 632° + 334? -—9a+1. 


201. Solve the equations: 


N/ (ct — 1)? + 2D 4 D2 =U — AAD. rrrvererreeeeeves (1). 
Bo Y AN? 6 dpapas seeans nae eee (2). 
em 
oy 


202, A man walked from the University Library to Malabar Hill at 
the rate of 3 miles an hour, ran part of the way back at the rate of 
81 miles an hour, and then walked the remainder in 1 hour 5 minutes. 

e was out altogether 2 hours 44 minutes; find the distance between 
Malabar Hill and the University. 


203. Ifa+b=c+d, prove that each of these quantities is equal to 
ehices eg fa eae Berges ea 
abted \atotet ad) 
1 1 1 
204. If Bt gad heat prove that pteml and «yz+1=0. 


205. Simplify 
(+0)(?+a%) | (e+e) (a2 +08) , (a+) (a2-+0%) 


(e—a)(a—b) ' (a—b) (6-0) s (b—c)(ec—a) Ex 
Gsa2) (+243) Gr9 rd Game 


206. Shew by means of a formula that 
(ax+by+cz)? + (ca — by +az)3 
is divisible by (a+c) (w+2). 
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207. Resolve into three factors the expression 
v3 — 24¢* — 23x + 60. 


208. Extract the square root of 
(a — 6)? {(a—b)?—2 (a? + b?)} +2 (at+ 4). 


209. Solve the equations: 


w—-8 «2-5 «x-T «2-4 
ST) ee ee ean eee a eee oreseseesoce costccasye 
a—be 2—a(a+b) CX 
oP ori one en CEB (a0) (ato ae (2), 


210. A number consists of three digits, the right-hand one being 
zero; if the left-hand and middle digits be interchanged, the number is 
diminished by 180; if the left-hand digit be halved, and the middle and 
right-hand digits be interchanged, the number is diminished by 336; 
find the number. 


211. Resolve into factors 
a —(p2+2) x%y2-+y4, 
912. Given the relation 
1—2b2-+ 6? 1—62 
1-8 | 14+2by+02’ 
L-Y 2b 
i coe vy a ei Cs 


prove that 


213. Divide 
l+at+et+at+at+ao+al+a$t+a%+a by 1 CS 
214. Simplify the fraction : 
(y—2) (yt2P+(2—4%) Z+aP+(e-y) ery)? 
(y+2) (y—2P+(2+4) (2-48 +(a+y) (e-y)P 
215. Solve the simultaneous equations: 


— 2 2 Pn 
lewd pK dc ime +6 Zi as 


ey aoe 
« Af 


216. A number consists of three digits whoséxsum is 10; the 
middle digit is equal to the sum of the other two, and the number will 
be increased by 99 if its digits are reversed ; what is the number? 


917. If 19 lbs. of gold weigh 18 lbs. in water and 10 lbs. of silver 
weigh 9 lbs. in water; find the quantity of gold and of silver in a mass 
of gold and silver weighing 106 lbs. in air and 99 lbs. in water. 


14—2 
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218. Find the divisor when (42?+7xy+5y’)? is the dividend, 
8(w+2y)* the quotient, and vy? (97+11y)* the remainder, 


219. Find in terms of a the value of the expression 


Sate. 


1\m/_1\" 
(e+) 2) 
220. Simplify A/a La 


221. If a+b=1, prove that 
(a? — 6’)? =a? + 68 —ab. 
222. Solve the equations: 
atx U-v Qat 4) 
a?+art+2  a—ax+n? x (at+ar%4+as) 
2e+3  40+5 382+3 (2) 
“+1 4¢4+4 37+1 SeCeTeN eT eee eee a). 
223. Shew that if a number of two digits is four times the sum of 


its digits, the number formed by interchanging the digits is seven times 
their sum. 


224, A certain resolution was carried in a debating society by a 
majority which was equal to one third of the number of votes given on 
the losing side; but if with the same number of votes 10 more votes 
had been given to the losing side, the resolution would have been 
carried by a majority of one only. Find the number of votes given on 
each side. 


225. If«=1, y=4, z=0, find the value of 
tie 1 
[w—{y—z—(2e —-2y—432-y)}]+ {ema (:-3)| ; 
226. Find the factors of 
(1) 8a8+729y9, (2) w+7a%°—5a®—35, (3) (w2+4u)?—2 (2244) — 15. 


| 227, Multiply #?+7?4+2—- ye —zx—xy by «+y+z, and from the 
result shew that 


(y— 29+ (2-2) + (w—y)—8 (y—2) (2-2) wy) =0. 
228. - Find the expression of lowest dimensions which is exactly 
divisible by a#b—b(b-—c)*, ac?-a(a—b)? and (a+c)2c— 6%. 
229, Extract the square root of 
(27+ 1) (2e+3) (2e+5) (2v+7)+16. 
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ab a b 
av Bran are 
230. Simplify malig cc Daa: Ti paeeeteete ee eRe re! <4 (1) 
opin iy) way ee (2). 
231. Solve the equations: 
Qu —[3— {4ar+ (4 — 1)}--5] = 8.0.0... cee eeeeee eens cL): 
9x—Syt1 
BoE nO 2) 
1 1h 42 
Tatty e+ysls3\. 2 ee (3). 
f 1 4 
Pooty, THe57.53 


932. A man allowed a pauper 3s. 6d. per week until the number of 
shillings left was the same as the number of weeks he had been paying; 
he then increased the allowance to 4s. per week; if the money lasted 
altogether for 35 weeks, find how much the man gave away. 


933, Find the value of 
wS—Babe—2b% xt dab 
xv? —ab “4-24 


b) 
when w=a+b, 

234, If m=a*, n=a", a®=(mn*)?; shew that xyz=1. 

235. Simplify 

9y2—(42-Qu)? | 162*—(2a— By)? | 4a®— (By — 42)? 
(Qa+3y)?—162 © (By+42)?-4a? © (42+2x)?—-99? 

936. Find the u.c.F. and L.0.M. of a3—8224+3e-1, 2-2?-a#2+1, 

and w—243+20-1. 


237, Extract the square root of 
Ta Le 2a. 508 


238. Solve the equations : 
1 1 1 


ytlgehe Bla ak ae Pee ese r es eereee+ or eee eh. 
YS Oia | 
i Y 2 = 5 
Pega . 
—-—-+-=8 r Prete er ress eH mnereerseeseoeses (2) 
aa: | 
eal 
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is twice as much wine as water and in the other three times as much 
Find how much must be drawn off from each to fill a 
third vessel of 15 gallons, so that its contents may be half wine and half 


water as wine. 


water. 
240. Multiply 2”-le—y(r-1)™ by am—y™, and divide a*+y* by 
— wy /2+y". 
baa 
241. If«#+y+z=0, prove that — +24 =3, 
YZ + ox vy 
242. Given ax+by=m, br—ay=n, a?+b?=1; shew that 
K+ yt=m'+n*, 
1 CA I SSS Seamer een eich lees 
PY (a—b)(e—a)* (00) (a=6) (Ca) 6=<): 
244, Shew that 
1s ASA ES eee 1 
y—2 2-0 + a—y) —(y—2?* (@-aP* yp 
245, Resolve into factors the expression 
a (b—c)?+6 (c—a)?+c¢ (a —b)?+ 8abe. 
246. Find A when 
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Two vessels contain mixtures of wine and water; in one there 


(w—a) (v@—38a) (~@+a) (4+38a)4+K 


is a perfect square. 


247. 


Extract the square root of 


OTE A ow i eee pt Ab(aet b+ 2? 


and the cube root of 


248. A boatman rows to a place 120 miles distant and back in 
35 hours, and finds that he can row 4 miles with the current in the 
same time as*8 miles against the current; what is the rate of the 


current ? 


249, 


3 
28-309 45, 


By resolution into factors simplify 
—Txy+12y? «*—5xy+4y? 


w+ bay + by? + ay — Qy? SOoeeeeeerrrenecs 


(2? — ay +y")3 + (2 + ay +?) 


2 (x? +7") eee ecvcereseccnees 


250. Find the u.c.F. and t.o.m. of 
a3 — Qa? 192420, #3422? — 2327-60, 2+ 743 — 4x? — 522+ 48. 


oli 
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251. Solve the equation: 


Pecan” 


pein 


7—2x 


ys 


952. What value of @ will make the product of 3—8a and 8a+4 
equal to the product of 6a+11 and 3—4a? 


253. The gross income of a man was £40 more in the second of two 
particular years than in the first, but in consequence of the income-tax 
rising from 4d. to 6d. in the pound in the second year his net income 
was unaltered; find his income in each year. 


954, The sum of the ages of a man and his wife is six times the 
sum of the ages of their children; two years ago the sum of their ages 
was ten times the sum of the ages of the children, and six years hence 
the sum of their ages will be three times the sum of the ages of the 
children. How many children have they ? 


255. Resolve into their simplest factors: 
(1) #-3072?+a4, (2) B+2-302+1, (3) w+ 5ay —24y*+u—- dy. 


956. If av+by=1 and aaz*+by?= a , prove that 


7 1 n--1 

nr nm — | ——— Z 

ax” + bY & i 5) 3 

257. Find the square root of 

ao+—-6 (a+) +15 (#45) — 203 
Sars) a a] 

and the cube root of 
1— 6a +214? — 4423 + 6344 — 540° 4+ 272%. 


258. If p be the difference between any fraction and its reciprocal, 
q the difference between the square of the same fraction and the square 
of its reciprocal, shew that * 
Pp +4=_. 
959, The trinomial ax?-+bx+e becomes 8, 22, 42 respectively, when 
x has the value 2, 3, 4; what does it become when «= —i} 


960, Find the numerical value of 
(wyatt aotytae—(L+ye+en+ ay), 
when #=2, y=3, 2=4. 


961. Find the u.c.F. of 223-w?—x2—3 and #5-a%—4a?-3n—2; 
and the L.0.M. of 942—4, 402-36, 3a?—7#—6 and 3x?+'7a— 6. 
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262. Simplify 


(ab) + 8ab (a ~b)t +160? Ca () 
NA qh Oglhgent = frees ? 
x 
BV = ree eteeteeeees (2). 
2+2-— ai 
eT a4 


263. Solve the equations: 
2-2 %£-5 5(4-1) 
Gel RNGRPGT EY, WEEE Eh GAY ea Nc les Y). 
2 9 i 6 : (1) 


w-1l w#£-2 w@-5 x£-6 
AEs emgnie nnese toh Rar ns eee (2). 
H-2 -¢2=3. o2=6  #¢-—7 
aay 
oF 2 cx Men cuevciear cant eee (3) 
eke 
Pay 


264, Find the fraction which becomes equal to $ when the 
numerator is increased by unity, and equal to } when the denominator 
is increased by unity. 


265. In a mile race between a bicycle and a tricycle their rates 
were proportional to 5 and 4; the tricycle had a minute’s start but was 
beaten by 176 yards; find the rate of each. 


266. Prove without actual division that 
524+ 623 — 7x? — 827 —480 
is exactly divisible by v—3. 
267. Divide ' 
au? (4n3+ 16n? + 21n +9) + 2xy (6n3 + 23n?4+29n +12) 
+y? (823+ 28n? + 32n +12) 
by (n+ 1) (Q2n+3) (w@+2y). 
eee x? (%-—a)y? (#-6)? 
268. Simplify meta Gib) B@=8) 
269, Find the u.c.F. of 
+ 223+ 3024+2¢74+1 and #+52t+2993— 47-1, 
270. Extract the cube root of 
274° — 10825 + 171v* — 13623 +5722—1997+4+1. 
271. Shew that 
(1®— ye)? +(y2—20)8-+ (2 —ay)9—8 (a2 ye) (yee) (2 —ay) 


isagmexect square. 
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272. Solve the equations > 
u—4a ,4%—5a x2+6a , «+5a a) 
“z—8a a—-4a «c—4a 4— 3a eee ee re) . 
z—ab x“v—-ac Ww 
Nadel et b 738 b+e Cdere ree verceresteseceves (2). 
273. If of two numbers of two digits seven times the sum is eleven 


times the difference, and the numbers consist of the same digits reversed, 
find the numbers. 


274. Simplify 


i! 
1 ta 2 1 
(0-745) (e454) Te (1+e+5) ebiereleleseteretetere (1). 
1+- 
L 
1 1 ] x 3 
3 Tal pile ee ArT aN (2). 
275. If x=} (a+b), y=}$(b+c) and b?=a¢e, prove that 
a ec 
| aE 
Mare) 


976. Find the u.c.F. of #3+97?+4+ 267+24 and #3+947+237+15 ; 
and the t.c.M. of #?—axy?, x®y+ay? and ay—y"*, 


277. Extract the square root of 


and the cube root of 
pueeeo (4+ 2) +3 (« _ =) +28. 
Lv an x 


278. Solve the equations: 
1-2 x 1 


ji. 2 oe ae PR ch > Ly: (1). 
cages gate 
go> Dy: 35> | er! (2) 
dy Sk 1S 
Ba ap TLIO 


279. A labourer is engaged for 30 days on condition that he 
receives half-a-crown for each day he works and forfeits a shilling for 


each day he is idle, and he receives £2. 7s. altogether; how many days 
did he work ? 


280. Find the factors of 
(1) at+2a7b? + 464, (2) a (b—c)4+b3 (c—a) +c) (a—b). 


“ 
yy 
re | 


= pipes 
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281. Shew that the sum of the coefficients of xv and x9 in the cube 

of 
l-w+23+ 24 

iS zero, 

282. Determine the values of ¢ which make 32?+x%-4 and 
122?—5x2+c have a common measure. 
223 +294? +-6247 4-24 
923 +257? + 1lx—12° 


934. If e+yfz2z—1=//2(1-2)(1—-y) (1-2), 
shew that w+ y2+2 4 2ryz—-1=0. 
285.. Prove that 
(b2— c2)3 +. (c2 — a) + (a? — B2)3 
(b—c)8+(e—a)3+(a—b)8 
286. Shew that 
rn qn +. ax (a —2 4 gin —2) — Qgr-l1ygn-1 (7+a)? 
is divisible by x?— a? when v is an even integer. 


283, Simplify 


-=(b+¢) (c+a) (a+b). 


287. Extract the square root of 
a® — 85 + 20a — 22.23 + 28.2? —-124+9, 


288. Find the cube root of 
826 + 1225 + 1844+ 1323+ 92?+38xv+1; 
and hence solve the equation 
828 + 120 + 1824 + 1323 + 9a? + 32 =7. 
289. If x+y+z2z=0, prove that 
a(y—2P+y (2-2)? +2 (e%-y)+9xyz=0. 
290. Find a number of two digits such that the sum of the digits 


is a multiple of 9, and if 27 be added to the number the order of the 
digits is reversed. 


291. Find the value of a) SE: 2xvy+4y") in terms of a and 6, where 
a%=9a*—12ab and y=2b?- 6ab. 

292. Find the H.c.F. of 

—19xy+12y? and 3x3 — 10x2y + 4ay? — 

and the L.c.M. of 2a4+43+32?+e-+1 and 2v'+23-2?-—g#-1, 

293, Prove that 
(bz — cy)? + (cx — az)? + (ay — bx)? + (aa + by +02)? 7 

= (PLEA) (a+y242), 


294, The value of the trinomial axv?+62—e becomes 46 when v= 4, 
26 when v=3, and 12 when w=2; what are the values of a, 0, ¢? 


Oe 
Box 


= 
S tea 
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295. Shew that the value of the expression 
ae ya — By + 220 — a2 + ary — yn 
is not altered if any the same quantity be added to or subtracted from 
each of the quantities x, ¥, 2. 

296. If 2s=a+b+c+d, prove that 

4 (ab+cd)? — (a? + b?— c? — d*)}?=16 (s — a) (s — 6) (s—e) (s—). 
aot. lh a= a4 — b¢,-y¥= be — ca, 2=c*?—ab, shew that 
ax + by +cz=(a+b+e) (a@t+ty+2). 
298. Find a value of # which will make the expression 
2 — 823 4+ 112?+ 74 — 1789 

exactly divisible by #?+7x—-1. 

299. Prove that the product of any four consecutive even integers 
increased by 16 is a perfect square. 


300. Given that gated oe: petites 


y 
B+ p+ea— 3ryz=t (a +634 c— 3abc). 


, shew that 


UNIVERSITY OF CALCUTTA. 
301. Subtract bed? —(a?— 6?) bd from (a? + be) d?—(a?— 6") bd, and 
multiply 1—-w+a?-2 by 14+242°42%. 
302. Solve the equations : 


Hane eee 
B+ T/(Zo—6)=19 vccsceesecens Were (2). 


303. I bought 25 yards of cloth for Rs. 223. 8as., for a part I paid 
Rs. 8. 8as. a yard and for the rest Rs. 9. 8as. a yard; how many yards 
were there at each price ? 


304. In a right-angled triangle the base is 8 and the sum of the 
hypotenuse and perpendicular is 12; find them. 


305. A person has two horses and a saddle worth Rs. 75; if the 

_ gaddle be put on the first horse, his value becomes double that of the 

second; but if the saddle be put on the second horse, his value will not 

eemount to that of the first horse by Rs. 350; what is the value of each 
orse 


306. Shew that 
{(an + by)? + (ay — bar)?} x {(aa + by)? — (ay + bx)?} = (at - 04) (at—y"). 


a 


“Sa a 
a, wr. 
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i. at es ot ee 


307. Divide 26+ 2a%y3+y8 by (#+y)% 
308. Resolve w!*~—a!? into its simplest factors, 


a—b a*— b? 

IOP avEU: : 1+ OTB 

309. Simplify Rm SEY ray 5 
‘“a46 ) ate 


310. Find the u.o.F. of #4+32?-—9x+5 and #—19x%+4+20. 
311. Solve the equations : 


5 (e-§)-3 (0-2) +3 (2-2) =0 Pe. (1). 


312. There are three numbers such that the sum of the first and 
second divided by their product is $,the sum of the second and third 
divided by their product is 4, and the sum of the third and first 
divided by their product is }; find the numbers, 


313. Simplify the following: 


Beg SOTA (1) 
2+3 xv —324+9 22 +27 COC COCOOOe Lee Ses ee . 
ate b+e 
(6—a) (@—a) * (a—b) (@—b) - a aats Ub oa keer eeee (2). 
at — bt a—b at 
a? —Qab +62 x a(a+b) bodies «hvrte-c.cle es a woke ete (3). 
314. Solve the equations: 
1 1] 2 
pond. Exar yes toa sve wes bclvens ROM GEO ban ee (1). 
9¢+11 9-9 4e+13 154-47 2) 
E+ Seeds fea3., So IO) Tt ( : 


315. A man bought a picture at a certain price and paid the same 
price for the frame; if the frame had cost £1 less and the picture 15s. 
more, the price of the frame would have been only half that of the 
picture; find the cost of the picture. 


316. Find a fraction such that if 1 be subtracted from its numerator 
the value shall be #, and if 6 be added to the denominator the value 
shall be 4. 


317, Divide 2824+ 13x°y?— ay3+15y* by 442+ 4ay+ 37? 
318, Reduce to its simplest form 
verges. 1 
4a? (a+x) ' 403 (a —2) t oR (a?+ a)" 
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% 319, Solve the equations: 
a—7 —9 
64— ar eels ee (1) 
M BD ace O ocsvine we dake te Modtaod ya (2) 
“2+3y=10 
Said Seem 6, 


320. A and B can do a piece of work in 30 days, C and A in 
40 days and 8B and C in 50 days, and all three work together for 
10 days; if two be then taken away, how long will each of the others 
take to finish it ? 


- $21, Reduce to its simplest form 
uty ,27-y v+y? 
e-y aty #-¥ 


322. Divide unity by (a+6)?, giving three terms of the quotient 
and the remainder. 


323, Solve the equations : 


Ze LV 14 = 14 ent aces. eke eee (1). 
P48 aE Vises ed Be (2) 
a-b a+b 
Dee DDG nents (3). 


324. What fraction is that which if 1 be added to the numerator 
becomes 1, and if 1 be added to the denominator becomes 4 ? 


325. Prove that 
Ey ee ey 
HY BLY By rys 
326. Divide a8—28 by a+z. - 
327. Solve the equations : 
a oi) 


i tS Rapa 2 6.0.0 0:6's'e'06 6o.clc't 06 6 vac ealselers (1). 
A —/ 3a = (BES ie. ho A (2). 
on Sue ours 
Si neersreet: (3). 
x—2 
3y+ 75 =9| 


328. A post is a fourth of its length in the mud, a third of its 
length in the water and ten feet above the water; what is its length ? 


bn eee” 


hs 222 me : (te) AMLGBBRAS! | coe tae - = ae 

_ ee ; 
329, rer together ie SR ae 

a —(x—y+2)(a+y —2), y2—(y—2+0)(_y+2—2), P-(2—wty)(e+a-y). 


330. Multiply #+y+z2- Nye — Nea — Nay by Me faas and 
divide 28+atzt+a8 by #?-—ax+a?, 


ital 


331, Simplify the expression 
(ee ae FOE oe he as SEE ker Mek 
2(v—-1) 2#-Tx+10° 2 (a?-927418)° 
332. Solve the equations : 
a-1 2-9 , 34-2 (%—-2) _ 


ear nn mma: ACCS (1). 
bx+lly= oe 2 
lla +5y=110 sees OOo coerce cceccersenrocs M 


333, Divide the continued product of 1+x+y, 1+a—y, 12 at+y 
and w+y—1 by 14 2ay—2— y”. 


4, Resolve 4 (uz— xy)? —(w— x? y2+422)2 ‘ 
. intg four factors. : 
335. Find the w.c.r. of 2e5—1lxv?—-9 and 4a54+11z+81; and 


23 — 6x2? — 37%+210 
+ 4y? — 477 —210° 


reduce to its lowest terms the fraction 


336. Simplify the following : 
3 


1G gcarte ae (1) 
(wy) (a—2) * (y—2) (y—a) | (2-2) (@—y) 
1 i l 
GNC) ¥O-DY-¥ *7e-aNe—y 
Bose eo te ee i 
(w—y)(w—2) * (y+2) (y—2) zt (G@—a)(e+y) ee . 
337. If x rae , find the value of 
at+b 


2+2%a x42b 
v2 #=9b* 
338. Solve the equations : 
L-A BU oP ieee v—(at+b+e) 


Pe v a abe vevYedbusgin sete 
“x—l x-2 e2—5 x—6 
eo 23° B68 wees SS eR re (2). 


J (G4?) - NAG + b)= Je ttereeenenseeeee(B), 


E 
4 
; 
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339. If a=1, b=2, c=—-}4, d=0, find the value of 
a—-b+e ad—be ba 
Seb dhge  leeatt bd—ac aa 3) * 
340. Divide 6a3—17a?b+7ab?—5b? by 2a—56, and find the con- 
tinued product of aw—1, ax+1, te, 
a 


_ 841, Find the uu.c.F. of 42+62?+11¢7+6 and 2349224274 27, 
and the L.o.M. of xy, «—y and ¥?- xy. 
342, Simplify the following: 
Peter AY tee VEY ee (1) 
Bee WE Er) AP Py ea 
a? +3a+2 E a?+5a+4 
@+2a+1 °° a®’+7a+10 
343. Extract the cube root of 
a+ 625 + 21444 4423 4+ 63224 547 +27. 
344, Solve the equations: 3 


Ce ee 


345, A is twice as old as B and 4 years older than C, ave the sum 
of the ages of A, B and Cis 96 years; find B’s age. 


346, Find the predict of the four factors 
L+Y+2, yYte-X, 2+4U-Y, UtY-Z. 
347. Divide (v7+y+2z) (yz+eu+any)—ayz by #+y. 
348, Reduce to its ere form 
See ee we —(#-y? 
(2+x)?—y? ais +a 


349, Extract the square root of 
2 2 
(02+ =) - -4(« vt) -++- 12: 
me 2 
350. Shew that 


(a— b) (@- eh ee Oe) | (7 —a) (v— b) 24 
(a—b)(a—e) * (bc) (Ba) * (ca) (c—b) 


224 ALGEBRA. 


351. Solve the equations : 
o-3n  5e_ 3 3- 5a 


4 3 od 2 Lan 3 CovSCCDecdcebunetoseees (1). 
oy O2C+ 07 2420 00 ; 
5a + 03.—O*” a ae =F 0) cw eee hee RMR TNC ORTIE (2). 


352. Find the u.0.F. of 2v34+9x2+47—15 and 4x3 +- 82% 4 324 20, 
w—e—x7+1 
w@+e8—H%-1° 
S64. Simplify (“1% 2-7). at 8) 

ES NP Mey)? eH yay)" 
355. Prove the identities : 


D..c\2 fe a\? fa b\?2 6 e\ fe; ay farep 
+5) oe) +(5+3) =4+(2+5) (242) Cae 
(a+6+c)3 abe — (be + ca + ab) = (a2 — be) (b2— ca) (c? — ab). 


356. If 2s=a+b+c, shew that 
16s (s — a) (s — b) (s — c) = 20%c? + 2c2a? + Qa2h? — at —h4— 4 
357. Solve the equations : 
(w+$) (@— 3) — (@+5) (v—3)43=0 oe eee (1). 
ee neta Ja+b pes Jete ~0 (2). 
(2 — 0) (fe —e) © (lam —e) (fea) © (Ja a4) (= b) 
358. Solve the simultaneous equations: 
ax +by +c ay, (1) 
a,2-+biy +0} Wee \eaceaue ween : 
a+ 5y —4¢=5 | 
34 —2y+22=14 
—10%+8y+ z=6 


353. Reduce to its lowest terms 


359. Extract the square root of 
a8 + 824 — 223 41622 — 8x +1, 


360. Given a=,/2, b=,/3, c= /4 and d=0; find the value of 
N{(? +0? +c?) (0? +0?) (62+ a2}, 


361, Find the u.o.F. of #3+422—5 and #—3r+4 2, and the L.¢.M. 


of 2 —523+224+47—4 and t+ 43 — 6x2 — 4x +8, 


implity (*19, @+8\ . (a-b a B 
362. Simplify (a5 t aon) + Gh-San) 


:‘ i 
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363. Shew that 
1_ (a) 8 (a+b+c) (b+c—a) (c+a—b) (a+b—c) 
2be' Abr? . 
364, Extract the square root of 
+b? + +d? — 2a (b-—e+d)—2b (c— d) — Qed. 
365. Solve the equations: 
4%+3 29-—T7x 8x+19 
9. Lar 18 Ce eee (1). 


hethy+}e=12 
syt+4z2—-ler=8 8 Seis: 9iece wleceleiers dice ele eea eave, etree (3). 
4z+427=10 : 

366. There is a number of two digits the sum of whose digits is 5, 
and if 10 times the digit in the place of tens be added to 4 times the 
digit in the place of units the number will be reversed ; what is the 
number ? ‘ 


367. Divide #°+43+3x2y-—1 by #+y-1. 

368. By resolution into factors find the Hor. of a!42a24 i 
8+ «4 — 4%? -1 and at—1; and the t.c.m. of 622-a2— 1, 3847+ 77+2 and 
2x7 + 3x —2. 

369. Simplify : —-- G 

+a 2-4 | 
wv G  &2-a, “+4 (1), 


H-A@ LAG L+A XL-4 


Sees oeeeeeersbheee sevens 


a+ac a-—e CRs (2) 
aze— (atc)e a? — 50-6 Ase 66.6 alade sveveieta acetate 
323 — Qn? — 4x 
i ececcccccnvcccceceece (3). 


493 —9x?-— 3741 


370. Extract the square root of 
tt — 303 +4ta2+9n+4, 


371. Solve the equations: 


4 (a@—2)—3(w—4) =, (20-3) —23 arecccccees. (1). 
a b 
fee" @) 
ee ee 4 
—-+-=%7 
gu Y 


226 pana ALGEBRA, ie 4 
or = 
372. Find the product of 3a+2b and 3a—3b+2c, and test the — 
result by making a=1, b=c=3. 
373. Divide a+a%y2+aty'+a°y+y8 by x—a8y+a77?2-aytyt, — 
hb it alg a 3 

and Bt a by Baas 


874, Prove that 


1 1 2 4a‘ 
+  lleeemeeeee-peemeslitcos oe Ty, 
Ra PP cee Fo oe 
aX a+x a? + 4? 
gato gu—b ae — 2a 


375. Simplify (1) 


aes ? 

1+2 4x 8x SA 1-2 
l—-xv 1+27° l-2? l4+z 

1+2? 4x7 1-2 

1-2? 14+2 142° 
376. Find the Lom. of 24+ 2y+ay?+y° and 2° —4a*y+ay?- x, 
877. Reduce to its lowest terms 

Qa — #8 —9274+13x%-—5 
7x3—1927?+17~4-5 * 
378, Extract the square root of 
4'* + 8a23 + 4022? + 16624? + 16ab2a4 + 1604. 


379. Solve the equations : 


and (2) 


‘. ieee WE (1) 
a-x  %a-xX 3a-24 
ae = 7 ee (2) 
tee 
Bp itg 
. : Sala iMeweehdbv Se eRenee nena (3). 
a ase 


380. AB is a railway 220 miles long, and three trains P, Q, R 
travel upon it at the rate of 25, 20, 30 miles per hour respectively ; P 
and @ leave A at 7 A.M. and 8.15 a.m. respectively, and & leaves B at 
10.30 A.M.; when and where will P be equidistant from Q and R? 


381. Multiply 2#°-—}x°y-—3y3 by 222—Ly?, 
382. Find the L.o.M. of 2(7-—2)?, 24®-8, 22427 and 24?-4y, 


; 1023 + 192?-—9 . 
. Red : 
383 educe 25a8— 19046 to its lowest terms, 
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884, Simplify : 


b a? 20? 


a , 
i pakh bie eoe a5 Ge eer ea (1). 
<— 2 
1 1 DAD Yee 
G-75) (e+57—) Catal rat ( +0+7) ee eee er seee (2). 
“x 


385. Extract the square root of 
PA | 
EO ae he 
386. Solve the equations: 
6 le 2 


S72 5 7 rae oS 5 aa o/sis'ere a.ele-s!siela bisie'aro sleraie crete (1). 
3y —2 (37—-1)=7 eye Sa 
387, Divide #*-10z?+9 by a#?-2x-3., 
388, Find the u.c¢.F. of 
323 —174?4+19¢+11 and 623 —2542+17% — 29. 
389, Simplify 
( Bb) 2 x 
g*— a? eo +a a? 
390. Extract the square root of 
a* + b*+ ct+ dt — 2 (a? + 2) (b2 4 a?) + Qare? + 2b%q2, 
391. Solve the equations : 
7z--1 1 1-4 
BAS 9 ae ayn 
7 5 (28 5 } Cher Se (1). 
ed at it 
one Bt award od bien (2) 
= of > B 
7 =H 7 


392. Rs. 1100 are so divided among 4, B and C, that if A were to 
give B Rs. 200, B would then have twice as much as A and three times 
as much as C; how many rupees did A, B and OC each receive 
originally ? 


15—2 


Ww) Yi] &, ” 
228 Bees ALGEBRA. 
- +. 


av [40097 POY (8-99) (w ty) 
UL) ae re ee (2) 7 ) 2) (72 72R\? 

2 Vv Sila Qui W+ayt+y") (ey 
Q4+a~i Wa x 
Ceres 


2(1+a) 2(1—a) * 14a?" 


393. Reduce to their simplest, forms; | 
AA 
y.! 


394, Find the u.c.F. of a*—9a?x%?+10a%v and ax? —a*x?—4a4; and 
the L.c.M. of 3aa*-3a%x, x*-a?, 2*+aax, /3ax, Ja— Ja. 


395. Extract the square root of 


2 
at — 84 +44-2+ aa 
4 a" 
396. Solve the equations: 


= & at Sach ee (1) 

M04 VERB eeccctsnesesettesnen (2). 

: oa heat os ie (3) 
P 4y 2" 2 


_ 397. Two persons started at the same time from 4; one rode on 
horseback at the rate of 7$ miles an hour and arrived at 6 30 minutes 
later than the other, who travelled the same distance by train at the 
rate of 30 miles an hour; find the distance between A and B. 


398. Simplify : 


<1 A a a a+b a+b? : 
(1) qom—6n —? (2) a+b 2b . Wab=3e" 
ae 6 ecAe 
(3) 6 a b a 


aif b = he if pak ee 
@ ne 3) & a a2 6% ab 
399. Find the t.o.m. of 14+47+47?—162! and 1+2x- 825-1621, 
400, Extract the square root of 
94 — Quy +183 yy? — Qvy3 + Oy. 


401. The expression axz—3b is equal to 30 when 2 is 3 and to 24 
when 4 = 7; what is its value when # is 4°38, and for what value of x 
is it zero 
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402. Subtract 3a—2b+3c from 2a+4b-}c; and multiply 


403. Find the u.c.F. of 
624+ v3 —62?-—54-2 and 27443234227? —7r-6. 
404, Simplify . 
1l+r2+2" ie L Le ee ia 1 
1-2 l+2 1-—aZ 


L+2 Ce 
405. If Se ee and a—6-+e¢ is not =0, shew that 


Leak 
fe. 


Ke 
-= 


406. Solve the equations: 


; a) nee wm (1). 
x-% Txe-38 
Sete 6 +3= Cols 0 pie 0p ob ie 6 c'slg Sine ed fale Niere (2) 
(5H — 1) = 1 al (5 — 2) 0... ccgceveunseeee ce (3). 


gu+g (3y—2x)=$ 
407. How many bundles of hay at Rs. 5 per thousand must a hay- 


merchant mix with 5600 bundles at Rs. 6 per thousand in order that he 
may gain 20 per cent. by selling the whole at 11 annas per hundred ? 


408. Simplify the following expressions : 


3a—[a+b-2{a+b+c—(a—b+c—d)}+a]......! ate (1). 

(2—yP+(e+y)i+3 (w—y) (v+y)+3 (vty)? (wy) ......(2). 
a a a+b a—b 

a—b a+b _a-b' atb a 3) 

Kea hee aeh Cae ee Lie HONE SOL (3). 


Gab Geb a0. - OED 
409, Find the u.c.F. of 2734+32?+ 27-2 and 4x4 —223+2x—1. 
? 1 1 
2 Hoh hi 
410. Multiply #?-—w#+1 by pet th 1 


411, Extract the square root of 
4—4¢+2b+c?—be+ 4b. 


230 bd ALGEBRA. 


412. Solve the equations: 


9 ~S hy = ty Os 5 55 oe hora ee (1) 
“uty , du—5y 
729 
Ra ae i ee en (2) 
meet Ler 
14° 18 


413, A can do a piece of work in 9 days, B in twice that time, C 
can only do three-quarters as much as A in a day; how long would 4, 
B and C, working together, require to do the piece of work ? 


414, Divide #*+.2°— 242?—-35x7+57 by v?+2x7-3. 
ee “+2 x* 2 202 — 4 
ee iret ied 1 oe 

416, Find the u.o.F. of #$+a3—112?—9x%+18 and 

a* — 1023 + 352? — 50a” + 24. 

417, Find the first four terms of the square root of a?+.?, and 
from the result deduce the square root of 101 correct to six places of 
decimals. 

418. Solve the equations: 

22-3 37-8 47+15. 1 


ag ae ho) 2 Bane +5 [ot baw oC eee (1). 
2 (@+2)=1+,/ (4024+ 97+14).... eee (2), 
3u+4y—11=0 
bY — 02-- SEO. sae ee (3). 
(z— 8x2 —13=0 


419, A and B together can do a piece of work in 15 days, and A 
can do it alone in 24 days; how long would B take to do it alone? 


420. ‘I'wo passengers have together 5 cwt. of luggage and are 
charged for the excess above the weight allowed 5s. 2d. and 9s. 10d. 
respectively; but if the luggage had all belonged to one of them he 
would have been charged 19s. 2d. How much luggage is each passenger 
allowed to carry free of charge? And how much had each passenger ? 


421. Divide 
w(l+y)(1+2)+y (1+2?) (L+2*)+2(1422) (1+y)+4ayz 
by l+yz+eur+cy. 


& 
492, If p= 


os Nee evaluate 
tab - aPb eee 


(b—c) +(e—a) y+(a—b)z. 


7 
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423, Simplify the expression — 


sVi-a _ V(1— a) \" 


1 x x 
PAG Bis bio S&S SEED Ep hg ERY 
(423 — 32) 1-3! z 
x 


494, Extract the square root of 
(a?+ 0? + 02) (a? + y? +27) — (bz — cy)? — (cw — a2)? — (ay — bx)? 
425. Solve the equations: 
4n+3 18a 82+19 


ae oR As oneetenens eneeteeatem) 
n/{4ac? + 202 +17 +-n/(16.0? + 114@+10)} = — 2 (#42) «2.0. (2). 


426, Multiply  a”"—a"x+2?" by a®+2", 
and divide a" —y®" by gh py, 
427, Find the u.c.F. of #4+74%+4 and L242 4+ q5. 


; PC ok ‘a Oe Dae 
a2e. Simply, Faz taney) @uy) woe 


429, Solve the equations : 
BoM AN FEA I 1 ooo ys cous 4. oe (hy 


a® x a! nud eae at 
Hoge saat caf diab. owese sashes ee (2). 
alive: An te ee 3) 
eae (3) 
ety 20 
: : @ Dx? a 2ax 
431, Find the u.c.F. and t.co.M. of A 


32? —10ar+7a? and «#3 —5ax?+Ta%x — 3a%. 
¥ 
\432. Extract the square root of 


git wit 
2-2 a ee Qatx + ee Qax? + a, 
a a 


232 ' ALGEBRA. 


433. Solve the equations : 
«w—1 2x7 —2 


15 mich Bar aa +24 I re rk (1). 
LOE OATS LO. ee. civ sbcondes oaxteceene (2). 

tian ileactem A ai 

p 3 : ie S viysofaad eee (3). 

is ta ene 

; + r =18—5x 


434, A boat goes up-stream 30 miles and down-stream 44 miles in 
10 hours, and it also goes up-stream 40 miles and down-stream 55 miles 
in 13 hours; find the rate of the stream and of the boat. 


Pee ul 1 1 
435. Simplify ae TCR (Oma es b (b—a) (w—b)° 


436, Resolve into their elementary factors: 
(1) «#?-5ax—66a?, (2) (1—c?) (1+a)?—(1—a?) (1+c)2%. 


437. A man receives “ths of Rs. 10 and afterwards “ths of Rs. 10, 


and he then gives away Rs. 20; shew that he cannot lose by the 
transaction. 


438. Solve the equations: 
Va? +112 +20 —1/22+52—1=3 


re i (1). 

405 3 18 86 : 

Ox Buoy xv 24—6x ee ee 
ara 4+- ia POO eee seers ereereseresesesese (3). 


439, A challenged B to ride a bicycle race of 1040 yards; he first 
gave 6 120 yards start but lost by 5 seconds, and he then gave B 


5 seconds start and won by 120 feet. How long does each take to ride 
the distance ? 


440, Find the continued product of #—a, 2?+aa+a? and a+a’, 
*441.- Resolve into factors : : 
(1) #2+1387+42; (2) a%+e-42; (3) 34322451293. 


442, Find the moar. of #—7x22—80%+576 and 32" — 144% —80, 
and the t.c.M. of ‘these two expressions and 32?+17%—90. 
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443, Solve the equations : 
(62+9)?+ (8a—7)?=(10"+3)2—71. 
5850-975 156  ‘39a—-78 


ot ee 
“-2 uty _“-y-1_ y+l2 

2 i428 LM fe 
ee Soe 5 (y+1) 
ot ides) fly ot 


ae a? 


444, The distance from a place P to another place Q is 3} miles; 
two persons A and B start together from P to go to Q, the former by 
carriage which travels at the rate of 6 miles an hour, and the latter 
walking at the rate of 3 miles an hour. If A remains at @Q for 
15 minutes and then returns by the carriage to P, find where he will 


meet B. 


445, Divide 


(a — 6)? + (a —b) e — (c? — a) b? + (e— a) b3 by (a—b) 2 —(e—a) B 


446. Find the u.c.F. of 


a (6x? — 8y") —y (Ba®— 4y%) and Qay (2y — wv) + 403 — 2y’. 


447, Simplify oe 1 bx ax 


a—x a2 a+" 


a—b a+b 
448, If re and eres find the value of 
| w—yr+x 
Poy 


449, Solve the equations : 
x? —-2 2-34 20-3 x-D5h 


4 5 8 3 eee 
x 1 x 1 
5 = 05 + 005 <= 0005 =? Piphac Aric 
20+72=7 
sy+xr=2 a jefe Sony Byervl fk pte 
32—4y=7+15 


ee oe ey 


seeceweccese=c8 


ce) 


450. Reverse the digits of a number and it will become five-sixths 
of what it was before; also the difference of the two digits is 1; find 
the number. Also find that number of three digits which is the same 
when reversed, and the sum of whose digits is 16 and difference of the 


middle and extreme digits 2. 


234, ALGEBRA. 


451. Find the coefficient of wt in the product of 
a —aas+ba—cat+d and w+4+put+gq. 


452. Resolve into their simplest factors : ; 
(19) oe (+2) +1, (2) st+at%x?+a4, -- 


453. Find the t.c.m. of 
w*—1, w*+1, (#-1)2, (+1)%4 2-1, #41, 


454. Simplify Ger ee ee 
ze find the value of 


(53) +a) 


456. Find to four terms the square root of 1 -—x—wx*. 


4505 s1f v= 


457. Solve the simultaneous equations : 
m n 


ergo: eee 


458, Two sums of money are together equal to £54. 12s., and there 
are aS many pounds in the one as shillings in the other; what are the 
sums ? 


459, A boy buys a certain number of oranges at three for 2d. and 
a third of that number at two for 1d.; at what price must he sell the 
lot to gain 20 per cent. profit? If his profit be 5s. 4d., find the number 
bought. 


A i. 
460, Simplify (1) Saeiaen ia 


(m—nje~ (app 


461. Find the t.o.m. of 
9xt—2847+3, 27e*-—12e2+1, 2724+4+6x?-1, w*-6a7+9. 


- 462, Extract the square root of 
(a? + b?)? a b 
a 2040 t ayb * ab 
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463. Solve the equations: 


a—xv® b-x% c-a b-x 
bx oo C Sit ee Be ee es aN Chie 
OL 2 20 eB Ante . 
‘Ollax Df isGha ces 145 iar la etd bias Bia teieontelieoe (2). 
ean S 
6 (=) ee Va (3). 
A+x a-x 
%—Yy-—z=—15 
y+22+x2=40 \ Sab eee sige sina niga snemlats (4). 
4z— 5x —6y= — 150. 


464, A bankrupt paid 17s. 6d. in the pound to his creditors and 
then gave four-fifths of what he still owed to the lawyers, and this left 
him £20 for current expenses; what was the amount of his debt? 


465. At what time are the hands of a watch together between 
5 and 6 o'clock? 


466. Divide 23+78-2+32y2 by vt+y—z. 


467. Express (7+3a) (7+5a) (w+ 7a) (a 4 9a) as the difference of 
two square quantities. 


* 468, Resolve 2§+atz*+a8 and «§—16a8 into their elementary 
factors. 


3 
469, Simplify 7 p é 


3 
=t)(a=0) =e =a) Cae. 
470. Solve the equations: — 


“-2 %£-38 
aa Oe oi 70 neta tyes pera (1). 
273 
ory (2) 
Say ER ie 
a ees 
“u—2y+z=0 
Qa — By FBC=O Pp rreesreeeretteer tenes tee ts (3). 
90 +3y-+52=36) 


471, An officer can form his men into a hollow square 5 deep, and 
also into a hollow square 6 deep, but the front in the latter formation 
contains 5 men fewer than in the former ; find the number of men. 


472. If w=b+c, y=c—a, z=a-—b; prove that 
P+ y+ 2+ Qya— 2ae — 2xy = 40, 
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“473, Divide 
(car + by)? + (aur — by) = (ay ~ba)8+ (ay +b2)8 
by ‘ (a+b)? v2 — 8ab (uv? — y?). 
474, Find the u.0.F. of © 
4x3 — 8aa*— 20024 +2403 and 6x3 + 24ax? + 6a%x — 360%. 
475. Extract the square root of 
(bo+ ca +ab)?—4abe(A+C) vic..cseseeeeseeeenes (1). 


esesee 


476. Solve the equations: 


1 Vew-1 8 2«£-¥ 

3° Ol=ar 8 ace sie abioe es UabNiUL iy Cada EM th); 
a dd (2) 

15 25 os 5D Seer eee eee eee eeeeernenee . 


(+7) (y-3)+7=(y+8) (@—- aie 
5a —11y+35=0 


477. The dimensions of a rectangular court are such that if the 
length were increased by 3 yards and the breadth diminished by the 
same, its area would be diminished by 18 square yards; and if its 
length were increased by 3 yards and its breadth increased by the 
same, its area would be increased by 60 square yards; find the 
dimensions. 


x Z 
+16. a (6 —c) (b+ce-— 2a) me es ar 2b) (a—b)(a+b—2e)’ 
find the value of #+y+z. 
479. Simplify the expression 
(1625 — 2003+ 5x)?-+(1 — x) {16 (1 —2®)?— 20 (1 —a%) +5}? 
80. Reduce to its lowest terms ‘ 
323 — 27ax®+ 78a%x— 72a3 
223 + 10aa* — 4a2x — 4803 * 
481, Extract the square root of 
= 209-4 dat -- = + = 
482. Solve the equation : 


483. Find the n.c.F. of a+a!+1 and #6-2Qat+2?-1. 
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484, Extract the square root of 
ee 
2 Ears Seek, 
9a? 240+19 -—+ 5, 
485. Solve the equations: 


£(@+1)4+4 (@-1)—F (BH — 7) H2 oe eececceeeees (1) 
1 1 1 1 
“-a4 “L-a+e “L£-b-c a“—b Peer eoeeeeeeneeres (2) 
1 bee til 1 see | 
32 Ty 3° Qn 3y 6 Corre eroerestes woe vee (3). 


486. Of the candidates in a certain examination 45 per cent. 
passed; if there had been 30 more candidates, of whom 19 failed, the 
number of successful candidates would have been 44:8 per cent.; how 
many candidates were there ? 


487, Divide 25+ 6axt+ 5025+ 6a%x?+Tatv+a> by x+a. 
488. Find the H.c.F. of 20a*—3a3b+5* and 64a*—3ab?+ 56+. 
489, Solve the equations: 


ED Re OE 
(a—b)(w-a) (ed) (@—0) ~ (a—8) (wb) (@—a) (wa) "> 
490. A tradesman sold two articles together for 46 rupees, makin 


g 
10 per cent. profit on one and 20 per cent. on the other; if he had sold 


each article at 15 per cent. profit the result would have been the same. 
At what price did he sell each article ? 


— 
— 


491. Simplify 
(e+y+z2)?—(y—x) (2—2)— (2—Yy) (@—y) — (4-2) (y—2). 
492. Find the value of “4 
$Y (y — 2) — 35 [3 (82— 4y) — Jy (Bu — F (Ta —4y)} | 
when 7#=—4, y=2. 
493, Extract the square root of 
4a? —12ab —6be+-4ca + 9b? + c? 
4a2+9c¢? —12ca ’ 
494. Solve the equations : 
BSS. BA Bal. 
THe as aoe 2, area 7— Bo iipeenseeeeesees (1). 
“+a «£+38a (2 
DAD ahah COs :: 
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495, The express leaves Bristol at 3 p.m. and reaches London at 
6 p.M.; the ordinary train leaves London at 1.30 p.m. and arrives at 
Bristol at 6 p.m.; if both trains travel uniformly find the time when 
they will meet. 


496. Divide a? (b—c) +3 (ec —a)+c3 (a—b) 
by a? (b—c)+b?(c—a) +c (a—D). 
497, Find the t.o.F. of 
© 323 — 5a? +5x7-—2 and Qa*—27°4+327?-7+4+1. 
498. Extract the square root of 
446 — 12254 13424 — 2243+ 252? —8x+16. 


. 499. Solve the equations: 
“1202 —4 [50-2 {6n-+7 (x—8)}]=16 —4[3a—2 {w= 6 (w—1)}]...(1). 


x+b x-b 

Sob mph rceenenieeeesenbannanlensess (2). 
: : SNS She See (3). 
a yt 


500. Divide the number 832 into two parts such that 30 per cent. 
of one part exceeds 40 per cent. of the other part by 6. 
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501. Find the value of a+ 08+c3—3abc, when a=1, b=4, e= —5. 


502. Divide w?+zy+y? by wt ay +y. 
503, Solve the equation : 
Boe a ee 
5 eae 7 
504. A train running from A to B meets with an accident 50 miles 
from A, after which it moves with three-fifths of its original velocity 
and arrives at B 3 hours late; had the accident happened 50 miles 


further on, it would have been only 2 hours late. Find the distance 
from A to B and the original velocity of the train. 


505, Find the numerical value of 
{a —(b—c)}*+ {6— (c—a)}*+ {e—(a—6)}*, 


when a=1, b=8, c=5; and simplify the given expression, 


ites 
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506. Extract the square root of 
1+4+2¢-—a#3+ 424, 


507. Solve the simultaneous equations : 


Pg 
pe ia : c? 
cal aida Beas 
ab pte 


508. A number of two digits when divided by their sum gives the 
quotient 4; but if the digits be reversed, and the number thus formed 
be increased by 12 and then divided by their sum, the quotient is 8; 
find the number. 


2 
509. Divide 1—= by 1 _~ _* to five terms. 
2 3.64 
510. Resolve into their elementary factors : 
(1) s—a, (2) #?—9x+14, 


511. Solve the equations : i 
62-a 32+6 65 


Ar—b 2a+a COC mere r eer see eer esrearesees (1). 
u—Y—2=4 

yt =} PET (2). 

72—“%-—y=22 


512. A can do a piece of work in 12 days, but when he has been at 
work for 4 days B is sent to help him, and they together finish it in 
3 days; in how many days can B do the whole ¢ 


513. Simplify the following expression : . 
(2— a) (y— 6) a7 / ad (2t+y)(@-y) (@+y") 2 
Sr TERT x SN x A/a? + 2ab + b?). 
CORCeUICED aay I oe ae 
514, Divide 
B+ Bay — x? (y — by?) — Bay? + (154-1) y+ 5y* by 2?+3ay+y*. 
515, In the equation 
a+a,2+b (a+b) 
a+b a—b a—6?’ 
shew that the value of x is independent of a. 
516, Two years after the Flood, when Shem had lived a sixth of 
his life, he begat Arphaxad; who, when he was 35 years old, begat 
Salah. When Salah had lived a twentieth of Shem’s life he begat Eber, 


who after 34 years begat Peleg. Peleg begat Reu at the same age as 
Salah begat Eber. Reu was two years older when he begat Serug. 
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Serug begat Nahor at the same age as Peleg begat Reu. At a year 
younger Nahor begat Terah, who, when he had lived seven-sixtieths of 
the years of Shem’s life, begat Abram. Abram was born 292 years 
after the Flood and lived 175 years. By how many years did Abram 
survive Shem, or Shem survive Abram ? ; 


o17. If «=6, y=3, z=5, find the numerical value of 
ime ease ee) 


4 ee ee 


518, Simplify me { (aa) - 
519. Multiply 24+ 7a5y — 80%? -132y3+5y4 by 6u2y —3y2n, 
520. Separate into factors 
at+ 2a3a — %ax— x4. 
521, Reduce to the simplest form the expression 
4a+6b 6a—4b _ 407+ 6b? | 4b?-6a? _ 2004 ‘ 
a+b a—b a? — b2 a+b? © at—ht’ 
and find its value if (1) a=b(2+,/5), (2) a=2 and b=0. 
522. Extract the cube root of 
40 —t0*b+1ab?— 3b : 


523. Solve the equations : 
a—4 443 


Ss > L 
2-2 x -5 (1) 
Z-a «x-b w£-C 
a 8 Ee iy ae ap eee 2 
Penne : (2) 
= pip ft eebdel, A en (3) 


524, Ina University Examination a fourth part of the candidates 
and six more passed in the Second Division, a thirteenth part in the 
First Division, and three more than half failed; how many candidates 
were examined ? 


525. A man has in his purse sovereigns and shillings; if he receive 
as many sovereigns as he has in his purse and pay away his shillings 
and an equal number of sovereigns he will have eight coins; but if he . 
double the number of his shillings, while retaining the original number 
of sovereigns, he will have nine coins. How many sovereigns and how 
many shillings were in his purse at first ? 


526. Add together 
20° + 4a? + 6ab, a?-+b%, ab?+b3, 30% — a8, ab? — 4ab—2a?, ab®+a, b—2a? ; 
and reduce the sum to its simplest form. 
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527. Divide a2b2x2y? — urca2y + 3b3xy? — Bbewy + (b’cy — 0?) y by b’y? — ey, 
and square the quotient. 


528. If a=, find the numerical value of 
3 4k 1 
(1) (2a +a?+a), (2) NAC += - =) 


a 
529. Write down the naught, first, second and fourth powers of 
\/ 40? — 4aa*+a4. What is the square of the quantity whose square 
root is a? 
530. Extract the square root of 
16m2x? + 36224? + 922? + 36npyz+ 24pman + 48mnxy. 


531. Solve the equations : 
bx cr axe (be?+ca*+ab?)? . 
oR = + 2B = ok oi bialaloiele.eiere ote eraletaterte (1). 
20 + By = 50 —hAHAY AG oo ccceccescesee scons (2). 


532. Two trains start at the same time from dA and & for the 
junction C. The train from A should run at 24 miles an hour an 
reach the junction half-an-hour before that from B, which travels 
18 miles an hour; but the former is so retarded as only to run at an 
average rate of 22 miles an hour, and so the two trains arrive at the 
junction at the same time. How far are A and B respectively from C, 
and how long are the trains upon the road ? 


2 


533. A and B went out shooting; A shot three pheasants for 


every five partridges, B five pheasants for every nine partridges, and A 
-shot four birds to B’s five; how many pheasants and how many 
partridges had they brought down when they had shot 126 birds? 


534, Simplify ; 
(a+b+c) (a—b+c)—{(a+c)*—b?— (a+b? +c%)}. 
535. Multiply 22+37+9 by #?-—32+9 and a?+ab+l* by at. 


Ah : POS red 
536. Divide #?—7x—6 by w—3 and ats by = hae 
537, Find the square root of 
08 ~— Aa? +1493 + 4? -—QUt+ AQ. ccceeceees (i), 
at+b+c—2V b6—-2 Vea +2V Ab... cevccvcsvccceeees (2). 
538. Solve the equations : 
Ya+5 2-—4e, 3+7 1) 
“3 : Ta soar ne nets tntpanayaee (1). 
PSG AO RAG wie) iy Mae ae (2). 


a b c 
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an +by =e | : Pa 
Gonads thigewas' Phage 3). 
ayn + by = C4 ®) 
38x+ 2y=1'4 
or Coun eee (4). 
BS i big eer | 
—~+-=4, —+-=5, —+-=3 PA ere eee omnes serene (5). 
yi 2 218 Oty 


539. A merchant goes to three bazars in succession ; at the first 
he gains 15 per cent. on his capital, at the second 20 per cent. on this 
increased capital, and at the third 25 per cent. on what he then 
possessed, and on his return home he finds that he has gained 
Rs. 2639; what was his original capital ? 


540. A certain fraction becomes 4 when 1 is added to its deno- 
minator, and } when 2 is taken away from its numerator ; what is the 
fraction ? : 


541... If a=1, 0=2, c=3, d=0; find the value of 


(a+b) (c+d)—{(a—d) (eb) (1). 
Jo a+ Y4(e—a) 13 Bat 54 802M) cerssescuen (2). 


542. Simplify the following expression : 
(Qa? —y (Ba~y)+a+(y—1)}}— 2 @wty)+38 (y+) (y—-1)4+2u (e@—2y)} 
+[(@-y+1) —{ay—2(y’+y—2) +25}, 
; 1° Abt: AG? Lee 
543. Multiply aes + ae b3 by eat + 62, 
544, Without removing the brackets divide 
(a? — b?) x? — 2 (a? +b?) ay + (a? — 6) y* by (a+b) e—(a—b)y. 
545, Find the u.0.F. of 
9a — 303) — a2b2 —2ab3 and ad—8a‘d + 40%? — 5a2b3 + Baht —- 205. 


546. Reduce to their simplest forms 


ve+ae—12 1 1 2a 
Oita? Oh gag ete eee 
; a b 
(3) Sib aot 
a bys 
Fy ae 


547, Extract the square root of 
a?+4b+9N2+4V a2 — 6a s/o — 12N B52, 
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548. Solve the equations : 
as eae — h/a 
ean “f bee Teka Qo ree etseeaeeseeeeee (1). 
0 
+6 | See ee ee (2) 
Qy b+ A= 2b y| 
LYZ= ay +20 — ye=A (yet vy — 2H) =6 (ZU LYS LY)occeceeee (3) 


549, A merchant speculated during twenty voyages ; on examining 
his accounts he found that, on an average, in each prosperous voyage 
he had gained a sum equal to 4 of his original capital, and that in each 
adverse voyage he had lost a sum equal to 4 a of the same. On the 
whole however his capital was increased by 7; of itself; how many 
prosperous voyages did he make ? 


550, Prove that 
rer \(e+ced+d?) 
=(ac+ad + bd)? +(ac+ ad + bd) (be — ad) + (be — ad)?. 
551. Divide (1) 2a°-—9ax?+1la’x—-6a? by x-3a; 
(2) 823 —8x7y+4ay?—y> by 27-y. 
552. Find the u.cr. of 424+ 9a3+2a2— Qe —4 and 343+ bat e+!; 
and the L.¢.M. of 32?—5x2+2 and 443 —42?-—ax+1. 
553. Simplify the following fractions : 
3a4 — a2b? — 2b4 


10a! + 150% — 10076? — 15ab8 vee (1). 
1 1 
eT _ tw em merc ccc oveccesnen 2). 
a-Va—a2? atVat—x ° ®) 
554. Find the square root of 
| eS 1 Bh AQ 
att Bt abet 5b” a8 
555. Solve the equations : 
62+18 4, ll-3u_ 13-2 21-24 
3 Jogee 7 eines saree ig eee (1). 
3-34 2-24 1-4 
D) ta 3 A ee |: Ooo ee boenarroorseeresoses (2) 
54+2y+ 2 =30 
Qa + 5y + 102=129 (3) 
UA Ra ONAN Aang 2s 
BB 10.0 


24.4, 
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556. A and B start together on a certain journey, and when they 


have walked together a distance of a miles A finds it necessary to 
return home and walks at twice his former rate, 


at ~ times his original pace and just at the end of the journey over- 


takes B, who since A left him had gone at = times his original pace ; 


how long was the journey ? 


507, 


558. 


559. 


560. 
561. 


562. 


563. 


Find the continued product of 
V+ 8x0 +3, v2? -32+9 and r—/3r +3. 


Resolve each of the following expressions into three factors : 


53 — a8 — (02 — ab) (D—@) seciscivccecovsasdereeese (1). 
(02 + 62 — a?) +B (a2 4 C2 — 2) ices ccccccece canes (2). 
Find the value of ees , when w= iis Bs : 
(~-a—b)? a+b 


Find the t.c.M. of a3- 7v—36, #-13¢—-12, 22+49%+3. 
Shew that 


& ) + 4 = (<9 Ae 
a ¢ (a+c \ ac =a55) , 


Simplify the expressions : 


a 2a 1 . 
(o—ay* (e@—ay-it @aaye3 rey (1). 
ag bee One ce ee ae i 
Cc-—a c—6 c—(a+b)e+ab ES IIS 05.3 ( ‘ 


Solve the equations : . 
B0+5  4%+8  10e+1 


a+1 T3733 6243 ee ee ee ey (1). 
9 — MGB SI] vce lisis eee (2). 
ax+by+cz=a+b+ce 
ax by | 
brake eo eee (3). 
2% ay ee | 
b+e ate ab 


564, A, B and C work together at building a wall for ten days, 
after which B stops working and A and C together finish it in five 
days; if A and B together can do as much in a day as C can in three 
days, and three days’ work of B is equal to four days’ work of @, find 
the time in which each could separately build the wall. 


He then starts again 
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565. Reduce to its simplest form 
w—1 We Dit a 20" 
B+1° 2-1 at+e7?+1° 


566. Divide 
(a+b) (+c) 2+ {((a+b)?+(b+¢)*t x4 
+(a—b) (b+c) “2+ (a+b) (a+c) #—(a+c) (b+c) 
by (b+c) x?+(a+b) «—(b+e). 
567. Find the u.c.F. of 25-—2a¢*-—wx#-1 and 26422734441. 


eae prove that 
O26 
eo & b @ 


B ' Ba 


a C 


569. Extract the square root of 


att ae at+i49 {e- us («-7)I. 
a a Oh a 


570. Solve the equations : 


w-1 14-27 4(2x%-1) 7 12 

oy eee lca Foret gal Pe Pak cre | (1). 
Y¥+te=xL+1 
2+2=3y+1 ti vebibice saaieieees ccoseiat peeres (2). 
v+y=2 (¢+1) 


571. A, B, C start at the same instant from P to run to Q, their 
rates being such that B is always as much behind 4 as he is in advance 
of C. After A has reached Y he returns at once to P at the same rate 
and meets B at a point whose distance from Q is one-fourth of Pq; 
shew that A meets C at a distance from P which is one-third of PQ. 


572. Without removing the brackets divide 
(m+n) at+ (m+n? +2mn—1) a8 
—(m+n) (1—2mn) a+ (m+n - Amn) a-1 
by (m+n) a—1. 


1 1 1 ] 
573. If b+ = 2d, Cid hanno epee find the value 
1 
of qo oy: 


574, Find the H.c.F. of 2t—42?+5x2-—4 and at—#34+a4-1; and 
the L.c.M. of #4+44?-5, w?-47+3 and 2734+ 2?—8r+5. 
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575. If ap=bg=cr, shew that 
pg 1 be, oa, ab 
gr | rp og ak gt a 
576. Simplify 
b 


a (30 + 2) -- ain (a? + b?) — 2a (35) shard gevver ay 


(a+6)?+(a— 6) 
ae ~ 42) a4 B84 (b— a)! (2) 
Eee “(Geb =b ho ee j 
b-a a+b 
577. Solve the equations : 
6-52 7 —2Q4? 1434 
33 Vea os ee "7 —-%+ seen scr eeres (1). 


Tabe a*#+b?+¢ abe (bc+ea+ab) 9 
atb+e (atb+er” (at+b+c ye fe 
(a—b)7+(b-c)y+cez=1 

Qax + by + 20z=2 oo... es eses (3). 
(a+b—c) «+(a—2b+4 2c) y+ 2b2=% 


578. A alone can do a piece of work in a hours, A and C together 
can do it in 6 hours, and C’s work is “th of B’s; the work has to be 


completed in ¢ hours. Find (1) how long after A has commenced B 
and @ should relieve him so as to finish the work in time; (2) how 
long after A has commenced B and C should join him so that the three 
working together may just complete the work in time. 


579. Divide bc(b-—c¢)+ca (ec—a)+ab(a—b) by (a—b) (a—c). 
580. Resolve the first of the following expressions into two factors 
and the second into four factors : 
ie ye Eee Te (1). 
a, (63 — ¢8) — be (6? — c?) — a? (D—C) vrsrcescconerccees (2). 


581. In what case is 2™+a™ divisible by x+a? Shew that the 
last digit in 3°"+1+42?"+1 must be 5 if x be any positive integer. 


582. Find the u.c.r. of 22—7x+6 and 623—7a?2+1. 


583. Simplify the following expressions : 
1 2x 
eae | ne pe ores OE (1). 
b+c—2a (6-c)?  b+e—Qa 
aie Lae (a—6)(a—e) rpg i trhtentareseress (2). 


sg ei 
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3 584. If x= ae , prove that the value of 
Z at+e 

S (v-—a)?+(a—c)?  4ae 

at +o (a+c)? 


is the same for all values of @ and e. 


585, Solve the equations : 


5 9 4 4 rere MI RY PS OP eT (1) 
ax—by=a—b 
Cr eee Ge ere (2). 
Die 20 2b 
Jy —-Ny=2e= VIB Bo) - 
y (@—15)=36 


586. A room of which the floor is rectangular is such that the 
addition of a foot to the height would increase the area of the walls as 
much as the addition of a foot to both the length and breadth, the 
increase in each case being 60 square feet ; and if the floor were made 
square, the perimeter remaining the same as before, its area would be 
increased by 9 square feet ; find the length, breadth and height of the 
room. : 


587. Simplify 

{/ (1 — a?) (1 = 2) + aa}? — Quer {x/ (1 — a?) (1— 2%) +a} + 2%, 
588. Divide #!°—abxi+a by «?—ar+a* 
589, Shew that 6?—ac is a factor of 


(2b? + a? — ac) (26°+  — ac) —B? (atc); 
and that the other factor is positive for all values of a, b and ¢, 
590, Prove that the two expressions 
(a?—a+1) (b—c)+(b?—b+1) (c—a)+(c?—c+1) (a—b) 
and (a#—a-+1) (b?—0*)+(b?—6+1) (2 — a?) +(e —e+1) (a —0*) 


are equal. 
2 
591. Shew that eet is in its lowest terms. 
592, If 5 hala a ea and LE ANE CE a shew that 
a 0 DRY a O 
Sel fa 
& y ab 
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593, Simplify the following: 


Wi 
—————— Soecsredsebdevevtnss reer arin « bbe 
ae eG Bs 
=) +5) . 
1 1 3 


(w@+2) (w+ 4) ‘5 (c+1)(@+3) (@+1)(c+2) (a+3) (+4) -++(2). 
594. Arrange the expression 
(b+)? (a+d)?—4 (ab+cd) (ac+ bd) 
according to powers of b, and hence find its square root. 
595. Solve the equations: 
12%+19 Tew—-2 8e-25, 5 
18 Do 3r—10 as * 19> nie 36 Se (Ty. 
a+y+z=—(b—c) (e—a) eof 


ax+by+cez=0 

ara + b?y+cz=0 

596. A horseman travelling at a walking pace of 4 miles an hour 
meets a bandy going in the opposite direction at the rate of 2 miles an 
hour; after proceeding at the same pace for half-an-hour he turns and 
canters back until he overtakes the bandy. If he had continued 
for another quarter-of-an-hour before turning, the bandy would have 


been seven-eighths of a mile further on before it was overtaken; find 
the rate at which the horseman cantered. 


597. Divide the difference between 
(+a) (a+b) (e+e) and (y+a)(y+b)(y+e) by #—y. 
598. Find the u.c.Fr. of #t—23+7%+5 and at— 27242742. 
599, Simplify 
ac—-1 be—1 Q+1_gnt+249 
(1) (a—6) (1+ax) * a) (1-+be)’ (2) Q2n+1_gnti* 


_ (2c—b)?—ab eee 
600. If c= Maoh Ae” ; evaluate eee b . 


601. Prove that 


Gna+i)*. 74), (mn+1)? _ 2 : 
ee mere Ci +2 TT amin —— y¥+(mn+1)?—4mn 


is a perfect square, and find its square root. 


a—b ? 1\2 
602. If 2?+7?=1, 2ny = ap? 2nv=x+y; shew that (1-5) =, 
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603. Solve the equations : 


ee SL Tee i es 
“2 3 “Lr 4 37-13 37 — 16 Site e aleleia «ais afhvcve ears (1) 
Ae 
aay" | 
by -am=e (LZ) ) verctersseesser cesses (2). 
b—c 
ca— by = —— 


604. If Leer ea pr pSA aia _ +526? 


Obes? 9a?” Bab” : 
find in the simplest forms the values of . 
(B40) ©H(CHA) YH(AAD) 2 vcicvccvceecereesenres (1), 
L+YZ 
BER atte eat ee (2) 
605. Simplify : 
w*—(a—-1)* . 2? —(@?-1)? | aw? (a—-1)?- 
Gla * @@+1P-1 a. Gti Bas rs bees (1). 
£—1 z+1 Qu (a? -—2 
eae Sento oe } hae (2). 
a—bx 
ctbar a—bx 
2-2 (a+c) c+ba 
re basses we renee We (3) 
ie #—2 (a+C) 
ate-x 1+ x 
ate—-x 


606. If the two expressions 
a“ —e (8a+b) 4 (ab -+bo) 0+, 
Oe b) 22+ (c?— a?) #—d, 


have a common quadratic factor, prove that this factor is an exact 
square. 


and 


607. There are two quantities a, b, of which the L.c.M. is v and the 
H.O.F. is ¥; if “+y=ma-+— , prove that 


28 + 3623 — 44?+ 82-17 anid 28 +- 8.23 — 72 4. Ox — 4, 
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609. If be+ca+ab=1, prove that j 
a b2 a 2 Aa?b%c2 
{ise 7 igh oah a Fa) (1485 (140) 
610, Extract the square root of é 


493 +97724+- 4749 


O24 ay de Bap dap 


611. Solve the equations: 
10z7+47 127438 5x+4+11 


18 ee EE ye | OOo e ed eee eee sonseens (1). 
Bry +l _yt3er2 _2+40+3_ 5 (2) 
Sis ne Ls * pa: — > 4 ne ee ee 


612. A and B play four games of chance, of which A wins the first 

and last and B the other two. The amount which each stakes for the 
_ first game is half the whole sum of money possessed by both together, 
and for the other games half the money possessed by the loser of the 
preceding game. At the end of the fourth game A finds that he has 
18 shillings less than he would have had if he had won them all, and 
B finds that he has 9 shillings less than he had at starting; find the 
amount of money possessed by each at first. 


613. Divide the difference of 
(w+a—b) (a?—br+b?), 
and (t—a-+b) (a?-—axv+a?), 
by a-b. 


614. For what values of n is 2-+-a" divisible by +a, and 2™— a" 
by x—a? Shew (1) that 4x 2!492n+2417 ig divisible by 9; (2) that 
(1 — 7)?"— (4— 74-2)" is divisible both by 7+3 and 2x—1, 


aes pees 
2(1+2) (kaa) bea? 
be~ ai c?—ab 
@) a0 (ae—b) * Ge) Gare) 


Shew that the numerator of (1) in its simplest form is the sum of 
two squares, 


615. Simplify (1) 


616. Find the H.o.F. of 623—722+1 and 32 — 823 — 129241, 


24 Be 252 
617. Prove that Sse ACE nae, is the sum of two squares, 


ont 


a Ei 
e a Nt tes iB 
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618. Solve the equations : 
“2-3 «v2-T x£-l\l a«-15 


a Gee ea , 
a—d x—9 BoA %—17 Poe Perec oreeseerrees § i 
NV a— bx — [6 = a = (fa — fb) V1 at vcevsecceveenee (2). 
auc — by =§ (b— ar) 
by + 2cz=3 (a — of vai ieths wine eee (3). 
ax —by+cz=0 


619. A and B start at the same time from two places Cand D and 
meet at a point 10 miles nearer D than C. If each had travelled a 
mile an hour faster they would have met an hour sooner ; and if A had 
travelled half a mile an hour slower and B half a mile an hour faster, 
they would have met 24 miles further from D; find the rate of 
travelling of each and the distance between C’ and D, 


620. Divide a(a+ 6) (a+c)—b(b+c)(b+a) by a—b and by a+b+e. 
621. Assuming that v"—¥y” is divisible by x-—y, shew that 
(aby — (bo) + (ed) — (da 
is divisible by ab —be+ced — da. 
622. Find the u.c.F of a§+20?+4 and a®—3a'4 2a? — 4. 


623. Simplify: 
3 (n+1)?(n+2)?—(n—1)?(n—2/)? 


(n+1)3+n3+(n—1)8 Pobre oeresroeresnee (1). 
1 : 1 1 1 
(+1) @e+1)* Gat] Be+l)* Batl) 4etl) Get) Gat) 
ee ‘ es abst 


624. Shew that 
(a —b)? (e+ es + 4ab (c? + d?) — 4cd (a? + b?) 

is an exact square. a 
625. Prove stay 


er tt 


RRANWSHS (NM), L}BRAE 


; piece NOB! ote. 42 

; Eat 
bs 626, If —-=-> that 

; a3 sheen NO: 98 /feege 
* (7—b) we ¥2) peace’ Cy debe )2 J Hg 


Date: POI oe os pate ease 
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627. Solve the equations : 


4 5 ; 2 
3 i 6) Sovilevsveubetinweya 


g-38 @+9 9-27 o—-15~ 
Na— ma —/b—n2a=Va+b—(MEN® secon war 2). 
OO Oke 
mts wore Gea ee (3) 


YR ce on ae 


628. A gentleman went out for a walk, and after having been out 
twelve minutes was overtaken by his servant, who had run from the 
house at thrice his master’s pace; the master then bade the servant 
run back at the same rate to the house and bring his cigars, while he 
walked on at his former pace. If the master was one mile from the 
house when overtaken the second time, at what rate did he walk ? 


cme 63 @ ae b Cc a 
629. Divide atatp-3 by ra Peete ae 


630. Find without multiplication the product of at+a3+a?+a+1 
“and at—a+a?—a+l. 


631. From - (#+6-—c)(#+c-a)(4+a—b) 
subtract (w@—b+c)(«#-¢e+a)(«-—atb), 
and divide the remainder by (b—c) (¢—a) (a—6). 
632. Find the u.o.F. of a6 +29a—15 and 2a5—3a*t+ 16a?+ a—-10. 


633. Simplify : 


a7 Py (a—2)? 
z(a—a) + a(e—a)~ ax Oar revesseeve Ae gb 
(ao+bd$— (ad bo? (wot bd+(ad+by! og 
(a—6)(c—d) (G43) (c+d)) ae : 

634, If ea St>, yao th, = 847; prove that 


(@?+1)(y?+1) (+1) _ (+1) (841) (241) 
(ye+1) +1) (@y+1) (be+1)(ca+]) (ab+1)° 
635. Extract the square root of 
(a? + b*) (a7b?+41) — 2ab (a? — 1) (b?—1) — 40262. 
636. Solve the equations : . 
u-4 x—7 x—9 3 


(@—1)(@—3) * @26) ot) + Goa) 8) ae 
15 — 92+ 10 — 42 =N/B — aoc iccccssnssescveores (2). 
4an+(a+ 1) y=(8a—-1)z 
(8a—1)(1+y-—2)=z oe be cube evdeeeece sAsewe 
L+Y=z2 
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637. A man rowing against a stream meets a log of wood which isy 
_ being carried down by the current. He continues rowing in the same 
direction for a quarter of an hour longer and then turns and rows down 
the stream, overtaking the log 15 miles lower down than the point 

where he first met it; at what rate does the current flow? 


638. Remove brackets from 
c—a—b—{(b+ce—a)—(a—b-—c)—(c+a—b)}. 
Gog. if cer a ae Fev Ged ; find the value of 
mM — a m—b Mm —C 
UY +E+ LYZ. 
640. Prove that 2#*-—1 is divisible by 15. 


641. Reduce to its lowest terms 
20a° + 11ae+ 24 
240° + 11a?+ 20° 
642. Find the L.c.m. of 1+a+a° and 1+a‘+a°. 
643. Simplify 
at+tb+e cta—b atb+te 
atb—¢ .b+c>4@. o+b—c 
(ao Se ee ET = 
cta—b' atb+e ec+a—b 
644, Find what term is wanting to make the expression 
a?a* +646? — 4 (ax? + 8b) (a —b) 
a complete square. 


645. Solve the equations: 
Sirs Z-T 4-2 


aah egress oa sas dessa. hae Oye 
im OV an Pine Bea) 
rey, cies joe EES onan (2). 
(a? + 0%) (# —1)=ab (22 —y) es 
An=y+2 00 0.s% tigis sie ae stele hv vctarety : 


646. A person sets out to walk to a certain town, but when he has 
accomplished a quarter of his journey he finds that, if he continues at. 
the same pace, he will have gone only five-sixths of the whole distance 
when he ought to be at his destination, and he therefore increases his 


speed by a mile an hour and arrives just in time; find his rates of 
walking. 


_ 


647. Divide (a—6)(a+b—c)+(b—c) (b+c—a) by ae. 
648. Separate into four factors: 
(a? — b?)? +. (c? — d?)? — (a+b)? (e—d)?—(a—b)? (e+d)’. 
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649, Shew (1) that (a—1)a"+(b-—1)6" is not divisible by a+) ; . 
and (2) that (2a+b)" —(a+2b)"—a"+ 6” is divisible both by a+b and ~ 
a—b, whether 2 be even or odd. | 


650, If #2—(2g—1)v+2¢ and #?—2gr7+2(¢+1) have a common 
factor, determine g ; and hence find the L.c.M. of the two expressions. 
651. Simplify 
(a+b+c) (l+m+n)+(b+¢e—a) (m+n—l)+(e+a—b) (n+l—m) 


+(at+b—c) (+ m=) veces (1). Sem 
a—b b=o c—ad psa 
Se EERE CE ICE MECEICET ACEC 


652. Express the following as the difference of two squares : 
{(a+6) x—(c+d) y} {(a—6) —(e—d) y}. , 
653. If (m+a)(b+c)+a?=(m+b) (c+a)+0?=(m+c)(a+b)+=n, 
determine the values of m and m in terms of a, b, ec. 
654. Find the cube root of 
(w+y)—(e—y)— 12ay (a? — 9)? 
655, Solve the equations: 2 
Gibbon a a) 
Pid rtd Bia eee ee : 
Nax+e+NVar+d=n batetet NV batdte vec (2). 
a(@a@+y)+b(«—-y)=a?—ab+b? 
| RA a emetic 
656. A letter-carrier has @ hours allowed him for going from A to 
B and back again, including c hours for rest at B, but he finds that he 


can get b hours for rest by going d miles an hour faster each way ; find 
his ordinary speed and the distance from A to B. 


657. Resolve into factors 
(2a+2b—ab)*— (b?— 4a) (a®— 46). 
658. Simplify 
Orgs 5) ee a+b, , i 
abe +e — a?) +e (+08 — 68) + ab +6?—c?); 
and shew that if a+b+c=0, then 
@4+b24+c2% ,/1 1 1 
S+opats (G+5+5)=0. 
659. Find the H.c.F. of 2t—39x%—22 and llat—3923—8. 
660, Extract the square root of 
e922 
(w-1)(@44)+(5 +2)". 


& 
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661. A man being asked his age replied: “Ten years ago I was 
five times as old as my son, but twenty years hence I shall be only 
twice as old ;” what was his age? 


662. Simplify 

x — 4+ 8e?+507415 | at+a%+3n7+ 7-2 

3 P+ Q0+5a410 | 42034302 +40—4° 

-. 663. Shew that 

4 (23 —3a)*— 8 (a8 — 6art + 9? — 2) 

is an exact square; and resolve the expression into factors. 


3 664. Shew that (1) if a+6+c=0, then 
a(b—c)>+b(e—a)?+c¢(a—b)?=0 ; 
and (2) if a+tb+c=1, be+ca+ab=}, abc=2, 
| 1 1 1 
ASE SGM Woburn eed Wy eke 1s 
" “ee eis heen Lab oa 
: 665. Solve the equations : 
“+5 2+6 
reat DAB ies ole eave cd lala See (1) 
atytz=art+by+cz=0 
a Ye i <i een eee sa veccevseasens (2). 
b—c'a-c'a—b~ 


666. Simplify 
(a+)? g+a+2b (a+b) a 
(2—a)(a+a+b) 2(a—a) * #*+b2—a?—ab 
667. Transform 
(2+y2+2+2ry)? —2(a+y)? 2 
into the sum of two perfect squares. 


+}. 


668. Solve the equations: 
L+7 i cages 384-12 


A 7 eee (1). 
ba+cytaz=b+e 
ctaysinote| MEd pr daphs 5 Ges RUE (2). 
axz+by+cz=a+b 


669. Three equal vessels A, B, C are placed one above another, A 
being the highest; A is fall, B half full and C empty. In the bottom 
of A is a hole which would empty it in 16 minutes, in the bottom of B 
i ae hs would empty it in 4 minutes ; how long will it be before 

is fu ° 
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670. Multiply a?+2b?+9c?— 9be+6ca—3ub by a+2b—3c and 
divide the product by a—b+3c. 
671. Simplify 
(at — bt)? + 2a%b? + 5atht + 2a2b6 
(a?+ab+6*)? (a#—ab+6?)2 ° 
672, If w=11, find the value of 
YM[(a+2) Va —2 —2 11a? — 242 /4—9}], 
673, Extract the square root of 
a — 403 + 602 = 4041... Meer (1). 
12, 9 
au? +4e%+10+ at oe chap pest ee lale on eee (2). 


674, Solve the equations: 
L+3 L-3 _ H+5 xL-—7 


Pek Cae OF eee a eo, 3 € 0 2's 010-0 600 evs tees eae (1). ¥ 
§ (§-2)-2(e-30)=4(e-6)—7 its Sos ere ee (2). 
2 be? 
(a? — b*) ~— (a*—ab+c?) y=a(a— 2b) — r 
Oot. ieee (3). 
oy 2a 
a b @—b? 


675. A, B, C, D are four railway stations ; from B to C is 22 miles 
more and from C to D 52 miles less than from 4 to B. A train starts 
from A and travels at the rate of 14 miles an hour; at B an accident 
happens to the engine which causes a delay of 6 hours, and after this 
the train proceeds to C at half speed; there another delay of half-an- 
hour occurs, and then the train moves on to D at a speed further 
diminished by 1 mile. A man starts from A at the same time as the 
train and travels straight across country to D, a distance of 58 miles ; 
including stoppages he averages 3 miles an hour and reaches D just 
with the train ; what is the distance by rail from A to D? 


676. Prove that | 
B+6 (y +2) v2 +12 (y+z)2 x7+8(y+z)8 
=4 (30+ 2y+4+ 62) y?+ (w+ 6y+2z) (v+2z2)*% 
677. Simplify the fraction 
8 (a+b+c)3— (b+¢)8—(e+a)3—(a+b)3 

3 (2a+6+¢) (a+2b+c) (a+6+4 2c) 
678. Find the square root of 

a+8 /be+2b+4/2ca+8e+2/2ab. 
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679. Solve the equations: 
(2-1) (~@—2) (w—-6) _ 


(= 3)3 ERG. saburds- dot Ls Nae ees (1). 
Be aie8, 
eR aD A, OS ARS ae ae (2) 
2 8 a 
Bae Y 
yt+2—32+a=24+4-—38y4+b=44+y-324+6=0.....0. (3) 


680. If o=4, b=3, c=2, d=1, e=0; find the value of 
3(b+d) (6 (a—d)+b (a—o}%} — (c+) {15 (ead (a+0)} 
+(b+¢) {(b-3c)3 + (a—d)}— (ate)? (b+) de. 
681. Find the wo.r. of 324-10x4y+22xy?—220y34+15y* and 
Qa* — Ta3y + 16074? —17xy3 + 12y4, 


682. Simplify 


a +b4+ab(a?+b?) at+b4+—ab (a? +0?) i 12a7b? 
(2+6)? (a—6) (a+b)?—(a— 6)?” 


683. Extract the square root of 


at Pp ce. a Deed 
pra? (Ate) t3 (ate) -4G+5) +5, 


684. Solve the equations: 


r(q+2)—pr=t(qtx)—pt...... Peas yc alae REE <2) 
— 274 a . 
Pe Et LICL 58 hel ee (2), 


ou —4 3(z—1) a2—1 


685. Two gangs of workmen are placing sleepers for parallel lines 
of railway; the first gang had placed 36 sleepers when the second 
began, and place eight sleepers to the second’s seven, but have to place 
four sleepers in the same space in which the second place three. At 
what distance from the starting point will the one overtake the other, 
supposing there are 1764 of the more closely placed sleepers in a mile? 


686. If 
V=5a+4b—6c, X= —3a—-—9b4+7c, Y=20a+7b—5c, Z=13a-—5b4+9e ; 
calculate the value of V-(X+ Y-Z). 
687. Divide a by a—2z to six terms. 
688. Separate into three factors the expression 
. 1244 + ay? —y'. 
H. A, 17 
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689. Reduce to their simplest forms : 


ap? —aq?+2bpg\* | (bg? — bp? + 2apq\" 
Ee hes, + ee eee wm Me (1). 
Pre Loved 
2x? — By? — 224+ 4yz+2u+ay (2) 
a [yf sl Bye See bay : 
690. Solve the equations: 
u—2 w+10, x#-2 
i maT, =5# ae ee tae wae error (1) 
antby=1=be—"+ay—4 Serre i (2). 
@+y+z=1 
au + by +cz=0 CODE rd eter er sereseres (3). 
asa + bsy + c3z=abe 


691. A merchant engaged two writers, their pay being Rs. 60 for 
the first month, with a fixed monthly increase afterwards ; they agreed 
to serve for one year, and each of them placed in the merchant’s hands 
a deposit, to be forfeited in proportion to the part of the year during 
which he might not serve. One remained at his post 74 months and 
received for salary and portion of deposit returned Rs. 537, and the 
other remained 10 months and received in like manner Rs. 728. 5 as. 4p. ; 
what was the monthly increase, and what the amount of the deposit ? 


leer eee 


692. If a—b=0, find the value of 
(mb — nc) (me ~ na) (ma — nb) + (nb— me) (ne —ma) (na—mb). 


‘ ; a+ 11la+12 

| 693. Reduce to its simplest form ao4llas=64° 

694, Shew that 
b-c bye a—b Ms (b—c) (c—a)(a—b) 
m+be m+ca° m+ab— (m+be)(m-+ca) (m+ab)' 


695. Extract the square root of 
(a+ 4)*+ 8a? (a— 4)? — 25602. 
696. Solve the equations : 


oe Sa 

10z#+9 45a+2° 189745 CH eee em eer eee eerdereoe (1). 
Say 
Geb cle ene (2). 
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697. A letter-carrier has to go daily from P to @ in a prescribed 
time ; if he goes a mile an hour faster than his ordinary rate he arrives 
at @ half-an-hour before the time, but if he goes a mile an hour slower 
he arrives three-quarters of an hour late; find his ordinary rate and 
the distance from P to 9. 


698. Subtract b{a—(b+c)} from the sum of a{a—(c—b)} and 
cfa—(b—c)}. 
- 699. Reduce to its lowest terms the fraction 
| t*—4r4+3 
22° —11a?—9° 
700. Extract the square root of 
a*— 2027 +5a%x? — 437+ 4a 
701. Solve the equations: 


r—2 7 aby apo | 6a Nie (1) 
‘cle aia iomemep ae de: $ 6 (2) 
Ht ™ =p] 
wey 


702. A set of bearers on a journey perform one-third of the 
distance at a certain rate and then halt an hour to take their food ; 
the remainder of the journey is accomplished at only two-thirds of the 
former rate, and the bearers reach their destination in 7 hours after 
first starting. Had they travelled at the former rate 4} miles further 
than they did before halting, they might have halted 223 minutes 
longer and yet have reached the end of their journey in the same time; _ 
find the length of the journey. 


703. Simplify 
24 {2 —} (7 —3)} {a —3 (vw +2)} fa - 3 (w-14)} 
and subtract the result from (7+2) (7-3) (v+4). 
( Bry — 3x7 — 44? or 
704, Reduce Tay Dak + Ay to its simplest form. 
705. Find the square root of 
at Qa “112? 9 
Baie): a6 116" 
706. Solve the equations: 
(w—a) (a+b) 2 (4—c)—b (xtc) (1) 
L cit a+ b a xz Nay b ue C eee eH eee eee eee ee . 
tut+hyth=tyt+4e- fz=9 eboessiccve -peoe sense (2). 
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707. Two men A and B are employed on a piece of work which 
has to be finished in 14 days. In three days they do one-fifth of the 
work and then A’s place is taken by C; B and C work for one day and 
do one-twentieth of the whole work and then B’s place is taken by A, 
and A and C finish the work a day before the appointed time. Find 
the time in which the work could have been done (1) by each working 
separately, (2) by all working together. 


708. Prove that 
(w—y) (@+1) (yt+1)—2 (yt+1?P+y (e4+1)P?=(@—-y) (w+ yt 2ay). 
709. Find the u.c.F. of : 
a — 623+ 72a7+6r—8 and 2273—11z?+1lev+4, 
710. Simplify 
(wtyPt+(c—y)?, s—y' 


(a+y)?— (x —y) i Qaey (a—y) COCR C Ceo eee srereeeres (1). 
__(a+1? (6+1) (c+1)* 
(a—b) (a—c) * (6—c)(b—a) * (e—a) (c=) Peon cesecvce (2). 
711. Solve the equations: : 
1 1 1 1 
Bee Ty oe u ad 24+3 L+4 =U nearecveereerseeervce (1) 
b ato 
mabe salient, UA! Pend lte peti (2) 
das DAs 
Fes eee Aad, 


712. When a certain number of two digits is divided by the sum 
of its digits the quotient is 7, and the sum of the reciprocals of the 
digits is nine times the reciprocal of the product of the digits ; what is 


the number ? 
713. Divide 
a3 + 813 +27¢3—18abe by a?+4b2+ 9c? —6be —3ca—2ab. 
714, Resolve into three factors the expression 
(w@+1) (#@+3) (w+5) (v@+7)+15. 

715, Prove the identity : 

4 (a? + ab + b?)3 —(a—b)? (a+ 2b)? (2a + b)?= 27a°b? (a+ b)% 
716. Find the u.c.F. and L.c.M. of 

304 +1798 4-972 4+ 7¢—-6 and 62t4+ 7273 —27224+174-—3. 


1+2 1 1 avyt+l1 
. If y=——, pr p wale ie ie? 4 
Wi. If y Ta ,? brove that (« =) (y 5) 4 a 
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718. Solve the equations : 
ate b+e a-c b-c 


R29 98a FED. CL Ie Ghee 
24 —3y+z2+1=0 
FH — BZHGH |. ccerccvcccecnccvecvverecnse (2), 
32+ 2y = 42 


719. Ina quarter-of-a-mile race A gives B a start of 22 yards and 
beats him by 2 seconds, and in a 300-yards race he gives him a start of 
2 seconds and beats him by 104 yards; find the rates of each. 


720. Simplify the expressions : 


%—[A—{2A— (BA—4G—A)k] errecvvcceccceeceees (1). 
{(ggtt d= 6 og yD OPE cas aes. 
(a-4B)™ x (a1 — BY" X (A2 D2)” secsecevsseevsteseens (3). 


721. Arrange the expression 
a(p+2) (p+? —« (p—2x)}—(p*-+ ga) (20° — gu+q’) 
in descending powers of x, and divide it by x?4+(p—q)«#—p”. 
722. Find the u.c.r. of 
7e—1927+177—5 and 2a24t—23—9x?4+ 1384-5. 
723, If «?=be+ca+ab, shew that 
(a? +02) (b?-+.2%) (22-422) 
is a perfect square. ys 
724, Simplify the expression 
suid cherkacttAte + —2b2*  at+b*—2e* 
(ab) (a—e) * (b—e) (b—a) * (=a) (6—b)" 
725, Extract the square root of . 
1— xy —Vpe xy? + 2348 + 4aty'. 
726. Solve the equations : 


(et 2) (aA) ©. (+5) (eT) oe (1) 

(ie | EEE aoe eva Seen (2) 
37+ 4z2=6 

srarnat EP GIO RT LT I (3). 


727. A person bought 166 mangoes for ten rupees; some he bought 
at the rate of 18 per rupee and the rest at 15 per rupee; how many of 
each sort did he buy? 
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728. Simplify the following expressions, arranging the last in 


ascending powers of x: 
{m—n — (3x —2y)} — [8m + 2n— {ew —y+(m+2n) —(2y—~x)}]...(1). 
2 


a 
at atb Vet |G 
(5) + ( ony i) ve0i dees) Oo (2). 


(a? — ay +y") (a? — Qay +-y?) (2+ xy + y*) (a? + Qary +Y")..000(3). 


729, Find the 8.0. F. of 623 4+ 72? —9a+2 and 824+ 623 — 1522492 2, 
and write down the L.o.M, in factors. 


730, Reduce to the simplest forms: 
a*—(b—c)? b?—(c—a)? c?—(a—b)? 


(a—by(a—o)* (b—c) (b—a) Ly CUNT CET ) rererr ry) (1). 
ia 
Wl ate 
L if ey COD eee ear eereereeeeeseeceee (2) 
ye. 


731. Extract the square root of 
x (w+ y+ 22) 42x (y +z) (yz— a?) +422, 
732, Solve the equations : 
Z~1 2-4 «-2 4-3 


Via Potaeaee Papiy er ti veeresaarevoes (1). 
@w@—y+z2=1 
x—2Qy+4z2=8 cash sh vhs aN SAS Pennie veins 
&— 3Y+92=27 


733. A sum of Rs. 63. 4as, was paid in rupees and two-anna pieces ; 
the total number of coins being a hundred, how many of each kind 
were used ? 


734, Ifa, b, ¢ be three quantities whose sum is zero, prove that 
at + b+ ct=2 (bc? +c7a24 a*b?), 
735, Resolve into factors 
be+ca+a%b—(be3+ cad + ab’), 
_ 736. Find the u.¢.F. of 
724 — 2a -9x—2 and 5a°—6x2—6e—11. 
737. Simplify 
(y—2) yt2P+(2—2) (2+a)3+ (w@—y) (w@+y8 
(y+2)(y—2P+(2+2) (2-28 +(w+y) (ey) 
738, Extract the square root of 
eer Qop2 2 2 


+2, 


¥ 
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739. Solve the simultaneous equations: 


+3 3y— 22 
deh 

, hae Ser eee 
rag ert 


740, In a half-mile race A gives B 22 yards’ start and wins by 
6 seconds; in a three-quarters of a mile race he gives B 20 seconds’ 
start and is beaten by 29 yards 1 foot; in what time can each of them 
run a mile? 


741. Simplify the expressions : 


32 — 12 52 —3 £+15— fi 


Se a, ae Se a ae ee 7s OOD OCHS EHS EHEE 2 * 
a*—5r+6 °° 2?-2r-3 x*—-5xr—6 (2) 
a 63 | 1 1] 
Ba at abt B 
ES aaa (3). 


Gay (32 Sy tek 
& Pa} \O- a Ota 


742. Divide 4-2 by ¢-—2+.? to five terms. 


743. Find the u.c.F. of 
a — 873 +282? —5382+42 and 2*+623— 424774 1297-154. 


744, A composition of copper and tin containing 140 cubic inches 
weighs 42 Ibs. 3 oz. avoirdupois; if a cubic inch of copper weigh 5% oz. 
and a cubic inch of tin 4} oz, how many ounces of each are in the 
composition ? — | 


745. From a(b+c)?+b(c+a)?+e (a+b) subtract 
(b+c)(a—b) (a—c) —(e+a) (b—c) (a—b)+(a+b) (a—¢) (6—Cc), 


746. Divide 
w+ 5ax3+ (250 —b —29) a? -5 (4a+b—4)444b by 2?+5r-4; 
and shew that (42? — 52+'7)?— (527+ 1404 2) 


is divisible by «?+”+1, giving the quotient. 
747. Resolve into four factors 
(1+ y)2—2 (L+y?) a+ (1—y)Pat 
748. Find the u.c.F. of 
62° — 424 — 1123 —3x2?-32—-1 and 4a4+4223-18x?+3xr—5. 


749, Extract the square root of 
gm +24 Gy 3m +1 _ ]Qy2m+1lym—24 Oem _ BO gm ym—24 YB yIm—4, 
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750. Solve the equations : 
32-2 4¢—-1 _ 


; —, et ered 3-5 Poe eed ereseres 1). 
ae, =5(7—9)+ (1) 
49a — ie a @) 
Be — Ay =O5Q) cette estes 
ay 
—~+ —“—_-=5m 
2 Rr Oe Sa on er (3). 
les OE sss 
Bt gag ot 
pole oy nee yd 
a 67 (4). 
eee aw, 
aL. bP 
CHér. XIIL—XY. 
Solve the quadratic equations ; 
751. 3-02. 752. (2—a) (w—b)=ab—a2% 
35 — 3x 1 ES be es | 
753. 64+ ? = 44. 754, te TES che he fa 
a b a—c b+e 
Dieta ai ataat se bee 
90 90 27 27-1  Qr4+1 
756. e418 3° 757. Wid Pepey 1 =3. 
“2-3  x“-4 12 5 
758. oe peat pg ae 759, tpg —2), 
24 
760. oy 
1 4 4 1 1 
Peete, 228 eg pay 
ol i 
762, Tee git 4, 
3 2 8 
7683. bey dees bin: 
764. «—#2+113= (34.2) (31-42), 765, v1 4 gnt1—_gyn 
166, nav+mbsc=mna?+ab, 167. x®-a?+ a —+=0, 
; xv a 
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768. 22+327—10=ax?+ba®+cx?+5 (at+bt+c)x. ; 
760, Vei44+V2u40=V8040. 710, 2+/B2+10=8. 
171. 42°—62+3 20? —30+7=44. 
172. w+10+4=5 V2? +744 28. 
Vata+Va-a“ 


Vata—-Va—a« 


773, («+4044 =30 -2 774. 


=,/m. 
775. Vatb—a+N3a-—b—3r=2 20, 


Solve the simultaneous equations : 
176, «—-ayty=21, ety=6. TTT. w+ ayty’=28, 2—y=2. 
3 
778. nT a4, y- J =1 
119, 322—40y+y?=20, 20?—7y?=4. 
780, 22+ay+4y?=6, 32°+89?=14. 
781, xv4+2y=5, a7+2y?=11. 
kon 


(oP Se 


aary vy =1. 783, 2+y=a%, sy=0% 


784, (a+b)“-(a- Oar 


(w*—y"), 
° (a? 4?) 


785. o(yt2)=22, y(e+2)=40, 2(w+y)=42. 


(a—b) 2+(a+ aie ate 


786. If as B be ne roots of 2?+pa+q=0, prove that the roots of 


2 
4y2+2na+q=0 are 5 a 9° 


787, If 2,, «7, be the roots of av?+ba+c=0, shew that 
By, By “ase ~ 20 
Dy ty a 
788, If a be one root of the equation 4%?+2r%-—1=0, prove that 
4a3— 3a is the other root. 
789, If x,, x, be the roots of the equation 
v+mrct+m+n?=0, 
prove that ay + 0x2 + v,$=n? (2m? + 38n?). 
790. If a, B be the roots of the equation 
a (m? + 27) + ama2+ cmx*=0, 
shew that | a. (a? + 82) + aaB+ ca’B?=0, 
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If a; 6 3; ¢ : d;- prove that 
a+b ec+d\2 
791. (a+b) (e+d)=ba( S49) 


abe 

792. ad? (ma+nb) =cb? (mce+nd), 

793, at 794, ee 
795, = ee asi 796, $= ; ae 
797. eae = bade 798, wep = ae 


9.7 1f a: 6 :: 6: ¢ :: e sd; prove that 
(ab + be + cd)? = (a? +b? +c?) (6242+ a2), 


800. If ee = ae shew that a, b, ¢ are equal to each 


other. 


801. Given that 
b+e-a _e+a—b a+b-e 


Oe M Tea ogg eee 
and that the sum of a, 6, ¢ is not zero, prove that 
a=0=c¢ 


802. A and B compared their monthly incomes and found that A’s 
income was to that of B as 7 to 9, and that the third part of A’s 
income was greater by Rs.30 than the difference of their incomes ; 
what was the income of each ? 


803. A certain number consists of two digits; the left-hand digit 
is double the right-hand digit, and if the digits be reversed the ratio of 
the number thus formed to 60 is 4 : 5 ; find the number. 


804. Two armies number 11000 and 7000 men respectively, and 
before they fight each is reinforced by 1000 men ; in favour of which 
army is the increase ? 


805. Find two numbers the greater of which shall bear to the less 
the same ratio that their sum bears to 42 and their difference to 6. 


806. A and B speculate with different sums; A gains Rs. 150, B 
loses Rs. 50, and A’s stock is now to B’s as 3 to 2; but if A had lost 
Rs. 50 and B had gained Rs. 100, then 4’s stock would have been to Bs 
as 5to9. What was the stock of each 2 


807. The sum of two numbers is 100, and the greater is to the less 
as 7 to 3; what are the numbers ? 
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308. A number consists of two digits whose sum is 8, and a second 
‘number is obtained by reversing the digits; if the product of the two 
numbers is 1855, find the original number. 


809. A man selling a horse for £72 finds that his loss per cent. is 
one-eighth of the number of pounds he gave for the horse ; what was 
the cost price ? 


810, A merchant bought a number of pieces of cloth for £32 and 
sold them at £4. 10s. each, thus gaining as much as one piece cost him; 
how many pieces were’ there ? 


811. Shew that it is impossible to divide 10 into two parts such 
that their product may be 30. 


812. Aand B start simultaneously from opposite ends of a straight 
course, each walking uniformly and A (who is the faster walker) at the 
rate of four miles an hour, and they meet at the end of two hours. If, 
when A reached-the middle point of the course, they had interchanged 
their rates of walking, they would have met a quarter of a mile nearer 
the middle point ; find B’s rate of walking and the length of the course. 


813. Find a number of two digits such that if it be divided by the 
product of the digits the quotient is 2, and if 27 be added to the 
number the order of the digits is reversed. 3 


814, - The fore-wheel of a carriage makes six revolutions more than 
the hind-wheel in going 120 yards; but, if the circumference of each 
were increased by a yard, it would make only four revolutions more 
than the hind-wheel in the same distance; find the circumference of 
each wheel. 


815. Divide 32 into two such parts that if 6 be divided by each 
part the sum of the quotients may be unity. ; 


816, Two railway trains start at the same hour from two stations 
and proceed each towards the other station; when they meet it 1s 
found that one of them has travelled 84 miles more than the other, and 
that, by continuing to travel each at the same rate as it had done 
before, the one will complete the journey in 9 hours and the other in 
16 hours; find the distance between the stations and the rates at 
which the trains travelled. 


817. The length of a certain rectangular field is to its breadth as 
6 : 5, a sixth part of the field is planted and 625 square yards remain 
for ploughing ; what are the dimensions of the field ? 


818. Two messengers A and B were despatched to the same place 
90 miles distant; A started an hour after B but by riding a mile an 
hour faster than B arrived at his destination at the same time as B; at 
what rate did A travel ? 


819. A farmer bought 5 oxen and 12 sheep for £63, and for £90 
could have bought four more oxen than he could have bought sheep for 
£9; what did he pay for each ? 
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820. A vessel can be filled by two pipes both open at once in 
44 hours, and by one of the pipes alone the vessel would be filled 
4 hours sooner than by the other; find the time which each pipe alone 
would take to fill the vessel. . 


821. Two labourers A and B were employed at different rates of 
wages, paid at the end of a certain time ; A received Rs. 16. 14 as., and 
B, who had worked 15 days less than A, received Rs. 7. 8as. If B had 
worked all the time and A had omitted 15 days, they would each have 
received the same sum ; how many days did each work, and what were 
the wages of each ? 


822. Some bees were clustered on a lotus; at one time the square 
root of half their number flew off to a jasmine ; afterwards eight-ninths 
of the whole flew away, and two bees were left on the lotus. How 
many were there at first ? 


823. Divide 250 into two parts such that the sum of their square 
roots shall be 20. 


824, A tailor bought some cloth for Rs. 120; if he had bought 
three yards less for the same money the cloth would have cost two 
rupees a yard more than was actually paid for it; how many‘ yards 
were bought ? 


825. A boy bought a number of oranges for two rupees, but if he 
had bought eight more for the same money he would haye paid four 
pies less for each; how many did he buy ? 


, 24+ Qaby — 2ax?y2— Qay? + 2y?. 
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05, 4c+3. 26, 8et+3. 27. Ta+12y. 28, -3et+4y. 29, gutd. 
30. 5e+4y- 31, «+65. 32, a?-5a+6. 33. -—2a+b. 
34, 2?—-8x2+15. 35. 4a+4+3y. 86. 5x? + 5ay — By? 
87. 125a°+25a%y+5ay2+y3. 38, e-1. 89, atta%y tary? +ay?+y*. 
40, 25 — aty +a%y? — xy? + vy*—y’. 4], 2° 4204+ 40° +30? + 62 +12. 
42, at+3. 43. 2a-b. 44, «+1. 45, 2a°+3ay+y?. 
46, 8a?+11ab — b?. A7, c+2y. 48, «-2. 49, #- (3b + 2c) x+ 6be. 
50, ax?+ bry cy?. 51, 5a-—3b. 52. Ta—2b. 53. 404+9y. 
54, 62+10y. 55. 4u—2y. 56. xy? +anyz+arz*. 57, 4a2b? —2ab+1. 
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, Ba—Ab. 59, 5a+ Ty. 60. «+y-2. 61, 2a+38)+ 5c, 
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, @-—a+d 63, 7?+2”+3; x4 + 202+ 9 = (42+ 8)2— 422, 
~ (€+2)?; xt - 822+ 16 =(a2- 4)? and x? — 49 4-4= (a — 2)2, 


2 C+ Qay + Ty?; x44 10x%y? 4. 4944 = (a? + Ty”)? — 4ay?, 

. 20?—Qa+1; 4044 1= (20241)? - 422, 67, x?- y. 68, z+y-1. 
» 2a? + ry + y? 5 decd + BaPy? + y4 = (Qa? + 42)? — 2y2, 70. a” —y™, 
» T+ ym, 72. (y-2)?-(y—2z) (2-2) +(2-%)?=&e. 

. 2a+3y—25 4a? — 9y? — 22+ 6yz = 422 — (By — z)%, 

. b+e. 75. (@+b+c)?+a (at+b+c)+a=&e, 


. (2b —c+2a)?— (2b -¢+ 2a) (2c -b -—a)+ (2c — b -a)2?= ce. 
. a—b?—¢24 be; ai + b4 + 4 — 20%? — 2c%a? — 2a2b? = (a? — b? — ¢2)2 — 40%, 


78. (w-y) (x+y). 79, (2? — xy +?) (a4 — ay? +y4), 
80. 32?+2y—y?; 9x4—Ta2y? + y4= (322 — y?)? — #?y?, 
81. 2-2 (y+z)+(y+z). 89, (c—y)?+(e-y)z+2% 83, x? + Qry + Qy?, 
84. (a? + ay +y?)? 5 26 — 2r3y3 + y8= (a3 — y3)2, 
85. yz-ze+ay; yz? + 2x9 — wy? — 2ey2® = (yz — zx)? — x2y?, | 
92. No. 93. No. 94, Yes. 95. No. 96. No. O07. 
98. 11. 99, 17. 100. -18. 

CHAPTER VI. 
1. (a-b) (a+b+1). 2. (a+b) (c+d). 3. (a-b) (c—d). 
4, (a—b)?—(b—c)?=(a-c) (a— 2b+¢). §. (b-c) (a—b-c). 
6. (4+b+c¢)?-c?=(a+b) (a+b + 2c). 7. (a+b) (a—b)?. 
8. (a—b) (a?+ 0’). 9. (b-c) (be~ca-ab). 
10. (@-6)§-1=(a-b-1) {(a-b)?+a-b41}. 1]. (a— bd) (a?-ab+b%). 
12. (b-c) (a-—b-c-a). 18. (a+) (a2+mab+b2). 
14, (a—b) (a+b) (ma+nbd). 


15, (a+ )?-(c+d)?=(a+b+c+d) (a+b-c-d). 

16. (a?—b?—c?)? - 40°? = (a+b +c) ()+¢-a) (c+a~b) (a+b-c), 

17. (%-2) («-7). 18. (7+4) (x-9). 19, (+7) (+9). 
20. (w-4)(7-6). 91, (w+ 12y)(w-18y). 92. (@- 8a) (w@ 41a) 
23) (ct+ta+b)(x+a-b). 94, (x -—a-b) (c+a-—b). 95, (a + 2) (42-7). 
26. (%+5) (3”-8). 27. (w-6) (2x49). 28. (3x -4y) (4x4 5y). 
29, (ax -b) (bu—-a). 30. 0 (a°x? — 1) - (ax -1)=(aa- 1) (aba + b - 1). 
Sl. c*a° — b?— a (cx — b) =(cx - b) (ca+b—-a). 

32. (mx — ny)? — x? = {(m—1) x — ny} {(m+ 1) z-ny, 

83. (02+ 5y2) (0? Ty2). 

84, x (w?— 1) —12 (w—1)=(«-1) (w-38) (x44), 

35, 2*— (a -1)?= («2-2 +1) (a? +” —-1). 


: a? (w — 2) + x (w ~ 2) — 6 (w— 2) = (a — 2)? (7 +3), 
» (x? - 1)? — 160? = (a? ~4¢ —1) (22+ 4a — 1), 
» (27+ 2)? — 2? = (x? = 74 2) (x?7+ 442), 
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(a? + 3y?)? — 4a2y? = (x? — Qey + By?) (uw? + Qry + 3y?). 


39. 
40, bx? (ax -1) + a7x? -1= (aa -1) (bx? +a2+1). 49, Put x=0. 
50. (y-z) (2-2) (t-y); b-c=y—2, c-a=z-4, a-b=a-y. 
CHAPTER VII. 
], a?v?. 9, 3a*b’c. 8. 2ab?c3, 4, 5x?y. 5, 18a%y?z. 
6. 30%y22 7, 2a. 8, 19abe. 9, abc, «10, 8y2z. 
ll. a+b. 12, 3(a+D). 13. 2a (a?+a+1). 14, a?+ab+6?. 
15, Sab? (a?+ b?). 16. a+0. 17, a-b. 18. c-d. 
19, at+b+c; given expressions are (a—b) (a+b+c), a?—-(b+c)?. 


. @+b—c; given expressions are (a+ )?—¢?, a?—(b—c)?. 


91. 2a+b+c; given expressions are (a+b+c)?—a*, a(2a+b+e). 

99, a? +b? 23. a—b. 

94, a2tab+b2; (a+b)4— a2b?= (a? + 2ab + b?)? — a2b?. 25. a2+b2—c2. 

96. «3. 27. «+1. 98, «+12. 992-5: 30. x+y. 

31, c-l5a. 32, 2(r+7). 93, 8e-2 34, Te+8. 35, +7. 

86, 32-7. 87, Tx -2. 88. 2x -- 3y. 39. 3a-y. 40, x«-6a. 

4], ax —8y. 492. 3a (2x+1). | 

43, x-1; x - 42?43=2? (x -1)-3 (27-1) &e. 

44, x-1; #8 -4¢%4+3=23-1-4(x-1) &e. 45. x?-2. 

46, «7-8. 47, x?-324+1; 24-—7x?+1=(2?4+1)?- 92? &e. 
, 2-3. 49, x-5. 50. «-2. 51, ax - 2b. 52. x 3a. 

53, x1. 54, 2? -—xyt+y?. 55, 3x?y? («—-y). 56. x-a. 

57, x+a. 58. (cxt+y+z) (ex+y-2). 59. xy (x?+xy+y"). 

60. 27-y? G61. a+b. 62. 4-2. 638. a-1 64, a+d% 

65. 2+3. 66, («+2)?. 67. («-2) (w+5). 68. 27+32+1. 

69. 22-a2+1. 70. «2-4. 71. xt+a. 79,. 22-3. 73. «+1. 

74, 2-2. 75, ©+y- 76. «-3. 77. 3x (x—1). 78, v-2. 

79. (t-y)°. 80. (e—-y) (Ba+y). 81. «-2. 

82. (a+y) (x? — 2ay + 3y?). 83. (w—1)?(x+2). 84, 22+ar+a?. 

85. 2x? (2 +1) (w—2). 86. x-3; subtract. 87, «-9; subtract. 

88. 2-1; multiply first expression by 3 and subtract. 

89, 4¢+1; multiply first expression by 2 and subtract. 

90. «-3; multiply second expression by 2 and subtract. 

91, «-—2; add and subtract. 

92. x-1; subtract, and multiply first expression by 2 and subtract. 

93, +-2; add. - 94, Add and subtract. 

95. Subtract, and multiply second expression by 2 and subtract. 

96, Multiply first expression by 5, second by 2 and add ; ney first by 2, 

second by 5 and subtract. 
97, 2. 98. 3. 99, 0 or 6. 100, 0 or 9. 


H. A. 18 


274 


ALGEBRA. 


CHAPTER VIII. 


1, abs, 9, 12a%b4c?, 8. 42x2y3, 4, 302%y4. 5. 18a4b%c. 
6. 500a4dic4. 7. 170a4xty4. 8, 1225422. 9, Taye 
10. 54a%y424. ll. (a—b) (a? +?). 12. 12 (a—b) (a — b’). 
13. (a+ b) (a? — b8). 14, 6a? (a?+1). 15. a(a*+b?). 16, a®— vs. 
17, a®- 08, 18. ab(a+b)?. 19. c(b-a)(a+b-c). 
20. c(a—b)(a+b-c)(be+ca—ab). 21. (a—b) (c-d)(c+d). 
22. (a+b+c)(a—b—c)(a+b-c). 23. (a@+b)(a—b)(a+b+2c); given 
expressions are (a+b+c)?—c?, (a+c)?-(b+c)?. 24. a(a—b)?. 
25. 60ab (a4 — b4) (a4 — ab? + 4). 26. («—1)(a—-2)(a+8). 
27, («-1)(e+5) (7-9). 28. («-3)?(« +8). 
29. (~+2y) («+ 3y) (x —- 4y). 30. («— 7a) (%+11a)(a- 15a). 
31. (x- 38a) (x+11a)(x+12a). 32. 6x (x —2)(a-3)(%+9). 
33. 2 (#—2)(2x%-1) (3”+4 2). 34, (2-2) (3a -7)(4x+9). 
35. (a+8)(2+12) (2a —1). 36. (2c+1) (3a +2) (4a — 3). 
87. (20 — 5y) (3x — 8y) (Bx + 8y). 88. 3 (x y)(20 — By) (3x-+4y). 
39, (2%+<a) (8x +a) (4x - 5a). 40. («—a)(x+a) (112 - 12a). 
41, (2a+7)(5a-3)(6a—-1). 42. (4+ 2b) (9a —13b) (10a — 11D). 
43. (ax + b) (bx — a) (ba+a). 44, (x—a) (x+a) (ax —b?). 
45. 12x (ax+3)(4ax —1)(3ax—-1). 46. a®—D°, 
47. (x-1)(e+1)(c-4)(2+4). 48, (x-2)(e-8)(2+7)2 
49, (w-2y) (w—4y) (w+ 6y)(z-8y). «0, (w +7) (2x — 8) (Ba — 1) (3e +1). 
51. «x (x—-1)(«+1) (27+) (52-2). 52. (x+5a) (x7? —125a?). 
53, xy («—y) (24+ xy? + y4). 
04, («-1)(%+1) (x —- 3) (a?- 3) (a?4+x~-3); vide Ex. 43, 44, Chap. vu. 
55. 24xy? (acd — y4) (2? + ay + y?). 56. (x-a)(«—b)(«-c); vide Art. 33. 
57. (x—a)(x—-b)(x+0). 58. (x+a)(x-b)(x-c). 
59. (w+ y+2)(yt2—-2) (2+%-y)(u+y-2z). 60. «8-y8. 
61. (a? — b?) (a? - 9b?). 62. (a-b)?(a— 2b) (a+ 4b). 
63. (a-1)(a-2)(a+3)(a+4). 64, (a+ 2b) (a —b)(a3+ 3). 
65. (7-1)? (@+2)(w—3)(@ +2). 66. (+1)?(w+2)(w-4). 
67. (%+ 2a) (x+5a)(x? — 2a%+ 2a), 68. (x —2y) (x ~ 4y) (a? + 2ay + 3y?). 
69. (+1) (2a — 8) (3x+1) (4a — 3). 70, («—1) (2x —8) (302+ 4e-+45). 
71, (7% + 12y) (9a + 11y) (a? — day + 2y?). 72. (e—1)3(x+1) (e+8). 
73. (%+1) (w+2) (x?+ 2a +43) (x?-5x2+1). 


» (ey)? (w@+y) (e+ By) (2? + day + 2y?), 

» (%+1) (3x —-1) (2a?- a+ 2) (3x24 2241). 

. 1223 (x — 2a)? (@ + 8a) (32 + 2a). 77. Gay (w+ 3y) (2x + y) (2x - y)?. 
. (@—1) (w@—2)(w@—3)(@?4+20+3). 79, (a +2a)?(w — 2a) (w + 4a) (w — 4a). 
. (%— 3y)? (w — dy) (a — By) (a + wy + 2y?). 
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CHAPTER IX. 


Be 0. a Sree. he 5. 
‘gees tea pa: 8. ae eee 
ee i, ee 
i et, po ee pees 17 
ee ld, 20 28 ay 
23. sae 24. ao. 25. = 26 a. 27. os 
Be Sn BE 
ee ast 4 St ee 
eee ye ca aes 88.57 BON 
AO, Se 41. oe 42. —. 43. £3 
oo rs ee 
48. a: 49. ee 50. aa ol. age 
ee te ge 
eae OT. Sry 58. Te tea tad 
59. (s) eran ease Sey 6%. at. 
63. — 64, eon 65. preret 


In the following twenty-five examples the common denominator is written 
first and the numerators in order after the colon. 


66. 


b? : ab’, a3, 67, bc4: ac?, ab. 68. 


. b(a*—b*) : b(a+b), a(a—b), b?. 

. a¢ (b?—c?) ; a*#(b-c), abe, c? (b+). 

. &—8 ; a (a* +b), b (a — 3), ab (a—b) (a+b). 

. (@-—b+e)(a+b—c)(a-b-—c) :a—b-c, a+b-e. 
. (4+c)?-b? : a-b+e,at+b+t+e, c. 


12a? ; 8a?, 9a, 10. 


18—2 


86. (a+b)? (a-6b) : a+b, a-b. 
87. (a— 2b) (a+3b) (a — 4b) (a— 5b) : a—5b, a—4b. 
88. (27-4) (2?+2+1) : +2, x-2. 
89. (x—y) (a + 20%y + Qary? + Qy%) : (w—y)*, a +y% 
90. («-a)3(%+2a)(x+3a) : +2a, +3a. 
2a 1 a 4ab 
91. a2— 2° 92. a—b° 93. ap - 94, a? —}2° 
a+b a—b 2 
95, 1. Gre oj 98. 0. 99:: ae 
60 2 
100. (aay) 101. 1. 102. = 103. 0. 
xy 1 if 
104. 105. 5g: 106. 355: 107. 0. 
I a 3c—a-—2b 
108. Z-a’ 109. ary 110. (« — a) (a — b) (a —c) e 
____2(@+3) 2 ; 
PEhs = 2) (@= 8) (@ +8): 12. Gri@+iD@s is)’ 
22-1 5 
113. (x +1) (x — 2) (2x+1)* 114. (a + 4) (2a — 3) (3a — 2) © 
4 \2 18 15 
15. (5-7)- 16. e-pe-nery DY Gage 
2 
118. (a — 1) (2? — 4x +3) e 119. i. 120. 0. . 
be : Ne 
mc. 122, 1. i2s. (—,,) - 124, a-b. 
1 1 
125. =: 126. 1. 127. app 128, 1. 
129, 1. 130 : 


ALGEBRA, 


. 12503 + 270? ; 25 -15ab+ 9b, a?, a (5a4 3d). 
. 8a5 — 343) : 4a? + 14ab + 4902, a (2a- 7b), ab. 
. (v-—a)?(x+a)?: (v—a)?(%+a), 2a(x— a), 3(x — a) (x +a)*, 4a (x + a)?, 


5a (x? - a?). 


» (ty) (a? +ayt+y?) : —y%, (wy), w+ acy +y?, w-y. 

. (w-a)(x+b)(x~+c): a-a,x+b, e+e. 

. (v?-a?)(a—b) : a—b, +a, x-a. 

. (w-1)(@-3)(e@+7) : 247, 2-1, e-3. 

. (x? —9)(x?-144) : (22-9) (w-12), (x —3)?(w +12), x(x? -9), 

. ("+ 2a) (2% - a) (3x4 2a) : Bx +2a, 2a-a, +2a. 

. (% — 2y)? (x? + Qary + 4y?) : 2? - 4y?, (x — Qy)?, 22+ Ary + 4y?. 

. (w-1)?(a?- 382-3): «-1, 22-34-38, (w-1)?. . 
. (a? —y?) (a8 +?) 2 2 +3, (wy) (a? -— wy +), (%—y) (a +y)?, (x-y)?(e+y). 


 G@oale A) Ga 132. 1. 


x 
133. 1. 134. ap 135. 1. 136. 1. 137. 1. 
x-yYy 1 
138. 1. 139. saris 140. 1. 141. Fae ay 
a+b 1 a—1\2 
14g, “+. 143. 5-4. 144. (2-5) . 145, 1. 
(c+1)(% +2) ith £+2 
M6. i) @ 2) 147, 1. 148, — 5 - 149, =. 
. 3ab 5abe 
a0. 1. Lol. ga- 152. ee 153. a+). 
a: 155. 156, «(2+7). 
157. =+°. 158, ¢-1+2. 159, “24. 
x 
xr-Y x y ; 
160. te 161. as 162.. 1. 163. 1. 
x — 3y 
164, 1. 165. 1. 166. 1. 16%; Se 
1 L+Y-z 
[ore ee yeaarire 170. 1. 
(x + 3y) (a+ 4y) 
ac 45) 172. 1. 173. x+1. 
52 —3 1 x?+x2-1 x—5 
174. 3502" 175. Pee 176. Rogie. ale 177. ar ts 
x r+2 x—-1 1 
178. <>. 179. 5. 10 isle 
182, 9 183. 0 
198, Square. 199, a-2=0, +. a"-4=0; square, 
1\3 1 
2.00. (a-5) =O 5 se eee 
CHAPTER X. 
1. ate? — 2aztye+ %. 9, 1-2a4+3a? — 2a? + a*. 
3. + G42 (2-2) -1. £4; do? +% + 1624 dye +1620 — Bay. 
, 2 2 22 212 
5. a+ G+ G-2(4-E48). 6. ett tay ta, 
7, (14+27+04)?=1+ 22? + 324+ 228 + 28, 
8, (1—a?+24)2=1 — 27? + 804 — 208 + 28, A 
9, 3a-2,/20? — ax - x’. 10, 20+2,/2?-(y—a)*. 
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1h. 


13. 


15. 
Lf 
18. 


20. 


22. 
24. 
25. 
26. 


27. 


> 


29. 


88, 
49, 


30. 28+ 827y + 282%y? + 56a5y3 + T0xty4 + 560% y5 + 280276 + Bay? + y8. 
1 
31. 6a2. 32, 12a3y425, 33. iat 34, 3a+7). 
35. 4a2b? - 5c?, 36, 10x%+11y. 37. («+1) (@- 2) (@-3). 
22-9 3ax — 4b 1 17x+2y 
2a—15° 39. 3ax+4b° 40. a+2 41. 19x? + 3y?” 
ax by 2 + @ b 
by ax’ 43. 5 +5 44, Pano 45. 4a—7- 
46. «-y-a. 
1 <a 
47, x°— 2a*y +- 9 > Siven expression is 
— 2x3 (20% - +) + 4aty? — 2ay3 + Tae 
a 20 Ue 4b? 2be_ ce? 
Seeded 2 wisi aa ln tee 
48. 3a 3 +5 ; given expression is 9a? - 6a ( 3 5) + 9 hee Zz’ 
49. x®-x-a; given expression is x4 — 243 + 2? -— 2a (7? - x) +a? 
3 3 6 
50. 2?-yzet+ ae given expression is 24 — 22? (ye - v) + y222 — Qy4+ i é 
at bic 
poet fe a _ Orb 
61. st 59, x%—2Qxd, 
53. Wa?+az+y; given expression is a4x4+2a%x? + a2x2+ Qy (a°x? + ax) +y?; 


arrange the expressions in Ex. 54—57 as in this example and in Ex. 47—50 


ALGEBRA. 

1 I 24 843 

+ +8 at+—). 12. 14+6a+412a?+ 8a’, 
3 

8x3 — 4a°y + fay? — a ; 14, 27x° -— 108x4y + 144.2y? — 64y3. 
1+ 3a — 5a? +3a5 — a’, 16, (1+.43)3=1+4 3a? + 3a°+ a9. 
(1+ 22+ x4)8=1+4 34? + 6x4 + 7x8 + 6x8 + 3a! + a2, 
(1+ v4)? =14+4 321+ 328+ 2, 19. 1—62+4+1d2? — 202° + 1524 -— 625 + x8. 
a — s -3 G + =) +5, Ql. 2(a*+4b?+ 9c? + 6ca), 8b (a+ 3c). 

% x 
2a (a2 + 3b"), 2b (3a? + b?). 93. 2 (at+ 6a%b? + b4), 8ab (a? +b). 
2 (a + 15a4b? + 15a°b4 + D8), 4ab (3a4+ 10a7b? + 3b4). 


2 (a? + b? +c? +d? +4 2be + 2ca+2ab), 4d (a+b+c). 
(a? — a*)4= 28 — 4075 + 6atrt — 48x? + a8. 


4 4 2 2 
peat 9 (3+ <3) +6. _ 98, 1-5a 41002-1023 + 5at— 2%. 
a x a H 0 
wt 7-6 (at 2) +15 (224 +3) -20. 
x 


’ 


vide Art. 80. 


54, 


ax? — ba — b?. 55. (14+5,) e-%. 56. atm 


2n x 
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ae Stag Baga Fu. 
60. : ora 61, a?-3ab+0% 62. 1-2a-a?. 
63, a+20b+8s, 64, a?—a+d. 65, (Lz). 66, a? -30-*. 
67, xt 208y 4" 68, 2?-2—- 69, «3 -2a2+1 
Pa x x y Qx° 7 eesiee . Hb Po x + . 
1 17 
70. aa — x? —— oi be 2307 — x + 72, 1-a+a?- a4, 
ui 22 Qy 32 
pte 1 ga? aur Se ae 
73. oat 6447, 74, a?—2ac+be. J he® See oe 
76. 3ab— 4c. 77, 2u+y. 78. noo. 79, x?-5. 80. 29-4. 
81, 2?-22+y; given expression is : 
y? + By? (a? — 2x) + By (x4 — 403 + 40”) + 28 — 62? + 1224 — 8a? ; 
work this example and the two following by the method of Art. 86. 
1 De oY ote 
a a 2 am Oe he ae 
82, x?-ar+b. 83. 2-3y+2. . 84, x atl 85. Phe ie 
‘ 2 
Spey’. | BY. Aas... 88. o- a>, 0689. See 
90, 1-2+2°-<'*. 91, x-y. 92. 2x? — 3a’, 93, 4a—5b. 
ee ; 1 x 
94, Beg 95, 1+a-2’. 96. ge 97. 2-5: 
982-2. 99, 242. 100, #1. 


CHAPTER XI. 


Ee 5. Z. 2. 3. —6. 4, -2. i bar es Gus3- 7. —8. 

Beene 0. 2: % 210,72, 511. 4. 7 12-1? 18, 8. es 
/ 15. 5. 16, - 21. 17. 8. 18, 1. 19, 0... 20. 3. 
Zi. - 10. 22, —% 23. 40. 24, 18. 25. 4. 26, 32. 
27, 19. 28. 0. 29, -—19. 30. 8. ey 32. —1. 
OT ite 38, 7. 39. 10. 
41.4% 42.4% 438, -4% 44.0. 45.2. 46. 3. 
50. 22. 51, 9. 52. 3: 
57. as 58. 4. 


66. -6. 67. 2. 68. 2. 69. —%- : 
V4, 33. ..75. 1." 76.8... Tet 


79, a+b. 80, a?-ab+b?. 81, a+b. 82, a+b. 83, a-2b. 
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84, 
90. 


96. 


100. 


105. 
109. 
113. 


119. 


124. 
128. 
133. 


138. 
148. 


148. 
152. 


157. 
160. 


163. 


166. 


170. 


174. 
178. 


182. 


186. 
190. 


193. 
194. 


a 


196. 


“ALGEBRA. 
a-4b. 85, 4a+3b. 86, 5a. 87, - 88. 1. 89. 0. 
b 

1. 91. 0. 92. ae 93, 0. 94, 5° 95. ne 
ote 9. (40). 98, bo cata. 99. Se 

a+b 2ab ab 
be 101. —-- 102. Gs 108. 0. * 0 
ab at+b+e 3ab 
wy 106. a 107. a+b: 108. a+0+1. 
at+b+1 b+e 2 (be — a?) 
fe 110.°-=2". 1 ee BS 
M69 WA. 4. 115. 6. 0. 7. 9. 


a 120. F- 121. 54. 192, 17,70. 198, 8, -7. 


4, - 2. 125. 4, 4. 126. 12, 16. 127. 3 —a0- 
24,35. 129. 12,3. 130. 0,0. 181. 4,% 182. -2, -3. 
5, -— 5. 134. 7,1. 135. 2, 4. 136.-1, 1. © 137°18, Ts, 
2,1, 189. 3,77 140. 4,10. 141, 1,4. 149, -4, -2. 
3, 4. 144. 5, o- 145. 3, -4. 146. 3, 3. 147. 3,6 
—1, -2. 149, 3,.—1. 150. 5, —1. 151. 5, 4 
bo 153. 5, a. 154. a,b. 155. a,b. 156, a+b, 0. 


ab, a+b, 108 ees Se 159. (a+)%, (a-d)2 
a+b,a-b. 161. a?+ab+b?, a2—ab+b?. 162. 0, 0. 
a? — ab +b? ab 
a, b. 164. a—b 9 a—b° 165. a-—b,a+b. 
2Qab 2Qab ab ab 
e+’ nega 167. a+b’ eet, 168. 4, 0. 169. 2a, a. 
5a 4a’ 
Sgt) 17 2,89... 279 9-9-8 5 ee 
0, 3, 4. 17525 - 2;5, 20s Baa, 177, 2, 338. 
6, 3, 4. 179. 3, 4, 1. 180. 12, 6, 8. 181. 4°, 3, 4. 
% oe 3. 183. 4, —4; he 184. 23, 47, 67. 185. 0, 10, 4 
a5 2, 3. 187. 1, a -1. 188. 3, 6, 9. 189. 3, 4, 6 
es 191, a, 2b, 3c, 192, 2a, b, 0. 
Ee pS abe 
b-c c-a a-b @(- c) +b? (c—a) +c? (a—b)°* 
eee 91 1 eee Peay 
Bir. ais debe at Bie 195, 4, a, a 
b+e-2a,e+a- 2b, ive 2e, 


197, a(a+b+e), b(at+b+c),¢(at+b+e). 37° 3 
199.5. 9) s.- 200. 2=1,y=2 2=8,u=-1. 
CHAPTER °-XII. 

12,35, 40. 9. 8, 16. 5° 8, 9. 7. By ag 2 ob 5. 1523; 

6. 48. 7, 14, 20. 8, 144. 9-17, 18. 10. 6. 11, 12, 15. 
19. 12, 48. 13. 3, 4, 5. 14, 120. 15.337: 16, 4095. 
7? 20, 16, 12, 8, 18, 120, 121. 19. 75, 125. 20. 3024. 
74 Be) aay & 99, 24, 7. 95.. 9:0 94, 27, 33, 10, 90. 
95, £132, £308, £693. 96. £30, £20, £5. 27. 7, 26. 
98. 15; Rs. 3. 6as. 99, £250, £200, £150. 30, 12, 20. 
81. 972 bighas. 32. 44. 33. 34, 18. 34, 4, 12. 35. £3960. 
36. Rs. 7, RBs. 3. 37, £1300, £700, £600. 

88, Rs. 52. 13as. 3p., Rs. 47. 2a. 9p. 89, £24, £20, £16. 40, 6, Lo. 
Al. Re.1. 12as., Re.1.4as. 42, 210. 48, £6600. 44, Rs. 60, Rs. 30. 
45, 24 doz., 14 doz. 46. Rs. 3000, Rs. 7000. 47, £360, £240. 
48, £1500; £45, £33. 49, Rs. 10296. 50. Is. 1d. 51, £21. 
52. 1s. 13d. 53. Rs. 900. 54, 2s. 2d. 55, 48. 56. 7ft. 6in. 
57, 36 sq. ft. 58. 3 ft., 9 ft. 59. 12, 9, 7, 6, inches. 
60. 15, 12, yds. 61, 120 miles. 62. 90 miles. 
63, 22 miles; 24, 20, miles an hour. 64, 69 miles. 

65. 368, 366, yds. per minute; 191,?, yds. 66. 160, 140, miles per day. 
§7. 60. 68. 14, 12, Sacer ofr 69. 20. 70. 14, 8. 
71. 36, 64,100.-. 72...6, 2, 12. 73, 3 hours 44 min. 74, 39, 46. 
75, 24 min. 76, 3}? hours. 77. 164,min. past 3.° 
78, 1032, 54,5,, min. past 6. 79. 125, ledes,min. past 12. 80, 4 seers. 
81, 22. 82. 60. 83. 21 days; 1421 miles. 
84, 21 days; 972 miles. 85. 538, min-past 7. 86, 25 min. past 5. 
87, 1 min., 2 min. 88, 1331, 1000. 89, 1000. 90. 55. 
91. 696. 92. 15doz., 24 doz. 93. Re. 1. 4as. 6p. 94, 3. 
95. 2508 ft. 96, Jan. 5th, 1894, 7p.m.; 1530 miles. 97, 63, 84, days. 
98, 32, 68. 99, 400, 300. 100. 1s. 2d. 101. 29, 37. 
102. 10,8 103. 59,94 104, 15,60. 105. 9,12 106. i. 
107. 2s: 108. i5- 109. 78. 110. 63. lll. 75, 57. 
112. 84. 113, Rs. 125, Rs. 75. 114. Rs. 5. 8as., Rs. 4. 115, 5s., 2s. 
116, 20, 10, 4. 117, 48, 14. 118. 13, 6, 7. 119, 3s. 6d., 3s. 
120. Rs. 8; 12, 6, 4. | UA gt ar biquart, dauart. 122. 80, 24. 
123. 49, 33, 124, 26. 125, 14,3.— 126.11 536,13. 
127. 10 days, 2 days; Feb. 21st, 29th. 128. 30, 24, days. 
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ae c+a a+b: 
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. 5000 gall., 4000 gall. ~ 130. 4, 3, miles an hour. 

. 16 miles; 8 miles an hour. 139° 81. 

. In each candy 2 pharas of best rice, 6 pharas of inferior rice. 

ae 11. 135, 48 lbs., 40 lbs. 136, £1200, £1800. 
. Rs. 5000, Rs. 7000. 138. Rs. 1200, Rs. 1000. 139, £25; 1s. 8d. 
. £1400; 1s. 2d. 141, £132; 1s. 10d.; Rs. 1440, Rs. 1980, Rs. 2112. 
. 3, 5, miles an hour. 143, 20 miles; 6 miles an hour, 
. 1, 14, miles an hour. 145, 5, 3, hours. 146, 119, 120, miles. 
. 24 miles an hour; 50 miles. 148, 45, 30, miles an hour. 
. 12 miles an hour, 165 miles. 150, 51, 50, miles. 151. 3, 4, ft. 
. 24; Rs. 7. 153. Rs. 900; Rs. 1000. 

. 4lakhs, 24 lakhs, 1 lakh. 155, 121 yds., 40 yds.; 1 acre. 
. 40, 45, 48, days. 157, 5000; Rs.5. 158, 8, 10, miles an hour. 
. 100; 44, 56. 160. 21; 22. 161:>3,;%, 2: 162. 4, 5, 8. 
0,245, 164, I, 2;.2: 165...5;4;:3. 166. 13, 12, 5. 
, 65, 52, 39. 168. 405. 169. 105, 405. 170. 108, 801. 
« 235. 172. 9, 7, 29. 173. 3345. 174, 738. 175. 43.45 fas 
. Re. 1. 4as., 14 a8., 3 as. 177, 983 Sat; 4s. 178. 20, 50, 80. 
. Gram Rs, 22, corn Rs. 20, rice Rs. 40, per candy. 

. £300, £280, £220. 181, 20z2., 40z., 60z. 182. 5, 4, 44, days. 
. Rs. 2. 8as., Rs. 2. 2as., Re. 1. 12 as. 184. 5, 6, 8, annas. 
_ 20, 30, 24, days. 186. 6000, 3000, 2000, gallons. 

. (1) 1 hour, (2) 2 hours, (3) water flows out exactly as fast as it 


flows in. 


188. Hach lb. contained ;,, 34, 4 of the teas respectively. 
189. 1, 2, 9. 190, Length 60ft., breadth 40 ft., height 30 ft.; Rs. 1500. 
191, £21000, £8000, £6000. 192. 15, 5, 30, 24. 193, 32, 22, 28. 
194, £12, £1. 5s., £1. 7s. 6d. 195, 84, 58, 21. 
196. Rs. 800, Rs. 900, Rs. 1000. 197. £40, £30; Is. 4d., 1s. 3d. 
198. 6, 5,12, miles an hour, 199. 20, 12, 15, miles an hour. 
200. 44,11; 48,13; 46, 96; 50, 100. 


CHAPTER XIII. 


a. 4. By 12; — 9. 3. —18, -10. 4, 13, -15. 5. -1,4. 
6. 3, - 7/7. 1. 3 — 4 8. 4, 3 9. 10, -2. 10. 6, —20. 
11,°.3;8. 12. 7, 33. 13. 1, #. 14, 6, —3. 15. 3 —#: 
16. 4, -7- 17. 7 7 18. x5, -3. 19, 4, -4. 20. 3, 5. 

21. 2,-1. 22, 1,1. 23, 24/5. 26, 0,-23. 27, 4, -2. 
28. 1, -3 29. 2(1+,/2). 30. -3,10. 81. 2,-3. 939, 3, 4. 
33. 1, -7/. 34, $ —zy- 35, +3. 36. 4, -4. 87. 2, 3 
38. 1, —7 39. 1, 6. 40, 16, -5. 4), -1,-3. 
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i ies an tet 44, 2, 5. = cap oaiga age, Ey 
47, 6, 43°. 48. 12, ys. 49, 5, #2. 50. 8, —9. 
ae . 4a a 4a 12a 
51. 16a, 17a. 52. lla, - 14a. B38. aor: 64. Saas 
6a a 2a 
5. 3a, = 56. a, rey 57. 0, — 3a. 58. a, 3 ° 
59. a, -% 60. 24,-". GL, a-b,a+b. «2, - a, 2a 
hss =a a b bta 
63. > tae 64. —— >» pep: 65. a; —0. 66. ——- 
a—b x a+tb+e a+b+e 
67. 1,,—- 1S ee arena 69. aCe | 
b 
ee 71. 1,0. 79, 8a, -5. 73. G> ~ 4a. 
7a l-m 14m 
74. 4, > 307 “1D. ata? Iza” 76, -—a@, —4@. 
77. 0,60. 78, a—. 79, 3a, 4a. $0...45 ae 
a? 2a2 a? +. 02 Qab 
81. b2? ~ 12) 82. 0, Fy a+b e 83. a+b, au 
a+b a+b a3 + b3 
84. 4 Se iat 85. a+b, —-- 86. 0, - Ser 
a+b a+b a+b 2% 
87. a+b, a 88. ao tag oe 89, —(a+d), —(a+D). 
90. a+), Sr rab 9]. c+ /ab—¢(atb=0), 
a+6+2c¢ a+b 
92. ¢; thes calan. . 93. ¢, cinpens 94, a+b+ce. 
95. C, a+b+c. 96. C, a 97. 4c, a+b+2e. - 
98. 2(4+b), 2(at+b+c). 99, at+tbt+c, a+b+2c. 100, a+b+<e, -—. 
- 101. #2, +3. 102. £A/2, +4/3. 103. +5, +4. 
104. +4, £4. 105. +4, +4a. 106. +4. 
107. a pees Vets fae 
-1+ eB. -3+3,/-1 ax. i2b% 
108, 1, —_,- —_; 8, 5 109. +>, +7. 
1 c TiS 8 a 
110. at an: 111, Ls a - 112. 1, +,/-1, 
; : 
ee 1 a1, 41, 228, 24 116-8, 


* 
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17 8g lis. SNS tho, 20) Se 


122. 1, -—2; 2, -3. ‘s this example put 2?+a=y, and employ a similar 
artifice in the following fifteen examples. 


128. 2, -1. 124. 1, -2; °, -1, 125, +2, +3. 
126. 2,4; 1, $. 127. 1, =4552, He 128. 2, 4, 0. 
. at lA 3. 
129, -2,3; 1, -% 180. %, -$ 181. 1, —G—; 2, -14,/=2. 
132. 1. 133. 8, -1. 134, 2, -5. 135, 0,1; % -—%. 
136, 4, ~ 1. 137. 1, -9. 188. 2. 139. 3, 7. 140. 12. 
141, 8. 142. 10. 143, 3. 144, 1. 145. 80 
Ree ay sod. os, ee 
~ 150. #5. 151. 5,6; 3, -45 —48 aos 0, —2. 
152. Possible and unequal; possible and unequal ; equal; impossible. 
154, 65, 4°. 155, 21, 432. 156. 9, —19. 157.. 117, & 
158. 2°—(p+9)«+pq=0. 159. qe?~pe+1=0. 
160. x?-(p?-q) «+ 4 (p?- 2q)=0. 161. «?- (p?-2q)x+q?=0. 


162. «?—p(p?-3q)c¢+q?=0. 
163. 2?—(p?+p?— 3pq — 2q) «+p ( p?— 2q) (p? - 3q)=0. 


164, x? — (p*—4p?q + 2q?) x - qt#=0. 173. 36, 21,,15. 
fale, v3; ° 182,11, 4; =4,.-11. 183, 116, —8; —12, —20. 
184, 13,10; -4f, - 4. 185, £12, £7; £7, £12. 
See 35 
186. +1, +1; + ,/3, =/3. 187. +2, +3; * 71934? * 71234" 
38 : 
188, #12, 42; +5, 735: ee ae 
we 8,5; SF, H- 191, #1i 25 = 56: 
st e “A , 5 3 ‘ ; —3+,/17 ~3+,/17 
a +4, ai; = 72? ~ 72" 193. 2,33 3, 2; th eee ‘a aM 
mag4. 7,8; — 58, — 48. 195. 5,3; 2,6; —5, —1; =2; =& 
196. 3,2; -%, —%- 197. 2,2; % —#. 198. 0,0; 12,8 
199. 8,5; —+#, -7- 200. +4, +3. 201, +9, +5. 
202. 6,3; 2, -1. 203. +5, +3. 204, 2,1; —+7$, z- 
205. 10,3; -—3, —10. 206. 7, -3; —3, 7. 207. .1,°- 535, 4. 
908..8, 11; 11,°8. . 209. =4, +3; +3, +4. 910. +7, +5; 45, =7, 
211, 3,12; 12, 3. 212. 4,4; -3, ~}. ALS: 4) 43 Z; 3. 
214. 3, -1; -vies, 83: 215. a, 0; 0, b. 216. @, 0. 
217. a, b?; ab, ab. 218. 2a,b3 -—a, — 2b. 919, +a, +d. 
a+b a+b 


920, +a, (ad). g21, a, "; -“S, a. 
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a+b a—b 


922, a+b, a—b; a—b, a+b. 993. eee + 


224. 4a, 3b; -—164a, —412D. 
225, a(4+b+c), b(a+b-—c); -a(atb-c), —b(at+b+¢e). 


qe. 33. yaaa i 3. 196. 4, 625. F129: 6. 18. 
7, 40. 8, 14. 9, 10, 10. 10. 6, 12. Tl. 5,36 
Te 4:12. 13, 41. 142°42, 17. 15. 9, 14. 16:94 
Lr 9,412. 18. 6; 8. 19, 3, 9. 20. 17, 18. Qt. 11,33 
22. 6, 7. 23. 8, 10. 24, 3, 4, 5. 25. 3, 6, 12. 26. 2, 5, 8. 
ay: 78. 28, 42. 29, 42. 30. 3. 31. 4, 2: 32. % $- 
35. 2: 34, 3, ¢- 35. Hypotenuse 30 in., sides 18, 24, in. 
36. 5, 12, 13, ft. 37. 2,16, in. ; or 4, 18, in. 38. 110, 44, yds. 
39, 14°832 in. 40, 24. 4], 48, 5. 42, 20. 43. 4 annas. 
44, 14d. 45. 30. 46, 12. 47. 120. 48, 9. 
49, 10, 12, days. 50, 30, 40, min. 51. 3, 34, miles an hour. 
52. 10,12 milesan hour. 58, Rs. 54, Rs. 30. 54, Re. 1. 6as., 14 annas, 
55, £50. 56, 3. 57-12. _ 58. 10 dozen. 59, 36, 8. 
60. 24, 3. 61, 28, 6, 2. 62. £500 at 5p.c., £500 at 4 p.c. 
63. Rs. 8000 at 4 p.c., Rs. 16000 at 3 p.c. 64, 1s. 1d. 
65. 1s. 8d., 1s. 2d. 66. 1s. 3d., 1s. 14d. 67. 1s. 3d. - 
68. 480 acres, 40 shillings; or 84 acres, 7 shillings, 69. 160 acres. 
70. 4 miles an hour. 71. 40 yards per minute. 72, Ks. 33 per dozen. 
73. 3,24, milesan hour. 74, Length 40 ft., height 24 ft., breadth 20 ft. 
75° 5, 16. 76, 13-16. 77 S82. 78. 9, 15. 79, 5, 20. 
80. 12, 60. 81, 16, 20. 82, -8, 12. 83, 75;-7. 84, 2, 9. 
85. 5, 12. 86. 13, 20. 87. 4, 6. 88. 3, 7. 89. 1, 2. 
90, 47. 91, 32 or 98. 92. 132, 110, yds.; 121, 120, yds. 
93, 63, 84, days. 94, 42, 56, hours. <r 
95. 10 days, 6 annas; 8days,5annas. ~ 96, 440, 352, yards a minute. ~ 
97, 150, 360, 390, yds. 98. 3, 32, yds. ie 
99, 30, 20, miles an hour; 1400 miles. 100. 14, 2, miles an hour. 
CHAPTER XV. 
Peeters, 2o,11 + 12°17 :18, 2, 5: 8,13: 20, 27 : 40, 112 1657; 
BD: <4). Peas ie Ret Gor) 927.2 125. 6.1: 8-475 2a 
lit D6. 9.3: 11. 10, 1:4. Ep 1.220. 12: AA Lg. ae 
14. 19. 15, 11. LGe 27; i] eee 185.575). LB 
20. 54. a1; 1. Ys as Slam a Bie” 4.1L Porte 


CHAPTER XIV. 
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95. .2:50r3: 4. 96 a: 6. ry go 28. 10. 29, 5. 
80. 4. 31, 10, 16. 32. 15, 20. nas aes ey $4.~ 27, 12: 
35. 30, 55. 36, 12, 18. 37. 40, 65. 388. 18, 24. 39. 4, 6. 
40. 7,8. 41, 8, 12. 49, 60, 36. 43, 100, 25. 44, 6, 10. 
(m —m) ab 
45, 2, 6. 48. ab Saas 51. 39. 52, 14. 53....21. 
§4, 2. 55, 28. 56. 11, 0. fy Babes Fae 58. 10. 
59, 5. 60. 2. 61, 2: y=ysa-4, 9*  2=4-f 51 
62 —Y 3 Y=A:n4+y, y: U+y=2-Yy: 4, &e. 
63, t+y:a=a*: a-ay+y*, cia-y=a+ayt+y?: 2, &e. 
64. t-y:x=a?: a+ayty’, y:x-a=x(e+a) : y?, &e. 
65. 2?-ar+a* :y?=y?: 2+ar+a’, 2: y?-a@=y2n@ : 22+ 0%, &e. 
742. 8,-6, 12. 78, 2, 8, 32. 79, 4, 8, 16. 80. 1, 3, 9. 
81. 12, 21, 28, 49. 82. 10, 18, 30, 54. 83, 15, 30, 21, 42. 
84, 4, 10, 12, 30. 85, 10, 15, 14, 21. 86, 6 ft. 104 in. 
87. 96, 180, 204, yds. 88, 300, 150,100. 89, Rs. 1250, Rs. 200, Rs. 50. 
eecne | i we 
be 96. 2, 3, -1. 97. 13,-4. 98. a’ bc 
; a b 
Seg to) U5 
MISCELLANEOUS EXAMPLES. 
1, 412. 2. (a+b+c)*. 4, (1) 5343 (2) 2. 5, In 22 years. 
6. Rs. 240,120. 7. § 8, $2? +4 30?-fa+4$, amtl— (2a+a™) ch +42, 
Q, a34+3a?+9a+27. 10. 5+ =n 1], 2a+3x, 4x (2a 432). 
2 3x? 
12. (1) 43 (2) 2 @) Symes (A) a 42. 13. (1) 5; (2) 
14, 2 miles an hour. Eee 1S 
16, 28+ a8— 2azx (x° + a%) + 2a3x3 (x? + a®) — Qatet, 17. a-2p. 
18. (1) $; (2) 1, 2. 19. yi da" 20. (x+y). al. 3, 103 
22. (1) 16,4. min. past 3; (2) 49, min. past 3. 23. 422. 
94. a®+b?+c3 — Babe. 25, a&— v8, 26, x-1. 
27, (1) 12; (2) 3, 2. 28, 42, 4. 29. 7, at eit, days. 
30, 432. 31. 73. 32, a—b. 33. (a®- 1) (a@+1) (a+4). 
2 2 $e eee ~ 
84. (1) =; (2) 40 Jat i. 36. (1) 11; (2) 25 (3) 3 3. 
37. 1% hours. 88, 12. 39. — #4. 40, 2b (x+y). 
41, «0°, 42, a®—2%. 43, (1) 0; (2) 9°" 


tar” 


' ; 
pqs 


—. 
vow, 
ae 
x 
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. —n? 
45. (1) 285 (2) * eget ae ——. 46. 22. 47. 2, 8 days. 
48, 3a. 49. 9, 9. 50. a6 — 22a4 + 60a3 — 55a?+12a+4. 
a* 1: 
51. (x-1). 52. Gtath 53. abe 
; — 2 
55. e : 56, 30 hours. 57, 72 miles. 
4 
2 2 
58. 536. 59, 3a2-+4ab+b2. Clie 
62, (1) 22%-241; (2) 2-242. 63. 5s.; 4d. 64, 80 miles. 
65. (1) 6; (2) 60. 66. 2 —ay2+y". 67, ae 
69. (1) 4; (2) 3; (3) 6, 10. 70.. 3238, minutes past 3. 
71. Back Bay Rs. 1500, Mazagon Rs. 500. 3 
72, 34%, miles from Bassein. 73, yi + lly? +47y? +93y +69, = 
22-3 
~16a4 Sai Seats t am Lae + 
eee 79. ©) Gaya) @—ay’ ) } € 
re ac. ne+bd mc—ad- “ie 
76. (1) 3? (2) Db ’ (3) na+mb’ na+mb’ (4) 3a, — 2b. 
(fe — 3ax + 4a?. 78. Rs. 17. 8as. 
79. 24, 2, miles an hour; 5 miles. 80. 427+ 2y. 
8], a3 — 20% + 4ab? — 813, 82, (a+2b—c-8d) (a—2b+4+¢-34). 
83, 2a% (20-32). YS 85. 29— 2u%y —y2 
86. (1) 95 (2) 4; (3) 2, ~1. 87. 56, 203. 
88. 40, 24, days; Rs. 6. 4as., Rs. 13. 12 as. 
89. 6 (a+ 2y) (7 +4y)(e-y)%. 90, ==!. 92. (1) 4; (2)1,§. 
93. 1000 men. 94, 134 miles; 9 miles an hour. 
2+ a? 1 
95. Fill 96. ret 97. «(2%+3). 
x (x? + 2x - 3) rae 
98. - 72422" 99. a?-a+}. 100. 1, -1, 2, -2. 
101. 800. 102. (y?-4)?; ah — dary z+ Ty?2?. 104, 22+2r+3. 
105. (1) 4; (2) 3; (3) 12; (4)22. 106. RBs. 3,500; Rs. 4,500; Rs. 7,200. 
107. Rs. 1,620; Rs. 1,180; Rs. 1,040. 108. 400 inches. 
1 a2 2y 3 
109. at tH75 rine i 110. #+1; 120zry (x?- y?). 
L111, 227+ 32y +y’. 112. (1) 41; (2) 20; (3) 11, 9. 113. 91. 
ae TG, c= 22 482 4; On+ by. 


xy?" 


ise é 
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116. 
118. 


121. 
124. 
127. 


129. 


131. 


133. 
135. 
139. 


142. 


145. 
148. 
150. 


154. 
157. 
159. 


162. 
165. 
167. 
170. 


171. 


174. 
177. 
179. 
183. 
186. 
189. 


agi: 


192. 


194. 
198. 


ALGEBRA. 
(1) 4; (2) 26, 27; (3) 4, -3, 5. -117, A goes 17 miles; 4 hours. 
ma+nb+pe 3a? + b? 
Rs. yy ere per gallon. 119. 324, . 120. 4a+3b° 
1 
x4" 122. a-x+1. 123. 4, 5, 6. 
600. 125. $. . 126. 14 miles. 
(a? +-y°)2— (2241)2; Slat+27e%y 4+ 922+ Bay? 4 yo, 128. —,. 
1tie 130. «-2a; (a®-4) (a?-9). 
Qu2+4 8045; ot. 132. (1) ee; (2) 45 (3) 1, 2 3. 
14, 14, 27, 8, 33. 134. 27,5; minutes past 5. 
80; 9 seers. 136. 54; 0. 137, @)y 1; Bypr 138. 2y?. 
(w+ 2y) (w — 3y); (w—y) (w — 2y) (x + 2y). 141. 6 (x?-1) (x-4). 
Qu? ae + eS 2x3 — x? - 3, 143. 1; no. 144, 2 hours. 
Is. 4d. 146. 2m —-5x - 3y. eT eae 
3x —2; x (x-1) ee yep ) (w- 6). 149, 1. 
x*— 3xy + 2y?. 15143 3. 152. Rs. 25. 153. a?+b?+c?. 
323+ 9a%+4 2042 , “y 
x — 2y, 155. 3a (e+1)(@+2) > > 156. yauee 
Rs. 8000. 158, 2 (b2e2+ c2a® + a2) — (a4-+04+04), 
2 23+ 22?-1127+6 
A? = 52" 160. «-2; 202 +40—-7 tin gy 
54,8 minutes past 10. 163. Rs. 60, Rs. 80. 164, axt+bda2+e, 
Vide Ex. 158. 166. a?-2x?; (a—2x) (at <4). 
(1) 9; (2) 20; (8) 9, 20. 168, 23. 
(1) (20°3)(3x—2); (2) (w-4)(3x+2); (8) (w — 8y)(w + 8y)(3e—y) (Baty). 
wv? -—32+4, 17 oa 4, 173. (1) 7; (2) a+b. 
30, 74, 6, years. 175, Rs. 83. 5as. 4p. 
a? + 4y? 4922+ 6yz+ 32a —Qqry. 178, (b+c) (c+a) (a+b). 
2. 180. (1) 4; (2)0. 181. 10,8,hours. 182. 12, 35,5, 75. 
16 (at — ay? + y4) — 8a? (a2 +2) + a4, 185, (22-5) (5+). 
(b—c)2-+(c—a)?+(a—b)% 187. («—a)®. 188, 91. 
47 miles. 190. x8 - 16y8. 

Boge ee ee ee 
x-—3 1 qr 
(2-4: @)e- 193. (1) 6; (2) aa “Ee 
£33. 15s. 196, (w+1)(x+4)2; 2 (+4). 197. 1. 


(a+b+c¢+d)(a—b-c+d) kbc. a) ee 


g 
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, 242-8; (224+ 4- 3)? (2?-2+3) (v3 -—2+3), 


200, - 2-3; 20% Be41. 201. (1) 205 (2) 8,2 202, 44 miles. 
205. (1) 0; (2) 1. 907. («—8) (a —4) (w+5). 208, a?-+0?. 
209. (1) 8; (2) (a+b) (a+¢). 210, 640. 

211. (2?— pay — y*) (2*+pry —y’). 
918, 1+a+a?+a%+at+a°+a5+ a’ +a8+a%. 214, -1. 
915. a+b, a-d. 216, 253. 917. 76lbs., 30 Ibs. 
918. (x+y) (20 ~3y). 219, a. 220. (zy. 
222. (1) a; (2) 5. 224, 84, 63. 225. $ 
226, (1) (2x -+9y%) (402—18ay?+8ly%); (2) (2?+7) (a®—5); 
(83) (w—1) (wv +1) (v@ +3) (x+5). 

998, abc(a+b+c)(b+c¢-a) (c+a—b) (a+b-—c). 929, 40°+16¢+11. 

yA 24 2 
230. (1) 53 (2) iz ay 931. (1) 1; (2) 21,6; (3) 22. 
232. £6. 6s. 933, 0. 235. 1. . 286. (w-1)%; (w-1)8(w+1). 
937, =-1+2. 988, (1) 2(a-b+0); (2) 1,44 239, 9, 6, gallons, 
940. gin + ymn _ {pry (n—1) Mm + o(m—lnym} ; x + xy /2+y?. 943, 0. 
945. (b+c) (e+a) (a+b). 246, 16a4. 
947, az+2b+= ; gl, 948, 1 mile an hour. 
249, (1) F242 5 (2) at+ Say? ty 
250. «+4; (w—1) (w-2) (x +3) (w+4) (w—5) (+6). 251; 43 
252, 7. 253, £4680, £4720. 254, 3. 
955. (1) (~?-aax- a’) (a?+ax-—a); (2) (w+2+1) (c24+27+1-27-2-22); 

(3) (27 -—3y) (w+ 8y +1). 

267. @-—-8(a-7); 1-22+80%. «959, 4. 260, 360. 
961, 22+2+1; 4(x—3) (e+) (3-2) (3042). “is 

ees «+1) ete: 
262, (1) 2455 (SAE. \ . 268. A485 0); G8 z 
964. 2. 965. 74,6, milesan hour, “ 967, (2n+3) 2+2 (n+1) y. 
268. 1. 269. 2?+2+1. 270. 30?-4e+1. © 
971. (2? +y? +23 - 3xyz)*. 272. (1) $24; (2) a(b+e). 2.73. 81, 1 


x(1- x) 2 (27+ 1) eo eouRee 
274, (1) ar ; (2) @(@—1)" 276. ©+3; zy (a2 — 42). si 
o77. =-4-4; 2-2-2 278, (1) -45 4-3 279, 22 days, 
280. (1) (a? — ,/2ab + 2b?) (a? +,/2ab + 20?) ; (2) — (b-¢)(c-a)(a—b)(a+b+e). 
#iA. : 19 


290 


282. 


286. 
287. 
291. 
294. 
299. 
301. 
303. 
307. 
308. 


809. 
$12. 
313. 
314. 
317. 


320. 


322. 


324. 
327. 
329. 


330. 
331. 
334. 
335. 


337. 
339. 
342. 


344, 
346. 
349, 


ALGEBRA. 


(a + 2) (2% 4-1) 


-7, -—28. 283. (v1) Qa—1)’ 
Given expression = (a” — a")?+ (aa™—1 — a®~"z) (a” — a”), 
a8 — 4a? 4 Qe - 3. 988. 207+2+1; 4, —1— 290. 36. 
9a? — 6ab + 4b. 992. «—3y3 (w?—1) (w®+1) (2e2+a+41). 
3, -1, -2. 298. 1. 
{4 (n?4+8n+1)}*, where 2n is tho first integer. 
atd?; 14a? ~ x4— 2, 302. (1) 2; (2) 15. 
14, 11, yards. 304, 82, 34. 305. Rs. 525, Rs. 300. 


(x? - xy +y?)”. 
(x — a) (a + a) (x? + a?) (a? — ax + a?) (2? + ax + a?) (x4 — a?a? + a4), 
b 


. 810. «+6. 811. (1) 34; (9) oe aa es Ps 
4$, 39, 24. 
; x+c a* +b? 
(1) 0 ? (2) - . a) (a — ¢ —b) ; (3 ) verti! 
(1)%5-(2) - 315. £2. 15s. 816. ¢ 
Ta? — nen 318. tae 319. (1) 8; (2) 16; (3) 1, 3. 
2 
3147, 4219, 1043, days. 391. = 
1 2b. 8b? 4b3 3b4 3 —b 
te et es oe ee 323, (1) 8; (2)4; @) Ga, 
2. 396, a? — abx + aa? — atx? + a8a4 — a2a5 + ax’ — 27, 
(1) 5; (2) 33 (8) 2, 3. 328, 24 feet. 


2 (x2+y? + 22-yz—20 - xy). 
aJaty Jy +2/2—3r/aya 3 28+ aad — a8? + abet a8, 
1 
Gap waa ess" 882. OH) 105.@)5, 11, SEBS ee 

(uta+y+z)(—ute-ytz)(Ute-—y-—z)(w-e-ytz). 


42848 5. 836. (I) ety +25 2) 5-3 8). 
2, gap, (1) Se tee hah (OTP); @) 4s @) ge 
3, 340, 3a2-ab+b?; see 341, 2+3; xy (x?-y?) 
(1) yi (2) os. 343, 27+ 22+3. 

(1) 24; (2) 2° ane ; (3) Peer 345, 20 years. 


hex aby ay 2)—(at+yst+24). 847. yetzrtayt+e2. 348, 1. 
1 
w+ 5-2 351. (1) 15 (2) 7 352. 2x+5. 


i 


353. 


358. 
360. 
362. 


365. 
367. 


369. 
371, 
373. 


376. 


379. 
380. 


382. 


384. 
386. 
389. 
392. 
393. 


395. 


897. 
399. 
401. 


403. 
406. 
408. 


410. 
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2-1 xy Son ee 
z+1 . 354. x+y?" 357. (1) 12; (2) eS. we 
be,-bye = aye — ay " 
(1) LS ae ; (2) 4, 5, 6. 359, 2+42-1. 
3,/21. 361, 2-1; (x*-4) (a?+4-2)(c?-x+1). 
at*+ ah? + b+ 
eaitacty 3864. a-b+c-d. 
(1) 6; (2) 4; (3) 12, 12, 12. 366. 23. 
ge —syty?+ae+y+1. 868, «?+1; (+2) (2¢-1)(3¢+1). 
4arc 3 z (32 +1) 
) aaa) ope} @) aap ae-i- 370. 23 


a@-b? a2}? 


: 2_ Gp2 = 
(1) 18; (@) “——, = =m 372, 9a? — 6b?-+4be+6ca—3ab. 
2 4 
t+ aty +a%y? + ayttyss S145. 375, (1) at; (2) STP sD) 
2 
ah ys. 377. a5 378, 2(a?-+a0+ 20%). 


(1) —4; (2) $a; (3) 2s, 18. 
At noon, 125 miles distant from A. 88], 22° — x+y — 4a%y? — 35g %y3+y?. 


Qo (x + 2) (x? + 2) (a — 2). 383. eo 
: 
a) 3 @ eee 385. otek 
(1) 3; (2) 25, 35. 387, 27?+22-3. 888. 32-11. 
3 
Pant 390. a*-b?+c?- da. 391. (1) 7; (2) 8, 5. 


Rs. 500, Rs. 400, Rs. 200. 


(1) rf Bay 5 (2) e+y; (3) a8 ; 394, 2-2a; 3am (a? - a). 
ene o. 396. (1) a (2) 5 (3) 24, 14. 

5 miles. 398. (1) Sa ; (2) flees (3) a—b. 

(1 — 4a?) (1+ 2” - 447) (1+ 2e+4 ee 400. 3”?-42y + 3y’. 
33°9; —7. 402. -atd-0; =~, 

2a! — a — 2. 404. i. 

(1) 73; (2) $5 (3) 23 (4), § 407, 2080 bundles. 

(1) a+3b+2d; (2) 8x°; (8) a a 409. 2x-1. 


a? gels 411, a¢po. 412. (1) 56; (2) 7, 9. 
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413. 


416. 
418. 


420. 
422. 


426. 
429, 


431. 


433. 
435. 
436. 
438. 
439. 


441. 


442. 
443. 


445. 


448, 
450. 
452. 
453. 
— 456. 


459. 


461. 


463. 


465. 
467. 
468. 


ALGEBRA. 
. A (at +2), 
4 days. «414, a -a2-19, 415. <3 reas ik 
oF ae 
(w- 1) (w-8). 417) 2452-4 + “ =z; 10-049875. 
(1) 435 (2) 135 (8) 1, 2, 3. 419, 40 days. 
100 lbs.; 2 cwt., 3 cwt. 421, xt+y+e+ayz. 
Zero. 433. 1. 494, ax+by+cz. 425. (1) 6; 2) — 
an 4 73m , gt — yIm-1 497, x+H. 428. 2. 
m (m+ 2k) - i 
(1) ryt @) 8: 83 (8) 4, 10. 430, 1. 
“-—a; (a- a)? (w—3a) (3x —-T7a). 432. Tat al 
(1) al; (2) 9; (3) 3, 2. 434, 3, 8, miles an hour. 
r 1 
x (%—a)(x—b)° 
(1) (v+6a)(«-11a); (2) 2(1+a)(1+c) (a-c). 


(1) 5; @) res @) SED, Sea 


120, 130, seconds. 440, x®- a’. 
(1) (v+6)(a+7); (2) (e©-—6)(a@+7) ; (8) (Tz + 8y) (49a? — 56xy + 64y?). 


x—-8; (w—8)?(«+9)(3"-10) (83z+10). 
(1) 3; (2) 5; (3) 8, —15. 444, 2% miles from P. 
a3 
a—b+e. 446, 22 -Y. 447. (a—2) (a8-+ 23) . 
a4 — 10a%b — Gab  — b4 
54; 646. 451. -pa+b+q. 
(1) (x - a) (« - *) ; (2) (a? -ax+a?) (2? +ax+a%). 
(a4 — 1) (a8 1). 454, «2n+2. 455. n(n-1). 
1-40-§0?— fa 457, soos ‘ ont . 458, £52; 52s. 
4 for 8d.; 512. (m—m)(m—P), wy etl 
or 3d.; 512 460. (1) hoe (2) (@=)@z=1)° 
2_ 3)2(972 4_ Oe oh 
(a? — 3)?(9”2-1) (9x41). 462. + EY 
b?+a 
(1) = ; (2) 53 (3) a (4) 10, 20, 5. 464, £800. 
273°; minutes past 5. 466. 2? +y?+22+yz2+ 2x — xy. 
(x? + 12ax + 31%)? — (4a). 


(2? — az +a") (7+ ax + a?) (at—a2x?+ a4); 
(a? — 2a?) (a? + 2a) (@? — 2ax + 2a?) (a? + Qax + 2a). 


469. 
473, 
475, 
476. 


479. 
482. 
485. 
488. 


491, 


494, 
497. 
500. 
504. 


005. 
. 507. 


509. 
510. 
dil. 


514. 
517. 
519. 
521. 


523. 


525, 
527. 
528. 


530. 


532. 
534, 
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a+b+e. 470. (1) 34; (2) 2,3; (8) 1, 3, 5. 471. 600. 
2(a+b) x. 474, 2 (x?+ax- 2a’), 
(1) be -ca+ab; (2) #?+y?+27+2a (y+z). ; 
(1) 44; (2) —282; (8) 4, 5. 477, 10,7, yards. #18. Zero. 
3 (a — 3a) (a — 4a) 
i 480. 2 (%+3a) (~+4a)” * 481, Fete 
5. 483, «-a2+1. 484, B04 to 
(1) 5; (2) a ; (8) 4,4. 486. 1220. 487, a4+5a2°+6a%x+ a4. 
dg? —Bab40% 489, (1).2; (2) a": “400, Re 29, Reved. 
: 3 ‘ at+b—-c-d° : sie 
2a—38b+¢ 
3 (yz+2x+ay). 492, 94. 493. Ot Bae 
(1) 88; (2) a—20. 495. 12 minutes past 4. 496. atbd-+e. 
x?—2+1, 498, 203-822?+2-4. 499. (1) 2; (2) —a; (8) 3, 4. 
484, 348, 501. Zero. 502. x—r/ayt+y. 503, 15. 
200 miles; 334 miles an hour. 
2 
59; 3 (a?+0?+c7)—-2(be+ca+ab).. | 506, L+a- 5 : 
4 
be —ca—ab be -ca+ab 
Pantano Pana ae OO ee 


zw Tx? 523 [3x4 


1~& + 36 * 216 * 1396" 
(1) (e—a) (w+a) (a? -ax+a?) (4?+ax +a"); (2) (w—- 2) («-7). 

2_ fh2 
a oi ; (2) 37, 214, 112. 512. 7} days. 513, a+d. 
a—y+5y2 =: 15, 0. 516, Shem survived Abram 35 years. 
121, 518. (x?-a?)?. 


3ay (20° + 18x4y — 23x%y? — 18x%y3 — 2Zay4 — Sy). 520. (a — x) (a+2)3. 

dab 4 | 

pat (1) 1, (2) 0. 522. 3a—40. 
-Aabe 

(1) 1; (2) eae as (3) abe. 594, 52. 
5 sovereigns, 2 shillings, 526. (a+b)?+ (a+b)? +a+b. 
arn? +3ba+e; atx4+ Gaba? + (2a%c + 9b?) 27+ 6bex +c?. 
(fy 1 51(2) 2: 529, 1, +(2a-2?), ws 3 ck (2a — 2?)4; a4, 
Ama + 6ny + 3pz. 53 UU. ie fies +5 5} (2) 3, $- 
132, 108, miles; 6 hours, 538. 46 vlicaaenree 80 partridges. 
a? +b? + ¢, 535, 244+927+81; a+2a7b+ 2ab? + b%, 


536, (7-+1)(x+2); ante 537. (1) 23-2¢+7; (2) Jat+/b-aJe. 
b #5 
B38, (1) 15 (2) be-+ea-ad; (8) RS, SOs (8) 8, os (B41, 
539, Rs.3640. . 540, &. 541, bie (2) 0. 542, 1. 
543 =~ b) -2(2-0)) 544. (a-b)a-(as8) 
aM a\a " (a- )a—( +0)Y. 

545, a— 2b. 046. (1) = aa (2) — (3) 1. 547, a+2,/b -3e/c. 
648, (1) %; (2) a, d; (8) 38 4% 8. 549, 13. 
551. (1) ae (2) 4a:2-- Qay + y2, 
552. +23 (w—1) (Qe —1) (Qr +1) (84-2), 

3a24 202 Bie. age 1 °2 
553. (1) 5a (a 13b)' | (2) — fa? 2, 654. +5 - ae 

Qm+n) _, 

555. (1) 10; (2) 1; (8) 2, 5, 10. 556. eta miles 
557, v4+92?4+81. 
558. (1) (b-a) (a+b+c) (a+b—¢)5 (2) (a+b) (c-a+b) (c+a-D). 
559, 1. 560, (2+1) (a +8) (a—4) (w2+42+49). 

ee 2¢_ , b+e ate 
562. (1) (e—a)”’ (2) a8 563. (1) = (2) 72 ; (3) 8a”? “Op . 
564, 32, 40, 58%, days. 565. 2 — 
566, (a+d)a8+(D+e)a®+e+a, 567, t—-o+1. 669, a+ abana 
570. (1) #; (2) 8, 4, 5. | 572. a+(m+n) a?+2mna+1. 
573, 2(act+bd). 574, 2®-#+1; (e-1)2(e+1) (e—3) (2e+5) (a2+5), 

3abe 
576. (1) 53 (2) a+b. 
abe 1 2 3 
Be gctte! © abe! aabye! Babee 
ee be) (n+1) ca—nbe —ab 
578. (1) = (n+1) (a= b) hours; 2) Rese hours. 
579, b-c. 
580. (1) (77-2 +1) (z?+2+41); (2) (b- c) (c—a)(a- eae 
582. z-1. 583. (1) @—r7+1 5 ; (2) 4. 
‘ b . 

585. (1) $5 2) <5, a5; (8) 16, 86, 586, 18, 12, 15, feet, 


ALGEBRA. 


1 


te 
ee - 


587. 
593. 


595. 
597. 


599. 
601. 
604. 


606. 


611. 
613. 


615. 


618. 


619. 
620. 


623. 
627. 
628. 
630. 


633. 
636. 


638. 


642. 


644. 


646. 
648. 
650. 
652. 


ANSWERS. | 295 
1-a?’, 588. z?+aa7 PE ee i eS 
2 
(1) 1; (2) 42) (e438) 594, (b-c) (a—d). 
(1) 14; (2) be (b—c), ca (ec - a), ab(a—b). 596, 10 miles an hour. 
g?+acyty?+(at+b+c) (c+y)+be+ca+ab. 598. («+1). 
c+z 1 a+b-—2e 
) Gyas) (+ ba)' (2) 1- 5R- 600. 2(bxe) 
b+e c+a a+b 
(m1) (7-1). 603. (1) 483 @) 5» “an? “Be 
b sa Er 
(1) a+b+e; (2) ae 605. (1) 1; (2 Vz eed? (3 ) e462) (abe =a) * 
(xo)? 608. «+20°—1, 610. «-—s. 
(1) 1; (2) 1;1,1. 612. 12, 28, shillings. 
302-2 (a+b)c+a?+ 0% 
(1+ 2)?+ (2-2)? | cr —a 
() a= aa) * ) (x0) (bee) ’ 616, 97 
aie 3 
(1) 11; (2) 0; (3) Bq (8) -24- ¢), 3p (20 - a— ¢)) 5, 2 (a- b). 


5, 3, miles an hour; 40 miles. 
(a+b) (at+b+e); (a+b) (4-9). 621, a?-2a+2. 


(1) 4; (2) CESCES 624. (a+b)? (c—d)*. 


ab = a+b a+b 
(1) 7 7 (2) a+md? (3) Ca eS Cc ered | Cc 
; b? 7. Ae VE 
2 1 4 = Oe ea are 
12 miles an hour. 629. a + a 4 73.7 Pree 
a —1 
FG he 631. 2. 632. a-3a+5. 
(1) 3; (2) 2 (ac+bd) (ad + be). _ 635. (a—b) (ab+1). 
Qa-2 a+i 3a-1 maf 
(1) 2; (2) $3 (3) ° a reer ee Pe 637. 3 miles an hour. 
10a? + 15a?+18a+12 
2a — 4b. 639. Zero. 641. dah 18a? + 150410" 
(a?-+a-+1) (a3 — a? +1) (a?-a+1). 643. —. 
2 2 : ab. 
4 (a+b)? x’. 645. (1) 2; (2) 33 (3) 1, 2. 
34, 44, miles an hour. 647, a-O+te. 
(at+b+ce+d) (a+b—c-d) (a—b-—c+d) (a-b+c-d). 
8; (x —2) (x -3) (z—4). 651. (1) 4(al+bm+en); (2) 0. 


(ax — cy)? — (ba - dy)?. 653. at+b+c; (at+b+c)*. 654. ai 
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cd —ab e€ b2 Qa?+b? 
655. (1) CE coun” (2) 5-33 (3) 55> oe 

d(a—b) d(a—b)(a- 
e568, Sn), 657. 4(a+d+1) (a-2) 
658, a+b+e. 659, 2?-32-2, 660. «242. 
661. 60 years. 662. 2. 663. (7-1)*(x+1)4 (@- 2)? (7+ 2)”, 
665. (1) -2; (2) b-c,c-—a,a-b. 666. Zero. 667. (w+y)*+24 
668. (1) 9; (2)1,1,0. 669, 8 minutes, 670, (a-2b+438c) (a+2b-38c). 
671. 1. 672, 3. 673. (1) (e-1)2; (2) toes, 

b : 

674, (1) 13; (2) 34; (3) —F —. 675. 102.8, miles, 
677, 1. 678. Ja+/2b+2,/2¢, 
Bre 48532) %, Fs 2) te ee ee 
680, 2556. 681, 2?-2zry +3y?. 682. ab. 

2 2 
683. +5 - (5 +2) +1. 684, (1) pg; (2) 58. 
685. + mile. 686, atbd+e. 

Qa 4x2 828 6x4 3225 
687, 144+ 4+ 4-78 = 688. (22 —y) (20 +y) (3a°-+y?). 
t—y+z 
689. (1) a*+b?; (2) o—4y 4g" 
SES ne i ee 8 ca ab 
690. (1)5; aba)” b(a—b)’ (8) (a—b)(a—c)’ (b—c)(b-a)’ (c—a)(ce—d)’ 
; a’— 2a?4+4a+4- 
691. Re. Lg Rs. 100, 692. Zero. 693. a@— 2a2+ 12a —18° 
695. 3a*-8a-16. 696. (1) 2s; (2) @, db. 
697. 5 miles an hour; 15 miles. 698, a?+b?+c?, 
—1)2 
699. 33-4 25-8: COD are ee 
2) ime 2_ m2 
701. (1) 4; (2), 702. 27 miles. 
3a — 2y et 5 2a a 

703. 6(x+4). 104 crane 705. = --2. 
706. (1) b°—"; (2)%, -2. 707. (1) 20, 60, 30, days; (2) 10 days. 
709, 2-4. 710. (1) i (2) 1. 
7. (2) pee, Cea 712, 63. 


n(a+c)—mb’ m(a—c)—nb* 


713. 
716. 


718. 


720. 
722. 


725. 


728. 


729. 
730. 
733. 


736. 


739. 
741. 


742. 
744, 
747. 
748. 


750. 


751. 


755. 
759. 
762. 


766. 
769. 
772. 


775. 
778. 
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a+2b+8e. 714. (+2) (+6) («2+8x +10). 

(x+3) (3x-1); (w-1) (~+1) (+2) (w+3) (2x -1) (3x -1). 

(1) cee (2) 6, 7, 8. 719. 8, 74, yards per second. 
(1) 2a; "@) arabes (3) (a4 d4)™. 721, 2°-(p+q)c+q. 
(x —1)?. 723. {(b+¢) (e+a) (a+b)}?, 724. -3. 


1 -F — 20%? 726. (1) —3A; (2) 4; (3) 1, -2, 3. 727. 96, 70. 


1 
(1) —(m+n+aty); (2) Taarees (8) a — ay? aPyS+y?®, 
(+2) (2a-1); (~+2) (24-1) (8x1) (422-32 +1). 
(1) 4; (2). 781. yet+ex+ay—a%. 732. (1) 34; (2) 6, 11,6. 
58 rupees, 42 two-anna pieces. 735, —(b-—c)(c—a)(a—b)(a+b+c). 
22. 3a” 3a 
2 zs ei SE Bee ee 
z?+et+1. 737. —1. 738. 3, + pet ax: 
5, &. 740. 5 minutes; 5 minutes 20 seconds. 
(1) 3a?—12b? - 96c? - 3ab + 4a-12b+5c; 
7x? — 59x+18 
°) Gr) G=2) 6) oe ee 
2+4a” + 8x? + 162° + 3224, 743. («—- 2) (2?-32+7). 
80,60,0z. 745, 12abe. 746, 27+5(a-1)x2-b; -—9 (x?+19x7—-5). 
(1-2) (1+2) {l+a+y (1l-2)} {1-av+y(1+z2)}. 
223 — 4724 7-1, 749, xt + 30™ — 5y™2, 
; 12mab_ m (a—b) (7b—5a) | 
(1) 9; (2) 7,3; (8) Eh ea a ee 
be —ca—ab be+ca-—ab 


(4) bc? — ¢?a? — a*b? ee b?c? — c?a? — a?b? Ae 
a+b 


1, 2. 752. 0, 3. 753, 7, §- 754, —a, -b. 


= 706. 4-9. >”, 757. a2. 76a ee 
6, — #4. 760. 5, —2. 761. 6, 7, —1 
1,1; Sa eG 763. 2, $$. 764, 2, 2. 165.53-4. 
b if 2 
a 767. +4, Fo 768. —5, 1—(a+b+e)' 
0; —84 inadmissible. 770. 3; 18 inadmissible. 771. 3, —%. 
2a./m 
5, — 12. 773. 2, 0. 774. 0, m+1° 
a—b; a—17b inadmissible. 776. 5,1; 1,5.- 777, 4,2; —2ye4. 
2,6; 5, 3 779. £4, £2. 780. +2, £4; +0/2, Fal. 
H. A. 20 


Y 
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781. 3,1; 4, $. 782. 2,4; 4, 2. 

783. ba Jams JPL 2b}, 4 {+ /a?+ 203% a/c? — 207}. 

784, 0,0; 5, 2. 785, +2, +5, +6. 802. Rs. 630, Rs. 610. 
803. 84. 804, The army of 7000. 805. 32, 24. 


806. Rs. 300, Rs. 350. 807. 70, 30. 808, 35 or 53. 809, £80. 
810. 8. 812. 3miles an hour; 14 miles. 813, 36. 814, 4, 5, yards. 
815. 8, 24. 816, 588 miles; 28, 21, miles an hour, 817, 30, 25, yards. 


818, 10 miles an hour. 819. £9; £1. 10s. 820. 8, 12, hours. 
821. 45, 30, days; 6, 4, annas per day. 893"72. 823. 225, 25. 
824. 15 yards. 825. 24. 


————— ee Reape a 
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Cambridge. New editicn. 6s, [ Pub. Sch. Ser. 
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PLAUTUS. Aulularia. With Notes, critical and exegetical, by w. 


WAGNER, PH.D. 5¢h edition. Post 8vo, 4s. 6d. [ Pub. Sch. Ser. 
—Trinummus. With Notes, critical and exegetical, by WILHELM 
WAGNER, PH.D. 5¢h edition. Post 8vo, 45. 6d. [ Pub. Sch. Ser. 
—Menaechmei. With Notes, critical and exegetical, by WILHELM 
WAGNER, PH.D, 2d edition. Post 8vo, 45. 6d. [Pub. Sch. Ser. 
— Mostellaria. By E. A. SONNENSCHEIN, M.A., Professor of Classics at 
Mason College, Birmingham. Post 8vo, 5s. [Pub. Sch. Ser. 


—Captivi. Abridged and Edited for the Use of Schools. With Intro- 
duction and Notes by J. H. FREESE, M.A., formerly Fellow of St. John’s 
College, Cambridge. Fcap. 8vo, Is. 6d. 

PROPERTIUS. Sex. Aurelii Propertii Carmina. The Elegies of 
Propertius, with English Notes. By F. A. PALEY, M.A., LL.D. 2nd 
edition. 8vo, 55. : 

SALLUST: Catilina and Jugurtha. Edited, with Notes, by the late 
GEORGE LONG. Mew edition, revised, with the addition of the Chief 
Fragments of the Histories, by J. G. FRAZER, M.A., Fellow of Trinity 
College, Cambridge. Fcap. 8vo, 3s. 6d, or separately, 2s. each. 

[Gram. Sch. Class. 

SOPHOCLES. Edited by REV. F. H. BLAYDES, M.A. Vol. I, Oedipus 
Tyrannus—Oedipus Coloneus—Antigone. 8vo, 8s. [Bzd. Class. 
“Vol. II. Philoctetes—Electra—Trachiniae—Ajax. By F. A. PALEY, 
M.A., LL.D. 8vo, 6s., or the four Plays separately in limp cloth, 2s, 6d, 
each. 

— Trachiniae. With Notes and Prolegomena. By ALFRED PRETOR, M.A., 
Fellow of St. Catherine’s College, Cambridge. Post 8vo, 45. 6d. 

[Pub. Sch. Ser. 

— The Oedipus Tyrannus of Sophocles. By B, H. KENNEDY, D.D., 
Regius Professor of Greek and Hon. Fellow of St. John’s College, Cam- 
bridge. With a Commentary containing a large number of Notes selected 
from the MS. of the late 1. H. STEEL, M.A. Crown 8vo, 8s. 

— — A ScHOOL EDITION, post 8vo, 5s. [Pub. Sch. Ser. 

— Edited by F. A. PALEY, M.A., LL.D. 5 vols. Fcap. 8vo, Is. 6d. each. 

: [Camb. Texts with Notes. 


Oedipus Tyrannus, Electra. 
Oedipus Coloneus. Ajax.: 
Antigone. 


TACITUS: Germania and Agricola. ~ Edited by the late REV. P. FROST, 
late Fellow of St. John’s College, Cambridge. cap. 8vo, 2s. 6d. 
[Gram. Sch. Class. 
— The Germania. Edited, with Introduction and Notes, by R. F. DAVIS, — 
M.A. Fcap. 8vo, Is. 6d. 
TERENCE. With Notes, critical and explanatory, by WILHELM WAGNER, 
PH.D. 37d edition. Post 8vo, 75. 6d. [Pub. Sch. Ser. 
— Edited by WILHELM WAGNER, PH.D, 4 vols. Fcap. 8vo, Is. 6d. each. 
[Camb. Texts with Notes. 
Andria. Hautontimorumenos. 
Adelphi. Phormio. 
THEOCRITUS. With short, critical and explanatory Latin Notes, by 
F. A, PALEY, M.A., LL.D, 20d edition, revised, Post 8vo,.45. 6a. 
[Pub. Sch. Ser. 
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THUCYDIDES, Book VI. By T. w. pouGAN, M.A., Fellow of St. John’s 
College, Cambridge; Professor of Latin in Queen’s College, Belfast. 
Edited with English notes. Post 8yo, 3s. 6d. [Pub. Sch. Ser. 

— The History of the Peloponnesian War. With Notes and a careful 
Collation of the two Cambridge Manuscripts, and of the Aldine and 
Juntine Editions. By the late RICHARD SHILLETO, M.A., Fellow. of 
St. Peter’s College, Cambridge. 8vo. Book I. 6s. 6a. Book II. 5s. 6d. 

VIRGIL. By the late PROFESSOR CONINGTON, M.A. Revised by the late 

: PROFESSOR NETTLESHIP, Corpus Professor of Latin at Oxford. 8vo. 
[ Bib. Class. 
_ Vol. I. The Bucolics and Georgics, with new Memoir and three Essays 
.. on Virgil’s Commentators, Text, and Critics. 4¢h edition. 10s, 6d. 
Vol. If. The Aeneid, Books I.-VI. 4th edition. 105, 6d. 
Vol. III. The Aeneid, Books VII.-XII.. 37d ed¢tion. 10s. 6d. 


— Abridged from PROFESSOR CONINGTON’s Edition, by the REV. J. G. SHEP- 
PARD, D.C.L., H. NETTLESHIP, late Corpus Professor of Latin at the 
University of Oxford, and w. WAGNER, PH.D. 2 vols. fcap. . 8vo, 
4s. 6d. each. [Gram. Sch. Class. 

Vol. I. Bucolics, Georgics, and Aeneid, Books I.-IV. 
Vol. II. Aeneid, Books V.-XII. 
Also the Bucolics and Georgics, in one vol. 3s. 

Or in 9 separate volumes (Grammar School Classics, with Notes at Soot of page), 

price 15. 6d. each. 


Bucolics. Aeneid, V. and VI. 
Georgics, I. and II. Aeneid, VII. and VIII. 
Georgics, III. and IV. Aeneid, IX. and X. 


Aeneid, I. and II. Aeneid, XI. and XII. 
Aeneid, III. and IV. 


Or tn 12 separate volumes (Cambridge Texts with Notes at end), price 
. Is. 6d. cach. 

Bucolics. Aeneid, VII. 

Georgics, I. and II. | Aeneid, VIII. 

Georgics, III. and IV. Aeneid, IX. 

Aeneid, I. and II. Aeneid, X. 

Aeneid, III. and IV. | Aeneid, XI. 

Aeneid, V. and VI. (price 2s.) Aeneid, XII. 


— Aeneid, Book I. conriNneTon’s Edition abridged. With Vocabulary 
by W. F. R. SHILLETO, M.A. Feap. 8vo, Is. 6d. [Lower Form Ser. 
XENOPHON: Anabasis. With Life, Itinerary, Index, and three Maps. 
Edited by the late J. F. MACMICHAEL. Revised edition. Feap. 8vo, 
35. 6a. [Gram. Sch. Class. 
Or in 4 separate volumes, price 1s. 6a. each. 
Book I. (with Life, Introduction, Itinerary, and three Maps)—Books 
II. and III.—Books IV. and V.—Books VI. and VII. 

— Anabasis. MACMICHAEL’s Edition, revised by J. E. MELHUISH, M.A., 
Assistant Master of St. Paul’s School. In 6 volumes, feap. 8vo. With 
Life, Itinerary, and Map to each volume, Is. 6d. each. . 

[Camb. Texts with Notes. 
Book I.—Books II. and III.—Book IV.—Book V.—Book VI.— 
Book VII. 
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XENOPHON. Cyropaedia. Edited by G. M. GORHAM, M.A., late Fellow 
of Trinity College, Cambridge. New edition. Fcap. 8vo, 35. 6d. 
[Gram. Sch. Class. 
Also Books I. and II., 15. 6d.; Books V. and VI., 15. 6d. 

— Memorabilia. Edited by PERCIVAL FROST, M.A., late Fellow of St. 
ohn’s College, Cambridge. cap. 8vo, 3s. [Gram. Sch. Class. 
— Hellenica. Book I. Edited by L. D, DOWDALL, M.A., B.D. Fcap. 8vo, 
25. [Camb. Texts with Notes. 

— Hellenica. Book II. By L. D. DOWDALL, M.A., B.D. Feap. 8vo, 2s. 
[Camb. Texts with Notes. 


TEXTS. 


AESCHYLUS. Ex novissima recensioue F. A. PALEY, A.M., LL.D. Fcap. 
8vo, 25. [Camb. Texts. 

CAESAR De Bello Gallico. Recognovit G. LONG, A.M. Fcap. 8vo, 
Is. 6d. (Camb. Texts. 

CATULLUS. A New Text, with Critical Notes and an Introduction, by 
J. P. POSTGATE, M.A., LITT.D., F ellow of Trinity College, Cambridge, 
Professor of Comparative Philology at the University of London. Wide 
fcap. 8vo, 35. 

CICERO De Senectute et de Amicitia, et Epistolae Selectae. Recen- 


suit G. LONG, A.M. Fcap. 8vo, Is. 6d. [Camb. Texts. 
CICERONIS Orationes in Verrem. Ex recensione G. LONG, A.M. 
Fcap. 8vo, 25. 6d. [Camb. Texts. 


CORPUS POETARUM LATINORUM, a se aliisque denuo recogni- 
torum et brevi lectionum varietate instructorum, edidit JOHANNES PERCI- 
VAL POSTGATE. Fasc. I. quo continentur Ennius, Lucretius, Catullus, 
Horatius, Vergilius, Tibullus. Large post 4to, 9s. net. 

*. To be completed in 4 parts, making 2 volumes. Part II. will be 


CORPUS POETARUM LATINORUM. Edited by WALKER. Con- 
taining :—Catullus, Lucretius, Virgilius, Tibullus, Propertius, Ovidius, 
Horatius, Phaedrus, Lucanus, Persius, Juvenalis, Martialis, Sulpicia, 
Statius, Silius Italicus, Valerius Flaccus, Calpurnius Siculus, Ausonius, 
and Claudianus. 1 vol. 8vo, cloth, 18s. 

EURIPIDES. Ex recensione F, A. PALEY, A.M., LL.D. 3 vols. Feap. 
Svo, 25. each. a (Camb. Texts. 

Vol. I.—Rhesus—Medea —Hippolytus— Alcestis —Heraclidae—Sup- 
plices—Troades. 
Vol. Il. —Ion—Helena—Andromache—Electra— Bacchae—Hecuba. 
Vol. IIl.— Hercules Furens—Phoenissae— Orestes—Iphigenia in Tauris 
—Iphigenia in Aulide—Cyclops. 
HERODOTUS. Recensuit J. G. BLAKESLEY, S.T.B. 2 vols. Feap. 8vo, 


2s. 6d. each. [Camb. Texts. 
HOMERI ILIAS I.-XII._ Ex novissima recensione F. A. PALEY, A.M., 
LL.D. Fcap. 8vo, Is. 6d. (Camb. Texts. 


HORATIUS. Ex recensione A. J. MACLEANE. A.M. Fcap. 8vo, Is. 6d. 
(Camb. Texts. 
JUVENAL ET PERSIUS. Ex recensione A. J. MACLEANE, A.M. 


Feap. 8vo, 15. 6d. Camb. Texts. 
A2 
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LUCRETIUS, Recognovit H. A. J. MUNRO, A.M. Feap. 8vo, 2s. “ip 

[Camb. Texts. 

PROPERTIUS. Sex. Propertii Elegiarum Libri IV. recensuit A. 

PALMER, collegii sacrosanctae et individuae Trinitatis juxta Dublinum 
Socius. cap. 8vo, 35. 6d, 

SALLUSTI CRISPI CATILINA ET JUGURTHA, Recognovit 

G. LONG, A.M. Fcap. 8vo, Is. 6d. [Camb. Texts. 

SOPHOCLES. Ex recensione F. A. PALEY, A.M., LL.D. Fcap. 8vo, 2s. 6d. 

[Camb. Texts. 

TERENTI COMOEDIAE, GuL. WAGNER relegit et emendavit. Fcap. 


8vo, 25. (Camb. Texts. 
THUCYDIDES. Recensuit j. c. DONALDSON, S.T.P. 2 vols. Feap. 
8vo, 2s. each. [Camb. Texts. 


VERGILIUS. Ex recensione J, CONINGTON, A.M. Fcap. 8vo, 25. 
[Camb. Texts. 
XENOPHONTIS EXPEDITIO CYRI. Recensuit J. F. MACMICHAEL. 
A.B. Fcap. 8vo, Is. 6d. [Camb. Texts. 


XY 
: TRANSLATIONS. 


AESCHYLUS, The Tragedies of. Translated into English Prose. By 
F. A. PALEY, M.A., LL.D., Editor of the Greek Text. 2d edition 
revised, 8vo, 75. 6d. 

— The Tragedies of. Translated into English verse by ANNA SWANWICK, 
4th edition revised. Small post 8vo, 55. nen —_ 

— The Tragedies of, Literally translated into Prose, by T. A. BUCKLEY, B.A, 
Small post 8vo, 35. 6d. 

— The Tragedies of. Translated by WALTER HEADLAM, M.A., Fellow of 
King’s College, Cambridge. [ Preparing, 

ANTONINUS (M. Aurelius), The Thoughts of. Translated by 
GEORGE LONG, M.A. Revised edition. Small post 8vo, 3s. 6d. 

Fine paper edition on handmade paper. Pott 8vo, 6s. 

APOLLONIUS RHODIUS. The Argonautica. Translated by E. P, 
COLERIDGE, Small post 8vo, 5s. 

AMMIANUS MARCELLINUS. History of Rome during the 
Reigns of Constantius, Julian, Jovianus, Valentinian, and Valens. Trans- 
lated by PROF, C. D. YONGE, M.A. With a complete Index, Small post 
8vo, 75. 6a. 

ARISTOPHANES, The Comedies of. Literally translated by w. J. 
HICKIE. With Portrait. 2 vols. small post 8vo, 5s. each. 

Vol. I.—Acharnians, Knights, Clouds, Wasps, Peace, and Birds. 
Vol. II.—Lysistrata, Thesmophoriazusae, Frogs, Ecclesiazusae, and 
Plutus. 

— The Acharnians. Translated by w. H. COVINGTON, B.A. With Memoir 
and Introduction. Crown 8vo, sewed, Is. 

ARISTOTLE on the Athenian Constitution. Translated, with Notes 
and Introduction, by F. G. KENYON, M.A., Fellow of Magdalen College, 
Oxford. Pott 8vo, printed on handmade paper. 22d edition. as. 6d. 

— History of Animals. Translated by RICHARD CRESSWELL, M.A, _ Small 
post 8vo, 55, 3 Poa ax 
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ARISTOTLE. Organon: or, Logical Treatises, and the Introduction of 
Porphyry. With Notes, Analysis, Introduction, and Index, by the REV. 
0. F. OWEN, M.A. 2 vols. small post 8vo, 3s. 6a. each. 

— Rhetoric and Poetics. Literally Translated, with Hobbes’ Analysis, 
&c., by T. BUCKLEY, B.A. Small post 8vo, 55. 

— Nicomachean Ethics. Literally Translated, with Notes, an Analytical 
Introduction, &c., by the Venerable ARCHDEACON BROWNE, late Classical 
Professor of King’s College. Small post 8vo, 5s. 

— Politics and Economics, Translated, with Notes, Analyses, and 
Index, by E. WALFORD, M.A., and an Introductory Essay and a Life by 
DR. GILLIES. Small post 8vo, 5s. 

— Metaphysics. Literally Translated, with Notes, Analysis, &c., by the 
REV. JOHN H. M’MAHON, M.A. Small post 8vo, 5s. 

ARRIAN. Anabasis of Alexander, together with the Indica, Trans- 
lated by E. J. CHINNOCK, M.A., LL.D. With Introduction, Notes, Maps, 
and Plans. Small post 8vo, 5s. 

CAESAR. Commentaries on the Gallic and Civil Wars, with the Supple- 
mentary Books attributed to Hirtius, including the complete Alexandrian, 
African, and Spanish Wars. Translated by W. A. M’DEVITTE, B.A. 
Small post 8vo, 5s. 

— Gallic War. Translated by w. A. M’DEVITTE, B.A. 2 vols., with Memoir 
and aad Crown 8vo, sewed. Books I. to IV., Books V. to VII., 
Is. each. 

CALPURNIUS SICULUS, The Eclogues of. The Latin Text, with 
English Translation by E. J. L. SCOTT, M.A. Crown 8yo, 3s. 6d. 

CATULLUS, TIBULLUS, and the Vigil of Venus. Prose Translation, 
Small post 8vo, 55. 

CICERO, The Orations of. Translated by PROF. C. D. YONGE, M.A. 
With Index. 4 vols. small post 8vo, 5s. each. 

— On Oratory and Orators. With Letters to Quintus and Brutus. Trans- 
lated by the REV. J. S. WATSON, M.A. Small post 8vo, 55. 

—On the Nature of the Gods. Divination, Fate, Laws, a Republic, 
Consulship. Translated by PROF. C. D YONGE, M.A., and FRANCIS 
BARHAM. Small post 8vo, 5s. 

— Academics, De Finibus, and Tusculan Questions. By PROF. C. D. 
YONGE, M.A. Small post 8vo, 5s. 

— Offices; or, Moral Duties. Cato Major, an Essay-on Old Age; Laelius, 
an Essay on Friendship ; Scipio’s Dream ; Paradoxes; Letter to Quintus 
on Magistrates. Translated by C. k. EDMONDS. With Portrait, 35. 6d. 

— Old Age and Friendship. Translated, with Memoir and Notes, by 
G. H. WELLS, M.A. Crown 8vo, sewed, Is. 

DEMOSTHENES, The Orations of. Translated, with Notes, Arguments, 
a Chronological Abstract, Appendices, and Index, by C. RANN KENNEDY. 
5 vols. small post 8vo. 

Vol. I.—The Olynthiacs, Philippics. 3s. 6d. 

Vol. IJ. —On the Crown and on the Embassy. 55. 

Vol. I11.—Against Leptines, Midias, Androtion, and Aristocrates. 55. 
Vols. IV. and V.—Private and Miscellaneous Orations. 5s. each. 

— On the Crown. Translated by Cc. RANN KENNEDY. Small post 8vo, 
sewed, Is., cloth, 1s. 6d. 

DIOGENES LAERTIUS. Translated by PROF. C. D. YONGE, M./ 
Small post 8vo, 55. 
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EPICTETUS, The Discourses of. With the Encheiridion and 

Fragments. Translated by GEORGE LONG, M.A. Small post Svo, 55. 
Fine Paper Edition, 2 vols. Pott 8vo, Ios. 6d. 
EURIPIDES. A Prose Translation, from the Text of Paley. By 
E. P. COLERIDGE, B.A. 2 vols., 55. each. 
Vol. I.—Rhesus, Medea, Hippolytus, Alcestis, Heraclide, Supplices, 
Troades, Ion, Helena. 
Vol. IIl.—Andromache, Electra, Bacchae, Hecuba, Hercules Furens, 
Phoenissae, Orestes, Iphigenia in Tauris, Iphigenia in Aulis, Cyclops. 
~*, The plays separately (except Rhesus, Helena, Electra, Iphigenia in 
Aulis, and Cyclops). Crown 8vo, sewed, Is. each. 

— Translated from the Text of Dindorf. By T. A. BUCKLEY, B.A. 2 vols. 
small post 8yo, 5s. each. 

GREEK ANTHOLOGY. Translated by GEORGE BURGES, M.A. Small 

ost 8vo, 5s. 

HERODOTUS. Translated by the REV. HENRY CARY, M.A. Small post 
8vo, 35. 6d. 

— Ageivaia and Summary of. By J. T. WHEELER. Small post 8vo, 5s. 

HESIOD, CALLIMACHUS, and THEOGNIS. Translated by the 
REV. J. BANKS, M.A. Small post 8vo, 5s. 

HOMER. The Iliad. Translated by T. A. BUCKLEY, B.A. Small post 
Svo, 55. 

— The Odyssey, Hymns, Epigrams, and Battle of the Frogs and 
Mice. Translated by T. A. BUCKLEY, B.A. Small post 8vo, 5s. 

— The Iliad. Books I.-IV. Translated into English Hexameter Verse, 
by HENRY SMITH WRIGHT, B.A., late Scholar of Trinity College, Cam- 
bridge. Medium 8vo, 5s. 

HORACE, Translated by Smart. Revised edition. By T. A. BUCKLEY, 
B.A. Small post 8vo, 3s. 6d. 

— The Odes and Carmen Saeculare. Translated into English Verse by 
the Jate JOHN CONINGTON, M.A., Corpus Professor of Latin in the 
University of Oxford. 11¢h edition. Fceap. 8vo. 35. 6d. 

— The Satires and Epistles. Translated into English Verse by PROF, 
JOHN CONINGTON, M.A. 8¢h edition. Fecap. 8vo, 35. 6d. 

— Odes and Epodes. Translated by SIR STEPHEN E. DE VERE, BART. 
37d edition, enlarged. Imperial 16mo. 7s. 6d. net. 

ISOCRATES, The Orations of. Translated by J. H. FREESE, M.A., late 
Fellow of St. John’s College, Cambridge, with Introductions and Notes. 
Vol. I. Small post 8vo, 5s. 

JUSTIN, CORNELIUS NEPOS, and EUTROPIUS. Translated 
by the REV. J. S. WATSON, M.A. Small post 8vo, 55. 

JUVENAL, PERSIUS, SULPICIA, and LUCILIUS. Translated 
by L. EVANS, M.A. Small post 8vo, 5s. os 

LIVY. The History of Rome. Translated by DR. SPILLAN, C. EDMONDS, 
and others. 4 vols. small post 8vo, 5s. each. 

-— Books I., II., III., IV. A Revised Translation by J. H. FREESE, M.A., 
late Fellow of St. John’s College, Cambridge. With Memoir, and Maps. 
4 vols., crown 8vo, sewed, Is. each. 

— Book V. A Revised Translation by E. S. WEYMOUTH, M.A., Lond. With ° 
Memoir, and Maps. Crown 8vo, sewed, Is. 

— Book IX. ‘Translated by FRANCIS STORR, B.A. With Memoir, Crown 
8vo, sewed, Iv. 
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LUCAN. The Pharsalia. Translated into Prose by H. T. RILEY. Small 
post 8vo, 55. 

__ The Pharsalia. Book I. Translated by FREDERICK CONWAY, M.A, 
With Memoir and Introduction. Crown 8vo, sewed, Is. 

LUCIAN’S Dialogues of the Gods, of the Sea-Gods, and of the 
Dead. Translated by HOWARD WILLIAMS, M.A. Small post 8vo, 5s. 


“LUCRETIUS. Translated by the REV. J. S. WATSON, M.A. Small post 
8vo, 55. 

— Literally translated by the late H. A. J. MUNRO, M.A. 4th edition. Demy 
8vo, 6s. 

MARTIAL’S Epigrams, complete. Literally translated into Prose, with 
the addition of Verse Translations selected from the Works of English 
Poets, and other sources. Small post 8vo, 75. 6d. 

OVID, The Works of. Translated. 3 vols., small post 8vo, 5s. each. 

Vol. I.—Fasti, Tristia, Pontic Epistles, Ibis, and Halieuticon. 

Vol. l.—Metamorphoses. Wath Frontispiece. ; 

Vol. I1].—Heroides, Amours, Art of Love, Remedy of Love, and 
Minor Pieces. Wuth Frontispiece. 

PINDAR. Translated by DAWSON W. TURNER. Small post 8vo, 55. 

PLATO. Gorgias. Translated by the late E. M. COPE, M.A., Fellow 
of Trinity College. 2nd edition. 8vo, 7s. . 

—Philebus. Translated by F. A. PALEY, M.A., LL.D. Small 8vo, 4s. 

__ Theaetetus. Translated by F. A. PALEY, M.A., LL.D. Small 8vo, 45. 

_. The Works of. Translated, with Introduction and Notes. 6 vols. small 
post 8vo, 5s. each. 

Vol. I.—The Apology of Socrates—Crito—Phaedo—Gorgias— Prota- 
goras—Phaedrus—T heaetetus—Eutyphron—Lysis. Translated by the 
REV. H. CARY. 
Vol. I1.—The Republic—Timaeus—Critias. Translated by HENRY | 
DAVIS. 
Vol. III.—Meno-—Euthydemus—The Sophist—Statesman—Cratylus 
—-Parmenides—The Banquet. Translated by G. BURGES. ; 
Vol. [V.<_Philebus—Charmides—Laches—Menexenus—Hippias—lIon 
—The Two Alcibiades—T heages—Rivals—Hipparchus—Minos—Cli- 
topho—Epistles. Translated by G. BURGES. 
Vol. V.—The Laws. Translated by G. BURGES. 
Vol. VI.—The Doubtful Works. Edited by G. BURGES. With General 
Index to the six volumes. fa 

— Apology, Crito, Phaedo, and Protagoras. Translated by the REV. H. 
CARY. Small post 8vo, sewed, Is., cloth, Is. 6d. 

— Dialogues. A Summary and Analysis of. With Analytical Index, giving 
references to the Greek text of modern editions and to the above transla- 
tions. By A: DAY, LL.D. Small post 8vo, 5s. 

PLAUTUS, The Comedies of. Translated by H. T. RILEY, B.A. 2 vols. 
small post 8vo, 55. each. 

Vol. I.—Trinummus—Miles Gloriosus—Bacchides—Stichus—Pseudolus 
—Menaechmei—Aulularia—Captivi—Asinaria—Curculio. 

Vol. II. —Amphitryon—Rudens—Mercator—Cistellaria-—T ruculentus 
_ Persa—Casina—Poenulus—Epidicus—Mostellaria— Fragments. 

_. Trinummus, Menaechmei, Aulularia, and Captivi. Translated by 
H. T. RILEY, B.A. Small post 8vo, sewed, Is., cloth, 1s. 6d. 
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PLINY. The Letters of Pliny the Younger. Melmoth’s Translation, 
revised, by the REV. F. C. T. BOSANQUET, M.A. Small post 8vo, 5s. 
PLUTARCH. Lives. Translated by A. STEWART, M.A., late Fellow of 
Trinity College, Cambridge, and GEORGE LONG, M.A. 4 vols. small post 

8vo, 35. 6d. each. 

— Morals. Theosophical Essays. Translated by C W. KING, M.A., late 
Fellow of Trinity College, Cambridge. Small post 8vo, 5s. 

— Morals. Ethical Essays. Translated by the REV. A. R. SHILLETO, M.A. 
Small post 8yvo, 55. 

PROPERTIUS. Translated by REV. P. J. F. GANTILLON, M.A., and 
accompanied by Poetical Versions, from various sources. Small post 8vo, 
35. 6d. 

PRUDENTIUS, Translations from. A Selection from his Works, with 
a Translation into English Verse, and an Introduction and Notes, by 
FRANCIS ST. JOHN THACKERAY, M.A., F.S.A., Vicar of Mapledurham, 
formerly Fellow of Lincoln College, Oxford, and Assistant-Master at 
Eton. Wide post 8vo, 7s. 6d. 

QUINTILIAN: Institutes of Oratory, or, Education of an Orator. 
Translated by the REV. J. s. WATSON, M.A. 2 vols. small post 8vo, 
by PACK, ; 

SALLUST, FLORUS, and VELLEIUS PATERCULUS. Trans- 
lated by J. S. WATSON, M.A. Small post 8vo, 5s. 

SENECA: On Benefits. Translated by A. STEWART, M.A., late Fellow 
of Trinity College, Cambridge. Small post Svo, 35. 6d. 

— Minor Essays and On Clemency. ‘Translated by A. STEWART, M.A, 
Small post 8vo, 55. 

SOPHOCLES. Translated, with Memoir, Notes, etc., by E. P. COLERIDGE, 
B.A. Small post 8vo, 55. 

Or the plays separately, crown 8vo, sewed, 15. each. 
— The Tragedies of. The Oxford Translation, with Notes, Arguments, 
- and Introduction. Small post 8vo, 55. 

— The Dramas of. Rendered in English Verse, Dramatic and Lyric, by 
SIR GEORGE YOUNG, BART., M.A., formerly Fellow of Trinity College, 
Cambridge. 8vo, 12s. 6d. 

— The Cdipus Tyrannus. Translated into English Prose. By PROF, B. 
H. KENNEDY. Crown 8vo, in paper wrapper, Is. 

SUETONIUS. Lives of the Twelve Caesars and Lives of the 
Grammarians. Thomson’s revised Translation, by T. FORESTER. Small 
post 8vo, 5. . 

TACITUS, The Works of. Translated, with Notes and Index. 2 vols, 
Small post 8vo, 5s. each. 

Vol. I.—The Annals. 
Vol. II.—-The History, Germania, Agricola, Oratory, and Index. 

TERENCE and PHAEDRUS. Translated by H. T. RILEY, B.A. Small 
post 8vo, 5s. 

THEOCRITUS, BION, MOSCHUS, and TYRTAEUS. Translated 
by the REV. J. BANKS, M.A. Small post 8vo, 5s. 

THEOCRITUS. Translated into English Verse by Cc. Ss, CALVERLEY, 
M.A., late Fellow of Christ’s College, Cambridge. New edition, revised. 
Crown 8vo, 7s. 6d. 
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THUCYDIDES. The Peloponnesian War. Translated by the REV. H. 
DALE. With Portrait. 2 vols., 3s. 6d. each. . . 
— Analysis and Summary of. By J. T. WHEELER. Small post 8vo, 5s. 
VIRGIL. Translated by A. HAMILTON BRYCE, LL.D. With Memoir and 
Introduction. Small post 8vo, 3s. 6d. 
Also in 6 vols., crown 8vo, sewed, Is. each. 


Georgics. ZEneid IV.-VI. 
Bucolics, ZEneid VII.-IX. 
ZZneid I.-IITI. fEneid X.-XII. . 


— Havdsons Translation, revised, by T. A. BUCKLEY, B.A. Small post 8vo, 
"52 30¢ Od, 
XENOPHON. The Works of. In 3 vols. Small post 8vo, 5s. each. 
Vol; I.-—-The Anabasis, and Memorabilia. Translated by the REV. J. S. 
- WATSON, M.A. With a Geographical Commentary, by W. F. AINSWORTH, 
F.S.A., F.R.G.S., etc. 
Vol. II.—Cyropaedia and Hellenics. Translated by the REV. J. S. 
WATSON, M.A., and the REV. H. DALE. 
Vol. Ill.—The Minor Works. Translated. by the REV. J. S. 
WATSON, M.A. 

SABRINAE COROLLA In Hortulis Regiae Scholae Salopiensis con- 
texuerunt tres viri floribus legendis. 4th edztion, revised and re-arranged, 
By the late BENJAMIN HALL KENNEDY, D.D., Regius Professor of Greek 
at the University of Cambridge. Large post 8vo, 10s. 6d. 

SERTUM CARTHUSIANUM Floribus trium Seculorum Contextum. 
Cura GULIELMI HAIG BROWN, Scholae Carthusianae Archididascali. 
Demy 8vo, 5s. 

TRANSLATIONS into English and Latin. By C.S. CALVERLEY, M.A., 

-Jate Fellow of Christ’s Coliege, Cambridge. 37d edition. Crown 8vo, 
7s. 6d. 

TRANSLATIONS from and into the Latin, Greek and English. By 
R. C. JEBB, M.A., Regius Professor of Greek in the University of Cam- 
bridge, H. JACKSON, M.A., LITT. D., Fellows of Trinity College, Cam- 
bridge, and w. E. CURREY, M.A., formerly Fellow of Trinity College, 
Cambridge. Crown 8vo. 22d edition. revised. 8s. 


GRAMMAR AND COMPOSITION. 


BADDELEY. Auxilia Latina. A Series of Progressive Latin Exercises. 
By M. J. B. BADDELEY, M.A. Fcap. 8vo. Part I., Accidence. 5¢2 
edition. 25. Part Il. 5th edition. 25. Key to Part II. 2s. 6d. 

BAIRD. Greek Verbs. A Catalogue of Verbs, Irregular and Defective ; 
their leading formations, tenses in use, and dialectic inflexions, with 4 
copious Appendix, containing Paradigms for conjugation, Rules fot 
formation of tenses, &c., &c. By J. S. BAIRD, T.C.D. New edition, re- 
vised, 25. 6d. 

— Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. BAIRD, 
.C.D. New edition, revised. By the REV. W. GUNION RUTHERFORD, 
M.A., LL.D., Head Master at Westminster School. Is. 
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BAKER. Latin Prose for London Students. By ARTHUR BAKER, 
M.A., Classical Master, Independent College, Taunton. Wide fcap. 8vo, 
25 


This book of ninety pages covers systematically the whole ground of the 
Latin Sentences included in the Matriculation, Pass Intermediate, and 
Pass B.A. course of London University. 

BARRY. Notes on Greek Accents. By the RIGHT REV. A. BARRY, 
D.D. Mew edition, re-written. 15. 

CHURCH. Latin Prose Lessons. By A. J. CHURCH, M.A., Professor of 
Latin at University College, London. 9¢h edition. Fcap. 8vo, 2s. 6d.. 

LAPIN. Latin Primer. By the REV. A. C. CLAPIN, M.A., Assistant 
Master at Sherborne School. 37d edition. Fcap. 8vo, Is. 

COLLINS. Latin Exercises and Grammar Papers. By T. CoLiins, 
M.A., Head Master of the Latin School, Newport, Salop. 7h edition. 
Fecap. 8vo, 2s. 6d. 

— Unseen Papers in Latin Prose and Verse. With Examination Questions. 
6th edition. Fcap. 8vo, 2s. 6d. 

— Unseen Papers in Greek Prose and Verse. With Examination Ques- 
tions. 37d edition. Fcap. 8vo, 35. 

—- Easy Translations from Nepos, Caesar, Cicero, Livy, &c., for Retrans- 
lation into Latin. With Notes. 2s. 

COMPTON. Rudiments of Attic Construction and Idiom. An Intro- 
duction to Greek Syntax for Beginners who have acquired some knowledge 
of Latin. By the REV. w. COOKWORTHY COMPTON, M.A., Head Master 
of Dover College. Crown 8vo, 3s. 

FROST. Eclogae Latinae ; or, First Latin Reading Book. With Notes 
and Vocabulary by the late REV. P. FROST, M.A. ew edition. Feap. 8vo, 
Is. 6d. 

— Analecta Graeca Minora. With Notes and Dictionary. Mew edition, 
Fcap. 8vo, 2s. 

— Materials for Latin Prose Composition. By the late REV. P. FROST, 
M.A. Vew edition. Fcap. 8vo. 2s. 

Key (for tutors only). 4s. net. 
— A Latin Verse Book. New edition. Fcap. 8vo, 25. 
Key (for tutors only). 5s. net. 

— eae for Greek Prose Composition. Mew edition. Fcap. 8vo, 
2s. 6d. 

Key (for tutors only). 5s. net, 

— Greek Accidence. New edition. 15. 

— Latin Accidence. Is. 

ee A Latin Grammar, By ALBERT HARKNESS. Post 8vo, 

Ss . 

KEY. A Latin Grammar. By the late T. H. KEY, M.A., F.R.S. . 6¢4 ¢hou- 
sand. Post 8vo, 8s. 

— A Short Latin Grammar for Schools. 16¢h edition. Post 8vo, 35. 6d. 

HOLDEN. Foliorum Silvula, Part I. Passages for Translation into 
Latin Elegiac and Heroic Verse. By H. A. HOLDEN, LL.D. I1¢h edition. 
Post 8vo, 75. 6d. 

— Foliorum Silvula. Part II. Select Passages for Translation into Latin 
Lyric and Comic Iambic Verse. 37d edztion. Post 8vo, 55. 

— Foliorum Centuriae. Select Passages for Translation into Latin and 
Greek Prose. 10/h edition. Post 8vo, 8s. 
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JEBB, JACKSON, and CURREY. Extracts for Translation in 
Greek, Latin, and English. By R. C. JEBB, LITT.D., LL.D., Regius Pro- 
fessor of Greek in the University of Cambridge; H. JACKSON, LITT.D., 
Fellow of Trinity College, Cambridge ; and w. E. CURREY, M.A., late 
Fellow of Trinity College, Cambridge. 45. 62. 

Latin Syntax, Principles of. 1s. 

Latin Versification. 1s. 

MASON. Analytical Latin Exercises By c. Pp. MASON, B.A. 4% 
édttzon. Part I., 1s. 6¢. Part II., 25. 6d. 

— The Analysis of Sentences Applied to Latin. Post 8vo, 1s. 62. 

NETTLESHIP. Passages for Translation into Latin Prose. Pre- 
ceded by Essays on:—I. Political and Social Ideas. II. Range of Meta- 
phorical Expression. III. Historical Development of Latin Prose Style 
in Antiquity. IV. Cautions as to Orthography. By H. NETTLESHIP, 
M.A., late Corpus Professor of Latin in the University of Oxford. Crown 
8vo, 3s. A Key, 4s. 6d. net. 

‘The Introduction ought to be studied by every teacher of Latin.”— 
Guardian. 

Notabilia Quaedam; or the Principal Tenses of most of the Irregular 
Greek Verbs, and Elementary Greek, Latin, and French Constructions. 
iVew edition. 15. 

PALEY. Greek Particles and their Combinations according to Attic 
Usage. A Short Treatise. By F. A. PALEY, M.A., LL.D. 25. 6d. 

PENROSE. Latin Elegiac Verse, Easy Exercises in. By the REV. J. 
PENROSE. Vew edition. 25. (Key, 3s. 6d. net.) 

PRESTON. Greek Verse Composition. By G. PRESTON, M.A. 5¢h 
edition. Crown 8vo, 4s. 6d. 

PRUEN. Latin Examination Papers. Comprising Lower, Middle, and 
Upper School Papers, and a number of the Woolwich and Sandhurst 
Standards. By G. G. PRUEN, M.A., Senior Classical Master in the Modern 
Department, Cheltenham College. Crown 8vo, 25. 6d. 

SEAGER. Faciliora. An Elementary Latin Book on a New Principle. 
By the REV. J. L. SEAGER, M.A. 25. 6d. 
STEDMAN (A. M.M.). First Latin Lessons. By A. M. M. STEDMAN, 

M.A., Wadham College, Oxford. 22d edition, enlarged. Crown 8vo, 2s. 


— Initia Latina. Easy Lessons on Elementary Accidence. 2nd edition. 
Fcap. 8vo, Is. ; 

— First Latin Reader. With Notes adapted to the Shorter Latin Primer 

and Vocabulary. Crown 8vo, fs. 6:/. 

— Easy Latin Passages for Unseen Translation. 2d and enlarged 
edition. Fcap. 8vo, Is. 6d. 

— Exempla Latina, First Exercises in Latin Accidence. With Vocabu 

lary. Crown 8vo, Is. 6d. 

— The Latin Compound Sentence; Rulesand Exercises. Crown 8vo, 
Is. 6d. With Vocabulary, 2s. 

— Easy Latin Exercises on the Syntax of the Shorter and Revised Latin 
Primers. With Vocabulary. 37d edition. Crown 8vo, 25. 6d. 

— Latin Examination Papers in Miscellaneous Grammar and Idioms. 
3rd edition. 2s. 6d. Key (for Tutors only), 6s. net. 

— Notanda Quaedam. Miscellaneous Latin Exercises. On Common 
Rules andIdioms, 2d edition. Fcap. 8vo 1s, 6d. With Vocabulary, 2s. 
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STEDMAN (A.M.M.). Latin Vocabularies for Repetition. Arranged 
according to Subjects. 37d edition. F cap. 8vo, Is. 6d. 


— First Greek Lessons. [Jn preparation. 
_—. Easy Greek Passages for Unseen Translation. cap. 8vo, 1s. 6d. = 
— Easy Greek Exercises on Elementary Syntax. [Jn preparation. 


— Greek Vocabularies for Repetition. Fcap. 8vo, Is. 6d. 

__ Greek Testament Selections for the Use of Schools. 2nd edition, 
With Introduction, Notes, and Vocabulary. Fceap. 8vo, 2s. 6d. 

_ Greek Examination Papers in Miscellaneous Grammar and Idioms. 
and edition. 2s. 6d. Key (for Tutors only), 6s. net. 

THACKERAY. Anthologia Graeca. A Selection of Greek Poetry, 
with Notes. By F. ST. JOHN THACKERAY. _ 5¢h editzon. 16mo, 4s. 6d. 

— Anthologia Latina. A Selection of Latin Poetry, from Naevius to 
Boéthius, with Notes. By REV. F. ST. JOWN THACKERAY. 6/4 edition. 
16mo, 4s. 6d. 

— Hints and Cautions on Attic Greek Prose Composition. Crown 

OVO, 35, 0d. ¢ 

__ Exercises on the Irregular and Defective Greek Verbs. Is. 6d. 

WELLS. Tales for Latin Prose Composition. With Notes and 
Vocabulary. By G. H. WELLS, M.A., Assistant Master at Merchant 
Taylor’s School. Fcap. 8vo, 25. 


HISTORY, GEOGRAPHY, AND REFERENCE BOOKS, 
rre: 


TEUFFEL’S History of Roman Literature. 57h edition, rvised by 
DR. SCHWABE, translated by PROFESSOR G. C. W WARR, M.A, King’s 
College, London. Medium 8vo. 2 vols. 30s. Vol. I. (The Republican 
Period), 15s. Vol. II. (The Imperial Period), 15s. 

KEIGHTLEY’S Mythology of Ancient Greece and Italy. 4¢h edzizon, 
revised by the late LEONHARD SCHMITZ, PH.D., LL.D., Classical Examiner 
to the University of London With 12 Plates from the Antique. Small 
post 8vo, 5s. 

DONALDSON’S Theatre of the Greeks. 10th edition. Small post 8vo, 


oe. 

DICTIONARY OF LATIN AND GREEK QUOTATIONS; in- 
cluding Proverbs, Maxims, Mottoes, Law Terms and Phrases. With all- 
the Quantities marked, and English Translations. With Index Verborum. 
Small post 8vo, 5°. 

BENTLE Y’S Dissertations upon the Epistles of Phalaris, Themis- 
tocles, Socrates, Euripides, and the Fables of Aesop. Edited, with 
an Introduction and Notes, by the late PROF, W. WAGNER, PH.D. 55. 

DOBREE’S Adversaria. With Preface by the late PROFESSOR W 
WAGNER. 2 vols. 10s. 

A GUIDE TO THE CHOICE OF CLASSICAL BOOKS. ByJ. B. 
MAYOR, M.A., Professor of Moral Philosophy at King’s College, late 
Fellow and Tutor of St. John’s College, Cambridge. 37d edition, with 
Supplementary List. Crown 8vo, 4s. 6d. Supplement separate, 15. 6d. 

PAUSANIAS’ Description of Greece. Newly translated, with Notes 
and Index, by A. R. SHILLETO, M.A. 2 vols, Small post 8vo, 5s. each, 
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STRABO’S Geography. Translated by w. FALCONER, M.A., and H.C, 
HAMILTON. 3 vols. Small post 8vo, 55. each. 

AN ATLAS OF CLASSICAL GEOGRAPHY. By w. HuGHEs and 
G. LONG, M.A. Containing Ten selected Maps. Imp. 8vo, 35. 

AN ATLAS OF CLASSICAL GEOGRAPHY. Twenty-four Maps 
by W. HUGHES and GEORGE LONG, M.A. With coloured outlines. 
Imperial 8vo, 6s. | 

ATLAS OF CLASSICAL GEOGRAPHY. 22 large Coloured Maps. 
With a complete Index. Imp. 8vo, chiefly engraved by the Messrs, 
Walker. 7s. 6d. 


MATHEMATICS. 


ARITHMETIC AND ALGEBRA. 


BARRACLOUGH (T.). The Eclipse Mental Arithmetic. By TITus 
BARRACLOUGH, Board School, Halifax. Standards I., II., and III, 
sewed, 6¢.; Standards II., III., and IV., sewed, 6¢. net ; Book III., 
Part A, sewed, 4d. ; Book III., Part B, cloth, 1s. 6d. 

BEARD (W.S.). Graduated Exercises in Addition (Simple and Com- 
pound). For Candidates for Commercial Certificates and Civil Service 
appointments. By Ww. S. BEARD, F.R.G.S., Head Master of the Modern 
School, Fareham. 2nd edition. Fcap. 4to, Is. ; 

— See PENDLEBURY. 

ELSEE (C.). Arithmetic. By the REV. Cc. ELSEE, M.A., late Fellow of 
St. John’s College, Cambridge, Senior Mathematical Master at Rugby 
School. 14/h edition. Fcap. 8vo, 3s. 6d. 

(Camb. School and College Texts. 

— Algebra. By the REV. C. ELSEE, M.A. 8¢h edition. Fcap. 8vo, 45. 

[Camb. S. and C. Texts. 

FILIPOWSKI (H. E.). Anti-Logarithms, A Table of. By H. £. 
FILIPOWSKI. 37d edition. 8vo, 155. 

GOUDIE (W.P.). See Watson. 2 

HATHORNTHWAITE (J. T.). Elementary Algebra for Indian 
Schools. By J. T. HATHORNTHWAITE, M.A., Principal and Professor 
of Mathematics at Elphinstone College, Bombay. Crown 8vo, 2s. 

[Camb. Math. Ser. 

HUNTER (J.). Supplementary Arithmetic, with Answers. By REV. 
J. HUNTER, M.A. F cap. 8vo, 35. 

MACMICHAEL (W. F.) and PROWDE SMITH (R.). Algebra. 
A Progressive Course of Examples. By the REV. W. F. MACMICHAEL, 
late Head Master of the Grammar School, Warwick, and R, PROWDE 
SMITH, M.A. 4th edition. Fecap. 8vo, 3s. 6d. With answers, 45. 6d. 

‘ [Camb. S. and C. Texts. 

MATHEWS (G.B.). Theory of Numbers. An account of the Theories 
of Congruencies and of Arithmetical Forms. By G. B. MATHEWS, M.A., 
Professor of Mathematics in the University College of North Wales. 
Pait I. Demy 8vo, 12s 
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PENDLEBURY (C.). Arithmetic. With Examination Papers and 
8,000 Examples. By CHARLES PENDLEBURY, M.A., F.R.A.S., Senior 
Mathematical Master of St. Paul’s, Author of ‘Lenses and Systems of 
Lenses, treated after the manner of Gauss.” 7th edition. Crown 8vo. 
Complete, with or without Answers, 4s. 6d. In Two Parts, with or 
without Answers, 2. 6d. each. 

Key to Part II., for xutors only, 75. 6d. net. [Camb. Math. Ser. 

—_ Examples in Arithmetic. Extracted from Pendlebury’s Arithmetic. 
With or without Answers. 5¢h edition. Crown 8vo, 35., OF in Two Parts, 
Is. 6d. anc 2s. [ Camb. Math. Ser. 

__ Examination Papers in Arithmetic. Consisting of 140 papers, each 
containing 7 questions ; and a collection of 357 more difficult problems. 
and edition. Crown 8vo, 2s. 6d. Key, for Tutorsronly, 5s. net. 

PENDLEBURY (C,) and TAIT (T. §S.). Arithmetic for Indian 
Schools. By Cc. vYENDLEBURY, M.A. and T. S. TAIT, M.A., B.SC., 
Principal of Baroda College. Crown 8vo, 35. [Camb. Math. Ser. 

PENDLEBURY (C.) and BEARD (W. S.). Arithmetic for the 
Standards. By C. PENDLEBURY, M.A.) F.R.A.S., and W. S. BEARD, 
F.R.G.s. Standards I., II , 1II., 2d. each; IV., V., VI., 3¢. each. Vil., 
in the Press. 

— Elementary Arithmetic. 37d edition. Crown 8vo, Is. 6d. 

POPE (L.J.). Lessons in Elementary Algebra. By L. J. POPE, B.A. 
(Lond.), Assistant Master at the Oratory School, Birmingham. First 
Setics up to and including Simple Equations and Problems. Crown 8vo, 
Is. 6d. 

PROWDE SMITH (R.). Sce Macmichael. 

SHAW (S. J. D.). Arithmetic Papers. Set in the Cambridge Higher 
Local Examination, from June, 1869, to June, 1887, inclusive, reprinted 
by permission of the Syndicate. By s. J D. SHAW, Mathematical 
Lecturer of Newnham College. Crown 8vo, 2s. 6d.; Key, 45. 6d. net. 

TAIT (T. S.). See Pendlebury. 

WATSON (J.) and GOUDIE (W. P.). Arithmetic. A Progressive 
Course of Examples. With Answers. By J. WATSON, M.A., Corpus 
Christi College, Cambridge, formerly Senior Mathematical Master of the 
Ordnance School, Carshalton. 7h edition, revised and enlarged. By w. 
Pp, GOUDIE, B.A. Lond. Fcap. 8vo, 2s. 6d. [Camb. S. and C. Texts. 

WHITWORTH (W. A.). Algebra. — Choice and Chance. An Ele- 
mentary Treatise on Permutations, Combinations, and Probability, with 
640 Exercises and Answers. By W. A. WHITWORTH, M.A., Fellow of 
St. John’s College, Cambridge.  4¢4 edition, revised and enlarged. 


3 Crown 8vo, 6s. [Camb. Math. Ser. 

WwW RIGLEY (A.) Arithmetic. By A. WRIGLEY, M.A, St. John’s College. 

F cap. 8vo, 35. 6a. (Camb. S. and C. Texts. 
BOOK-KEEPING. 


CRELLIN (P.). A New Manual of Book-keeping, combining the 
Theory and Practice, with Specimens of a set of Books. By PHILLIP 
CRELLIN, Chartered Accountant. Crown 8vo, 3s. 6d. 

— Book-keeping for Teachers and Pupils. Crown 8vo, Is. 6d, Key, 
2s. net. 
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FOSTER (B. W.). Double Entry Elucidated. By B. W. FOSTER. 
14th edition. Fceap. 4to, 35. 6d. 

MEDHURST (J. T.), Examination Papers in Book-keeping. Com- 
piled by JOHN T. MEDHURST, A.K.C., F.S.S., Fellow of the Society of 
Accountants and Auditors, and Lecturer at the City of London College. 
3rd edition. Crown 8vo, 35. 

THOMSON (A. W.). A Text-Book of the Principles and Practice 
of Book-keeping, By PROFESSOR A, W. THOMSON, B,SC., Royal 
Agricultural College, Cirencester. Crown 8vo, 5s. 


GEOMETRY AND EUCLID. 


BESANT (W. H.). Geometrical Conic Sections. By W. H. BESANT, 
SC.D., F.R.S, Fellow of St. John’s College, Cambridge. 87h edition. 
Fcap. 8vo, 45. 6¢. Enunciations, separately, sewed, Is. 

(Camb. S, and'Ce Texts. © 

BRASSE (J.). The Enunciations and Figures of Euclid, prepared for 
Students in Geometry. By the REV. J. BRASSE, D.D. Mew edition. 
Fcap. 8vo, ts. Without the Figures, 6d. 

DEIGHTON (H.). Euclid. Books I.-VI., and part of Book XI., newly 
translated from the Greek Text, with Supplementary Propositions, 
Chapters on Modern Geometry, and numerous Exercises. By HORACE 
DEIGHTON, M.A., Head Master of Harrison College, Barbados. 3rd 
edition. 4s.6d. Key, for tutors only, 5s: net. [Camb, Math. Ser. 

Also issued in parts :—Book I., 1s.; Books I. and IL, Is. 6¢. ; Books 
I.-III., 2s. 6d. ; Books III. and IV., Is. 6d. 

DIXON (E. T.). The Foundations of Geometry. By EDWARD T. 
DIXON, late Royal Artillery. Demy 8vo, 6s. 

MASON (C. P.). Euclid. The First Two Books Explained to Beginners. 
By C. P. MASON, B.A. 2nd edition. Fcap. 8vo, 25. 6d. 

McDOWELL (J.) Exercises on Euclid and in Modern Geometry, con- 
taining Applications of the Principles and Processes of Modern Pure 
Geometry. By the late J. MCDOWELL, M.A., F.R.A.S., Pembroke College, 
Cambridge, and Trinity College, Dublin. 4¢h-edition. 6s. 

2 [Camb. Math. Ser. 

TAYLOR (C.). An Introduction to the Ancient and Modern Geo- 
metry of Conics, with Historical Notes and Prolegomena. 15s. 

— The Elementary Geometry of Conics. By c. TAYLOR, D.D., Master 
of St. John’s College. 7th edition, revised. With a Chapter on the Line 
Infinity, and a new treatment of the Hyperbola. Crown 8vo, 4s. 6d. 

[Camb. Math. Ser. 

WEBB (R.). The Definitions of Euclid. With Explanations and 
Exercises, and an Appendix of Exercises on the First Book by R. WEBB, 
M.A. Crown 8vo, Is. 6d. 

WILLIS (H. G.). Geometrical Conic Sections. An Elementary 
Treatise. By H. G. WILLIS, M.A., Clare College, Cambridge, Assistant 


Master of Manchester Grammar School. Crown 8vo, 55. 
[Camb, Math. Ser. 
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ANALYTICAL GEOMETRY, ETC. 


ALDIS (W. 8S.). Solid Geometry, An Elementary Treatise on. By w. 
S$. ALDIS, M.A., late Professor of Mathematics in the University College, 
Auckland, New Zealand. 4th edition, revised. Crown 8vo, 6s. 

[Camb. Math. Ser. 

BESANT (W. H.). Notes on Roulettes and Glissettes. By w. H. 
BESANT, SC.D., F.R.S. 20d edition, enlarged. Crown 8vo, 55s. 

[Camb. Math. Ser. 

CAYLEY (A.). Elliptic Functions, An Elementary Treatise on. By 
ARTHUR CAYLEY, Sadlerian Professor of Pure Mathematics in the Univer- 
sity of Cambridge. Demy 8vo. Mew edition in the Press. 

TURNBULL (W. P.). Analytical Plane Geometry, An Introduction 
to. By w. P. TURNBULL, M.A., sometime Fellow of Trinity College. 
8vo, 12s. 

VYVYAN (T. G.). Analytical Geometry for Schools. By REv. T. 
VYVYAN, M.A., Fellow of Gonville and Caius College, and Mathematical 
Master of Charterhouse. 62% edztion. 8vo, 45. 6d. 

[Camb. S. and C. Texts. 

— Analytical Geometry for Beginners. PartI. The Straight Line and 
Circle. Crown 8vo, 2s. 6d. [Camb. Math. Ser. 

WHITWORTH (W. A.). Trilinear Co-ordinates, and other methods 
of Modern Analytical Geometry of Two Dimensions. By W. A. WHIT- 
WORTH, M.A., late Professor of Mathematics in Queen’s College, Liver- 
pool, and Scholar of St. John’s College, Cambridge. 8vo, 16s. 


TRIGONOMETRY. 


DYER (J. M.) and WHITCOMBE (R. H.). Elementary Trigono- 
metry. By J. M. DYER, M.A. (Senior Mathematical Scholar at Oxford), 
and REV. R. H. WHITCOMBE, Assistant Masters at Eton College. 22d 
edition. Crown 8vo, 45. 6d. [Camb. Math. Ser. 

VYVYAN (T. G.). Introduction to Plane Trigonometry. By the 
REV. T. G. VYVYAN, M.A., formerly Fellow of Gonville and Caius College, 
Senior Mathematical» Master of Charterhouse. 37d edition, revised and 
augmented. Crown 8vo, 35. 6d. [Camb. Math. Ser. 

WARD (G. H.). Examination Papers in Trigonometry. By G. H. 
WARD, M.A., Assistant Master at;St. Paul’s School. Crown 8vo, 2s. 6a. 
Key, 55. net. 


MECHANICS AND NATURAL PHILOSOPHY. 


ALDIS (W. S.). Geometrical Optics, An Elementary Treatise on. By 
WwW. S. ALDIS, M.A. 4th edition. Crown 8vo, 4s. [Camb. Math. Ser. 
— An Introductory Treatise on Rigid Dynamics. Crown 8vo, 4s. 
[Camb. Math. Ser. 
— Fresnel’s Theory of Double Refraction, A Chapter on, 27d editzon, 
“revised, 8vo, 2s. 
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BASSET (A. B.). A Treatise on Hydrodynamics, with numerous 
Examples. By A. B, BASSET, M.A., F.R.S,, Trinity. College, Cambridge. 
Demy 8vo. Vol. I., price tos. 6d, ; Vol. Il., 125. 6d, 

— An Elementary Treatise on Hydrodynamics and Sound. Demy 
8vo, 75. 6d, 

— A Treatise on Physical Optics, Demy 8vo, 16s. 

BESANT (W. H.). Elementary Hydrostatics. By w. H. BESANT, 
SC.D., F.R.S, 16th edition, Crown 8vo, 45. 6¢. Solutions, 55. 

[Camb, Math. Ser. 

— Hydromechanics, A Treatise on. Part I. Hydrostatics. 5¢4 edition 
revised, and enlarged, Crown 8vo, 5s. [Camb. Math. Ser. 

— A Treatise on Dynamics. 2nd edition. Crown 8vo, Ios. 61. 

[Camb. Alath. Ser. 

CHALLIS (PROF.). Pure and Applied Calculation. By the late 
REV. J. CHALLIS, M.A., F.R.S., &c. Demy 8vo, 15s. 

— Physics, The Mathematical Principle of. Demy 8vo, 55. 

— Lectures on Practical Astronomy. Demy 8vo, Ios. . 

EVANS (J. H.) and MAIN (P. T.). Newton’s Principia, The First 
Three Sections of, with an Appendix; and the Ninth and Eleventh 
Sections. By J. H. EVANS, M.A., St. John’s College. The 5¢h eddtion, 
edited by P, T. MAIN, M.A., Lecturer and Fellow of St. John’s College. 
Feap. 8yo, 45. [Camb. S. and C. Texts. 

GALLATLY (W.). Elementary Physics, Examples and Examination 
Papers in. Statics, Dynamics, Hydrostatics, Heat, Light, Chemistry, 
Electricity, London Matriculation, Cambridge B.A., Edinburgh, Glasgow, 
South Kensington, Cambridge Junior and Senior Papers, and Answers. 
By W. GALLATLY, M.A., Pembroke College, Cambridge, Assistant 
Examiner, London University. Crown 8vo, 4s. [Camb. Math. Ser. 

GARNETT (W.). Elementary Dynamics for the use of Colleges and 
Schools. By WILLIAM GARNETT, M.A., D.C.L., Fellow of St. John’s 
College, late Principal of the Durham College of Science, Newcastle-upon- 
Tyne. 5¢h edition, revised. Crown 8vo, 6s. [ Camb. Math. Ser. 

— Heat, An Elementary Treatise on. 6¢h edition, revised. Crown 8vo, 
45s. 6d. [Camb. Math. Ser. 

GOODWIN (H.). Statics. By H. GoopwIN, D.D., late Bishop of 
Carlisle. 22d edition. Fcap. 8vo, 3s. [Camb. S. and C. Texts. 

HOROBIN (J. C.). Elementary Mechanics. Stage I. II. and III., 
Is. 6d. each. By J. C. HOROBIN, M.A.,~ Principal of Homerton New 
College, Cambridge. 

— Theoretical Mechanics. Division I. Crown 8vo, 2s. 6d. 

*,” This book covers the ground ofthe Elementary Stage of Division I. 
of Subject VI. of the ‘‘ Science Directory,” and is intended for the 
examination of the Science and Art Department. 

JESSOP (C. M.). The Elements of Applied Mathematics. In- 
cluding Kinetics, Statics and Hydrostatics. By c. M. JESSOP, M.A., late 
Fellow of Clare College, Cambridge, Lecturer in Mathematics in the 
Durham College of Science, Newcastle-on-Tyne. Crown 8vo, 6s. 

[Camb, Math. Ser. 

MAIN (P. T.). Piane Astronomy, An Introduction to. By P. T. MAIN, 
M.A., Lecturer and Fellow of St. John’s College. 6th edition, revised. 
Fcap. 8vo, 45. [Camb. S. and C. Texts, 
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PARKINSON (R. M.). Structural Mechanics. By R. M. PARKINSON, 
ASSOC. M.1.C.E. Crown 8vo, 45. 6d. 

PENDLEBURY (C.). Lenses and Systems of Lenses, Treated after 
the Manner of Gauss. By CHARLES PENDLEBURY, M.A., F.R.A.S., Senior 
Mathematical Master of St. Paul’s School, late Scholar of St. John’s 
College, Cambridge. Demy 8vo, 5s. ' 

STEELE (R. E.). Natural Science Examination Papers. By 
R. E. STEEL, M.A., F.C.S., Chief Natural Science Master, Bradford 
Grammar School. Crown 8vo. Part I., Inorganic Chemistry, 2s. 6d. 
Part II., Physics (Sound, Light, Heat, Magnetism, Electricity), 25. 6d. - 

[School Exam. Series. 

WALTON (W.). Theoretical Mechanics, Problems in. By W. WAL- 
TON, M.A, Fellow and Assistant Tutor of Trinity Hall, Mathematical 
Lecturer at Magdalene College. 37d edition, revised. Demy 8vo, 16s. 

— Elementary Mechanics, Problems in. 2d edition, Crown 8vo, 6s. 

—_—__—_- [Camb. Math. Ser. 


DAVIS (J. F.). Army Mathematical Papers. Being Ten Years’ 
Woolwich and Sandhurst Preliminary Papers. Edited, with Answers, by ~ 
J. F. DAVIS, D.LIT., M.A. Lond. Crown 8vo, 2s. 6d. 

DYER (J. M.) and PROWDE SMITH (R.). Mathematical Ex- 
amples. A Collection of Examples in Arithmetic, Algebra, Trigono- 
metry, Mensuration, Theory of Equations, Analytical Geometry, Statics, 
Dynamics, with Answers, &c. For Army and Indian Civil Service 
Candidates. By J. M. DYER, M.A., Assistant Master, Eton College 
(Senior Mathematical Scholar at Oxford), and R. PROWDE SMITH, M.A. 
Crown 8vo, 6s. [Camb. Math. Ser. 

GOODWIN (H.). Problems and Examples, adapted to ** Goodwin’s 
Elementary Course of Mathematics.” By 1. G. VYVYAN, M.A. 37d 
edition. 8vo, 5.3; Solutions, 37d edztion, 8vo, 9s. 

SMALLEY (G. R.). A Compendium of Facts and Formulae in 
Pure Mathematics and Natural Philosophy. By G. R. SMALLEY, 
F.R.A.S. New edition, revised and enlarged. By J. MCDOWELL, M.A., 
F.R.A.S. Feap. 8vo, 2s. 

WRIGLEY (A.). Collection of Examples and Problems in Arith- 
metic, Algebra, Geometry, Logarithms, Trigonometry, Conic Sections, 
Mechanics, &c., with Answers and Occasional Hints. By the REv. A. 
WRIGLEY. 10¢h edition, 20th thousand. Demy 8vo, 8s. 6d. 

A Key. By J. c. PLATTS, M.A. and the REV. A, WRIGLEY. 2zd edition. 
Demy 8vo, Ics. 6:7. 


MODERN LANGUAGES. 


ENGLISH. 


ADAMS (E.). The Elements of the English Language. By ERNEST 
ADAMS, PH.D. 26¢h edition. Revised by J. F. DAVIS, D.LIT., M.A., 
(LOND.). Post 8vo, 45. 6a. - 

— The Rudiments of English Grammar and Analysis. By ERNEST 
ADAMS, PH.D. 19¢h thousand. Fcap. 8vo, Is. 
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ALFORD (DEAN). The Queen’s English: A Manual of Idiom and 
Usage. By the late HENRY ALFORD, D.D., Dean of Canterbury. 6¢/ 
edition. Small post 8vo. Sewed, Is., cloth, 1s. 6d. 


ASCHAM’S Scholemaster. Edited by PROFESSOR J. E. B. MAYOR. Small 
post 8vo, sewed. Is. 


BELL’S ENGLISH CLASSICS. A New Series, Edited for use in 


Schools, with Introduction and Notes. Crown 8vo. 

JOHNSON’S Life of Addison. Edited by Fr. RYLAND, Author of ‘The Students’ 
Handbook of Psychology,” etc. 2s. 6d. 

— Life of Swift. Edited by F. RYLAND, M.A. 25. 

— Life of Pope. Edited by F. RYLAND, M.A. 25. 6d. 

— Life of Milton. Edited by F. RYLAND, M.A. 28. 6d. 

— Life of Dryden. Edited by F. RYLAND, M.A. (Preparing. 

LAMB'S Essays. Selected and Edited by kK. DEIGHTON. 3.3; sewed, 2s. 

BYRON’S Childe Harold. Edited by H. G. KEENE, M.A., C.LE., Author of “A 
Manual of French Literature,” etc. 3s. 6¢. Also Cantos I. and II. separately ; 
sewed, Is. 9d. 

— Siege of Corinth. Edited by p. HorRDERN, late Director of Public Instruction in 
Burma. 1s, 6a. ; sewed, rs. 

MACAULAY’S Lays of Ancient Rome. Edited by p. HoRDERN. 2s. 6d.; 
sewed, ts. od. 

MSA SERGE ES A New Way to Pay Olid Debts. Edited by x. DEIGHTON. 
35.3 sewed, 2s. 

BURKE'S Letters ona Regicide Peace. I. and II. Edited by u. G. KEENE, 

M.A., C.ILE. 35.3 sewed, 2s. ; 
MILTON’S Paradise Regained. Edited by K. DEIGHTON. 2s. 6d.; sewed, 


1s. od. 

SELECTIONS FROM POPE. Containing Essay on Criticism, Rape of the 
eee Temple of Fame, Windsor Forest. Edited by K. DEIGHTON. 2s. 6d.; 
sewed, 1s. 9d. > 

GOLDSMITH'S Good-Natured Man and She Stoops to Conquer. Edited 
by K. DEIGHTON. Each, 2s. cloth; 1s. 6d. sewed. 

DE QUINCEY, Selections from. The English Mail-Coach and The 
Revolt of the Tartars. Edited by cECcIL M. BARROW, M.A., Principal of 


Victoria College, Palghat. (J the press. 
MILTON’S Paradise Lost. Books I and II. Edited by rR. G. OXENHAM, M.A., 
Principal of Elphinstone College, Bombay. (Preparing. 
— Books III. and IV. Edited by r. G. oxENHAM. [Preparing. 
SELECTIONS FROM CHAUCER. Edited by J. B. BILDERBECK, B.A., 
Professor of English Literature, Presidency College, Madras. (Preparing. 


MACAULAY’S Essay on Clive. Edited by ceciL BARROW, M.A. [Preparing. 

BROWNING’S Strafford. Edited by =. u. HicKEY. With Introduction by 
S. R. GARDINER, LL.D. 25. 6d. d 

SHAKESPEARE'S Julius Caesar. Edited by T. puFF BARNETT, B.A, (Lond.). 


2s. 4 
— Merchant of Venice. Edited by T. DUFF BARNETT, B.A. (Lond.). 25." 
oy Tempest. Edited by T. puFF BARNETT, B.A. (Lond.). 2s: 


Others to follow. 


BELL’S READING BOOKS. Post 8vo, cloth, illustrated. 


Infants. The New-born Lamb. 6d. 
Infant’s Primer. 3d. The Blind Boy. 6d. 
Tot and the Cat. 6d. 
The Old Boathouse. 6d. Standard II. 


The Cat andthe Hen. 6d, The Lost Pigs. 6d. 
Story of a Cat. 6d. 


Standard I. Queen Bee and Busy Bee. 6d. 
School Primer. 6d. Gull’s Crag. 6d. 
The Two Parrots. 6d. Great Deeds in English History, 


The Three Monkeys. 6d. Is, 
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BELL’S READING BOOKS.—continued. 


Standard III. Dickens’ Little Nell. 1s. 
Adventures of a Donkey. Is. Masterman Ready. Is. 
Grimm’s Tales. Is. Marryat’s Poor Jack. Is. 
Great Englishmen. Is, Arabian Nights. Is. 
Andersen’s Tales. Is. Gulliver’s Travels. Is. 
Life of Columbus. Is. Lyrical Poetry for Boysand ‘irls. 
Is. 
Standard IV. Vicar of Wakefield. Is. 


Uncle Tom’s Cabin. Is. 
Great Englishwomen. Is. 


Great Scotsmen. Is. Standards VI. and VII. 
Edgeworth’s Tales. Is. Lamb’s Tales from Shakespeare. 
Gatty’s Parables from Nature. Is. 
Is. Robinson Crusoe. Is. 

Scott’s Talisman. 1s. Tales of the Coast. Is. 

Settlers in Canada. tvs. 

Standard V. Southey’s Life of Nelson. Is. 

Dickens’ Oliver Twist. Is. Sir Roger de Coverley. Is. 


BELL’S GEOGRAPHICAL READERS. By M. J. BARRINGTON- 
WARD, M A. (Worcester College, Oxford). 


The Child’s Geography. Illus- | The Round World. (Standard IL) 


trated. Stiff paper cover, 6d. Illustrated. Cloth, rod. 

The Map and the Compass. | About England. (Standard III.) 
(StandardI ) Illustrated. Cloth, With Illustrations and Coloured 
8d. Map. Cloth, Is. 4d. 


EDWARDS (F.). Examples for Analysis in Verse and Prose from 
well-known sources, selected and arranged by F. EDWARDS. WVew ed?tion, 
Fcap. 8vo, cloth, Is. 

GOLDSMITH. The Deserted Village. Edited, with Notes and Life, 
by C. P. MASON, B.A., F.C.P. 4th edition, Crown 8vo, Is. 

HANDBOOKS OF ENGLISH LITERATURE. Edited by J. w 
HALES, M.A., formerly Clark Lecturer in English Literature at Trinity 
College, Cambridge, Professor of English Literature at King’s College, 
London. Crown 8vo, 3s. 6d. each. 

The Age of Pope. By JOHN DENNIS. [Aeady. 

in preparation. 

The Age of Chaucer. By PROFESSOR HALES. 

The Age of Shakespeare. By PROFESSOR HALES. 

The Age of Milton. By J. BASS MULLINGER, M.A, 

The Age of Dryden. By w. GARNETT, LL.D. 

The Age of Wordsworth. By PROFESSOR C. H. HERFORD, LITT.D. 

Other volumes to follow. 

HAZLITT(W.). Lectures onthe Literature of the Age of Elizabeth. 
Small post 8vo, sewed, Is. 

-— Lectures on the English Poets. Small post 8vo, sewed, Is. 


— Lectures on the English Comic Writers. Small post Svo, sewed, 15. 
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LAMB (C.). Specimens of English Dramatic Poets of the Time of 
Elizabeth. With Notes, together with the Extracts from the Garrick 
Plays. 

MASON (C. P.). Grammars by c. P. MASON, B.A., F.C.P., Fellow of 
University College, London. 

— First Notions of Grammar for Young Learners. Fcap. 8vo. 85¢h 
thousand. Cloth, Is. ' 

— First Steps in English Grammar, for Junior Classes. Demy 18mo. 54¢h 
thousand. 1s. 

— Outlines of English Grammar, for the Use of Junior Classes. 172k edition. 
97th thousand. Crown 8vo, 2s. 

— English Grammar; including the principles of Grammatical Analysis. 
35th edition, revised. 148th thousand. Crown 8vo, green cloth, 3s. 6d. 

— A Shorter English Grammar, with copious and carefully graduated 
Exercises, based upon the author’s English Grammar. 9¢h edition. 49th 
thousand. Crown 8vo, brown cloth, 3s. 6d. ; 

— Practice and Help in the Analysis of Sentences. Price 2s. Cloth. 


— English Grammar Practice, consisting of the Exercises of the Shorter 
English Grammar published in a separate form. 37d edition. Crown 8vo, 
Is. 

— Remarks on the Subjunctive and the so-called Potential Mood. 
6d., sewn. 

— Blank Sheets Ruled and headed for Analysis. 1s. per dozen. 

MILTON: Paradise Lost. Books I., II., and III. Edited, with Notes 
on the Analysis and Parsing, and Explanatory Remarks, by c. P. MASON, 
B.A., F.C.P. Crown 8vo. 

Book I. With Life. 5¢h edition. Is. 

Book II. With Life. 37d edition. 1s. 

Book III. With Life. 2d edition. Is. 

— Paradise Lost. Books V.-VIII. With Notes for the Use of Schools. 
By c. M. LUMBY. 2s. 6d. 

PRICE (A. C.). Elements of Comparative Grammar and Philology. 
For Use in Schools. By A. C. PRICE, M.A., Assistant Master at Leeds 
Grammar School; late Scholar of Pembroke College, Oxford. Crown 
8vo, 25. 6d. 

SHAKESPEARE. Notes on Shakespeare’s Plays. With Introduction, 
Summary, Notes (Etymological and Explanatory), Prosody, Grammatical 
Peculiarities, etc. By T. DUFF BARNETT, B.A. Lond., late Second 
Master in the Brighton Grammar School. Specially adapted for the Local 
and Preliminary Examinations. Crown 8vo, Is. each. 

Midsummer Night’s Dream.—Julius Czesar.—The Tempest.— 
Macbeth.—Henry V.—Hamlet.—Merchant of Venice.— King 
Richard II.—King John.—King Lear.—Coriolanus. 

‘<The Notes are comprehensive and concise.” —Lducational Times. 

‘Comprehensive, practical, and reliable.” —Schoolmaster. 

-—- Hints for Shakespeare-Study. Exemplified in an Analytical Study of 
Julius Cesar. By MARY GRAFTON MOBERLY. 22d edition. Crown 8vo, 
sewed, Is. 

— Coleridge’s Lectures and Notes on Shakespeare and other English 
Poets. Edited by T. ASHE, B.A. Small post 8yo, 3s. 6d. 


— 
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SHAKESPEARE. Shakespeare’s Dramatic Art. The History and 
Character of Shakespeare’s Plays. By DR. HERMANN ULRICI. Trans- 
lated by L. DORA SCHMITZ. 2 vols. small post 8vo, 3s. 6d. each. 

—- William Shakespeare. A Literary Biography. By KARL ELZE, PH.D., | 
LL.D. Translated by L. DORA SCHMITZ. Small post 8vo, 55. 

— Hazlitt’s Lectures on the Characters of Shakespeare’s Plays. Small 

ost 8vo, Is. 

See BELL’S ENGLISH CLASSICS. 

SKEAT (W. W.). Questions for Examinations in English Litera- | 
ture. With a Preface containing brief hints on the study of English. 
Arranged by the REV. W. W. SKEAT, LITT.D., Elrington and Bosworth 
Professor of Anglo-Saxon in the University of Cambridge. 37d edition. 
Crown 8vo, 25. 6d. 

SMITH (C. J.) Synonyms and Antonyms of the English Language. 
Collected and Contrasted by the VEN. C. J. SMITH, M.A. 2nd edition, 
revised. Small post 8vo, §s. 

— Synonyms Discriminated. A Dietionary of Synonymous Words in the 
English Language. [Illustrated with Quotations from Standard Writers. 
By the late VEN. C. J. SMITH, M.A. With the Author’s latest Corrections 
and Additions, edited by the REV. H. PERCY SMITH, M.A., of Balliol 
College, Oxford, Vicar of Great Barton, Suffolk. 4/h edition. Demy 
8vo, 145. 

TEN BRINK’S History of English Literature. Vol. I. Early English 
Literature (to Wiclif). Translated into English by HORACE M. KENNEDY, 
Professor of German Literature in the Brooklyn Collegiate Institute. 
Small post 8vo, 3s. 6d. 

— Vol. II. (Wiclif, Chaucer, Earliest Drama, Renaissance). Translated by 
W. CLARKE ROBINSON, PH.D. Small post 8vo, 3s. 6d. 

THOMSON: Spring. Edited by c. P. MASON, B.A., F.C.P. With Life. 
2nd edition. Crown 8vo, Is. 


— Winter. Edited by c. Pp. MASON,B.A., F.C.P. With Life. Crown 8vo, 15. 


WEBSTER’S INTERNATIONAL DICTIONARY of the English 
Language. Including Scientific, Technical, and Biblical Words and 
Terms, with their Significations, Pronunciations, Alternative Spellings, 
Derivations, Synonyms, and numerous illustrative Quotations, with various 
valuable literary Appendices, with 83 extra pages of Illustrations grouped 
and classified, rendering.the work a COMPLETE LITERARY AND SCIENTIFIC 
REFERENCE-Book. Vew edition (1890). Thoroughly revised and en- 
larged under the supervision of NOAH PORTER, D.D., LL.D. I vol. (2,118 
pages, 3,500 woodcuts), 4to, cloth, 31s. 67. ; half calf, £2 2s. ; half russia, 
42 5s. ; calf, £2 85.3 or in 2 vols. cloth, £1 145. 


Prospectuses, with specimen pages, sent post free on application. 


WEBSTERS BRIEF INTERNATIONAL DICTIONARY. A 
Pronouncing Dictionary of the English Language, abridged from Webster’s 
International Dictionary. With a Treatise on Pronunciation, List of 
Prefixes and Suffixes, Rules for Spelling, a Pronouncing Vocabulary of 
Proper Names in History, Geography, and Mythology, and Tables of 
English and Indian Money, Weights, and Measures. With 564 pages 
and 800 Illustrations. Demy 8vo, 3s. 
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WRIGHT (T.), Dictionary of Obsolete and Provincial English, 
Containing Words from the English Writers previous to the rgth century, 
which are no longer in use, or are not used in the same sense, and Words 
which are now used only in the Provincial Dialects, Compiled by THomas 
WRIGHT, M,A,, F,S.A., etc. 2 vols, 55, each. 


FRENCH CLASS BOOKS. 


BOWER (A. M.). The Public Examination French Reader. With 
a Vocabulary to every extract, suitable for all Students who are preparing 
for a French Examination. By a. M. BOWER, F.R.G.S., late Master in 
University College School, etc. Cloth, 35. 6d. 

BARBIER (PAUL). A Graduated French Examination Course. 
By PAUL BARBIER, Lecturer in the South Wales University College, etc. 
Crown 8vo, 3s. . 


BARRERE (A.) Junior Graduated French Course. Affording Mate- 
rials for Translation, Grammar, and Conversation. By A. BARRERE, 
Professor R.M.A., Woolwich. 1s. 6d. 

~— Elements of French Grammar and First Steps in Idioms. With 
numerous Exercises and a Vocabulary. Being an Introduction to the 
Précis of Comparative French Grammar. Crown 8vo, 25. 

— Précis of Comparative French Grammar and Idioms and Guide to 
Examinations. 4¢h edition. 35. 6d. 

— Récits Militaires. From Valmy (1792) to the Siege of Paris (1870). 
With English Notes and Biographical Notices. 2nd edition. Crown 
8vo, 35. 

CLAPIN (A. C.).. French Grammar for Public Schools. By the 
REV. A. C. CLAPIN, M.A., St. John’s College, Cambridge, and Bachelier- 
és-lettres of the University of France. Fcap. 8vo. 13¢h edition. 2s. 6d. 

Key to the Exercises. 35. 6d. net. 

— French Primer, Elementary French Grammar and Exercises for Junior 
Forms in Public and Preparatory Schools. Feap. 8vo. 10th edztion. 1s. 

— Primer of French Philology. With Exercises for Public Schools. 
6th edition. Fcap. 8vo, Is. 

— English Passages for Translation into French. Crown 8vo, 25. 6d. 
Key (for Tutors only), 4s. net. 4 

DAVIS (J. F.). Army Examination Papers in French, Questions set 
at the Preliminary Examinations for Sandhurst and Woolwich, from Nov., 
1876, to June, 1890, with Vocabulary. By J. F. DAVIS, Diliie, MA. . 
Lond. Crown 8vo, 2s. 6d. 

DAVIS (J. F.) and THOMAS (F.). An Elementary French 
Reader. Compiled, with a Vocabulary, by J. F. DAVIS, M.A., D.LIT., 
and FERDINAND THOMAS, Assistant Examiners in the University of 
London. Crown 8vo, 2s. 

DELILLE’S GRADUATED FRENCH COURSE. 

The Beginner’sown French Book. | Repertoire des Prosateurs. 35. 6d. 
Phe RCV, 25: Modéles de Poesie. 35. 6d. 

Easy French Poetry for Be- | Manuel Etymologique. 25. 6d. 
ginners. 2s. Synoptical Table of French 

French Grammar. 3s. Key, 3s. Verbs. 6d. 
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GASC (F. E. A.). First French Book; being a New, Practical, anc 
Easy Method' of Learning the Elements of the French Language. ese 
and thoroughly revised. 10th thousand. Crown 8vo, Is. 

—. Second French Book; being a Grammar and Exercise’ Book, ona nev 
and practical plan, and intended as a sequel to the ‘¢ First French Book.’ 
32nd thousand. Fcap. 8vo, Is. 6d. 

— Key to First and Second French Books. 5¢h edition, Fcap. 8vo, 35. 6d. net 

__ French Fables, for Beginners, in Prose, with an Index of all the Word 
at the end of the work. 16th thousand. 12mo, Is. 6d. 

_ Select Fables of La Fontaine. 19¢h thousand. Fcap. 8vo, 1s. 6d. 

_ Histoires Amusantes et Instructives; or, Selections of Complet 
Stories from the best French modern authors, who have written for th 
young. With English notes. 17¢h thousand. Fcap. 8vo, 25. 

_ Practical Guide to Modern French Conversation, containing :- 
I. The most current and useful Phrases in Everyday Talk. II. Every 
body’s necessary Questions and Answers in Travel-Talk. 19th edition 
Fcap. 8vo, Is. 6d. 

__ French Poetry for the Young. With Notes, and preceded by a fer 
plain Rules of French Prosody. 5¢h edztzon, revised. Fcap. 8vo, 1s. 6c 

__ French Prose Composition, Materials for. With copious footnotes, an: 
hints for idiomatic renderings. 21s¢ thousand. Fcap. 8vo, 35. 

Key. 2nd edition. 6s. net. 

— Prosateurs Contemporains ; or, Selections in Prose chiefly from cor 
temporary French literature. With notes. 11¢% edition. 12mo, 35. 6d. 

— Le Petit Compagnon; a French Talk-Book for Little Children. 14: 
edition, 16mo, Is. 6d. 

— French and English Dictionary, with upwards of Fifteen Thousan 
new words, senses, &c., hitherto unpublished. 5¢ edition, with nunerot 
additions and corrections. In one vol. 8vo, cloth, tos. 6d. In use < 
Harrow, Rugby, Shrewsbury, &c. 

— Pocket Dictionary of the French and English Languages ; for the ever, 
day purposes of Travellers and Students. Containing more than Fis 
Thousand modern and current words, senses, and idiomatic phras 
and renderings, not found in any other dictionary of the two languag 
New edition. 5tst thousand. 16mo, cloth, 2s. 6d. 

GOSSET (A.). Manual of French Prosody for the use of Engli 
Students. By ARTHUR GOSSET, M.A., Fellow of New College, Oxfor 
Crown 8vo, 3s. 

‘This is the very book we have been looking for. We hailed the ti 

with delight, and were not disappointed by the perusal. The reader w 

has mastered the contents will know, what not one in a thousand 

Englishmen who read French knows, the rules of French poetry.” 
Journal of Education. 


-. 

LE NOUVEAU TRESOR;; designed to facilitate the Translation 
pe ae into French at Sight. By M. E. Ss. 18¢h edition. Fcap. 8y 
Is. 6d. 

STEDMAN (A. M. M.).. French Examination Papers in Misc 
laneous Grammar and Idioms. Compiled by A. M. M. STEDMAN, M, 
5th edition. Crown 8vo, 25. 6d. 

A Key. By G. A. SCHRUMPF. For Tutors only. _ 6s. net. 4 

_. Easy French Passages for Unseen Translation. Fcap. 8vo, 1s. 6d, 


£ ducationtl Catalogue. a4 


Se ee 


STEDMAN (A, M, M:). Easy French Exercises on Elementary 
Syntax. Crown 8vo, 2s. 6d, 

— First French Lessons, Crown 8vo, rs. 

— French Vocabularies for Repetition, Fcap. 8vo, 15. 

— Steps to French. 12mo, 8d. 


FRENCH ANNOTATED EDITIONS. 


BALZAC. Ursule Mirouét. By HONORE DE BALZAC, Edited, with 
Introduction and Notes, by JAMES BOIELLE, B.-és-L., Senior French 
Master, Dulwich College. 35. 

CLARETIE. Pierrille. By JULES CLARETIE. With 27 Illustrations. 
Edited, with Introduction and Notes, by JAMES BOIELLE, B.-¢s-L. 25, 6d, 

DAUDET. La Belle Nivernaise. Histoire d’un vieux bateau et de son 
€quipage. By ALPHONSE DAUDET. Edited, with Introduction and 

: Notes, by JAMES BOIELLE, 8.-és-L. With Six Illustrations, 2s. 

FENELON. Aventures de Télémaque. Edited by c. J. DELILLE. 
4th edition. Fcap. 8vo, 25. 6d. 

GOMBERT’S FRENCH DRAMA. Re-edited, with Notes, by F. E. A. 
GAsc. Sewed, 6d. each. 


MOLIERE. 
Le Misanthrope, Les Fourberies de Scapin. 
L’Avare. Les Précieuses Ridicules. 
Le Bourgeois Gentilhomme. L’Ecole des Femmes. 
Le Tartuffe. L’Ecole des Maris. 
Le Malade Imaginaire. Le Médecin Malgré Lui. 
Les Femmes Savantes. | 

RACINE. 
La Thébaide, ou Les Fréres Britannicus. 

Ennemis, Phédre. 
Andromaque. | Esther. 
Les Plaideurs, Athalie. 
Iphigénie. 
CORNEILLE. 

Le Cid. Cinna. i 
Horace. Polyeucte. 


VOLTAIRE.—Zaire. 


GREVILLE. Le Moulin Frappier. By HENRY GREVILLE, Edited, 
with Introduction and Notes, by JAMES BOIELLE, B.-és-L. 35. 

HUGO. Bug Jargal. Edited, with Introduction and Notes, by JAMES 
BOIELLE, B.-€s-L. 35. 

LA FONTAINE. Select Fables. Edited by F. E£. A. GASC. 19¢h 
thousand. Fcap. 8vo, ts. 6d. 

LAMARTINE. Le Tailleur de Pierres de Saint-Point. Edited with 
Notes by JAMES BOIELLE, B.-és-L. 62% thousand. F cap. 8vo, Is. 6d. 
SAINTINE. Picciola. Edited by DR. puBuc. 16/4 thousand. Fcap. 

8vo, Is. 6d. 
VOLTAIRE. Charles XII. Edited by L. piREY. 7th edition. Fcap. 
Svo, Is. 6d. 
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GERMAN CLASS BOOKS. 


BUCHHEIM (DR. C, A.). German Prose Composition. Consist- 
ing of Selections from Modern English Writers. With grammatical notes, 
idiomatic renderings, and general introduction.’ By Cc. A. BUCHHEIM, PH.D., 
Professor of the German Language and Literature in King’s College, and _ 
Examinerin German to the London University. 14¢h edition, enlarged and 
revised. Witha list of subjects for original composition. Fceap. 8vo, 4s. 6d. 
A Key to the Ist and 2nd parts. 37d edition. 35. net. To the 3rd and 
4th parts. 45. net. 

— First Book of German Prose.’ Being Parts I. and II. of the above. 
With Vocabulary. Fcap. 8vo, Is. 6d. 

CLAPIN (A. C.). A German Grammar for Public Schools. By the 
REV. A. C. CLAPIN, and F. HOLL-MULLER, Assistant Master at the Bruton 
Grammar School. 6th edition. Fcap. 8vo, 2s. 6d. 

— A German Primer. With Exercises. 2d edition. Fcap. 8vo, Is. 

German. The Candidate’s Vade Mecum. Five Hundred Easy 
Sentences and Idioms. By an Army Tutor. Cloth, 1s. For Army 
Prelim. Exam. 

LANGE (F.). A Complete German Course for Use in Public Schools. 
By F. LANGE, PH.D., Professor R. M.A. Woolwich, Examiner in German 
to the College of Preceptors, London ; Examiner in German at the Victoria 
University, Manchester. Crown 8vo. 

Concise German Grammar. With special reference to Phonology, 
Comparative Philology, English and German Equivalents and Idioms. 
Comprising Materials for Translation, Grammar, and Conversation, 

_ Elementary, 2s.; Intermediate, 2s. ; Advanced, 35. 6d. 

Progressive German Examination Course. Comprising the Elements 
of German Grammar, an Historic Sketch of the Teutonic Languages, 
English and German Equivalents, Materials for Translation, Dictation, 
Extempore Conversation, and Complete Vocabularies. I. Elementary 
Course, 2s. II. Intermediate Course, 2s. III. Advanced Course. 
Second revised edition. 1s. 6d. 

Elementary German Reader. A Graduated Collection of Readings in 
Prose and Poetry. With English Notes and a Vocabulary. 4th 
edition. 1s? 6d. 

Advanced German Reader. A Graduated Collection of Readings in 
Prose and Poetry. With English Notes by F. LANGE, PH.D., and 
J. F. DAVIS, D.LIT. 2nd edition. 35. 

MORICH (R. J.).. German Examination Papers in Miscellaneous 
Grammar and Idioms. . By R. J. MORICH, Manchester Grammar School. 
2nd edition. Crown 8vo, 2s. 6d. <A Key, for Tutors only. 5s. net. 

STOCK (DR.). Wortfolge, or Rules and Exercises on the order of Words 
in German Sentences. With a Vocabulary. By the late FREDERICK 

‘ STOCK, D.LIT., M.A. Feap. 8vo, Is. 6d. 


KLUGE’S Etymological Dictionary of the German Language. 
Translated by J. F. DAVIS, D.LIT. (Lond.). ~ Crown 4to, 18s. 
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GERMAN ANNOTATED EDITIONS. 


AUERBACH (B.). Auf Wache. Novelle von BERTHOLD AUERBACH. 
Der Gefrorene Kuss. Novelle von OTTO ROQUETTE. Edited bya. a. 
MACDONELL, M.A., PH.D. 22d edition. Crown 8vo, 2s. 

BENEDIX (J. R.). Doktor Wespe. Lustspiel in fiinf Aufziigen von 
JULIUS RODERICH BENEDIX. Edited by PROFESSOR F. LANGE, PH.D. 
Crown 8vo, 2s. 6d. 

EBERS (G.). Eine Frage. Idyll vonGEoRGEBERS. Edited by F. STORR, 
b.A., Chief Master of Modern Subjects in Merchant Taylors’ School. 
Crown 8vo, 2s. 

FREYTAG (G.). Die Journalisten. Lustspiel von GUSTAV FREYTAG. 
Edited by PROFESSOR F. LANGE, PH.D. 4¢h revised edition. Crown 8vo, 
2s. 6d. 

—SOLL UND HABEN. Roman von GusTAV FREYTAG. Edited by 

' W. HANBY CRUMP, M.A. Crown 8vo, 2s. 6d. 

GERMAN BALLADS from Uhland, Goethe, and Schiller. With Intro- 
ductions, Copious and Biographical Notices. Edited by c. L. BIELEFELD. 
4th edition. Fcap. 8vo, Is. 6d. 

GERMAN EPIC TALES IN PROSE. I. Die Nibelungen, von 
A. F. C. VILMAR. II. Walther und Hildegund, von ALBERT RICHTER. 
Edited by KARL NEUHAUS, PH.D., the International College, Isleworth. 
Crown 8vo, 2s. 6d. 

GOETHE. Hermann und Dorothea. With Introduction, Notes, and 
Arguments. By E. BELL, M.A., and E. WOLFEL. 2nd edition. Fcap. 
Svo, Is. 6d. 

GOETHE. FAUST. Part I. German Text with Hayward’s Prose 
Translation and Notes. Revised, With Introduction by c. A. BUCHHEIM, 
PH.D., Professor of German Language and Literature at King’s College, 
London. Small post 8vo, 55. 

GUTZKOW (K.). Zopfund Schwert. Lustspiel von KARL GUTZKOW. 

_ Edited by PROFESSOR F. LANGE, PH.D. Crown 8vo, 25. 6d. 


HEY’S FABELN FUR KINDER. Illustrated by 0. SPECKTER. 
Edited, with an Introduction, Grammatical Summary, Words, and a com- 
plete Vocabulary, by PROFESSOR F. LANGE, PH.D. Crown 8vo, Is. 6d. 

-— The same. With a Phonetic Introduction, and Phonetic Transcription of 

; the Text. By PROFESSOR F. LANGE, PH.D. Crown 8vo, 2s. 

HEYSE (P.). Hans Lange. Schauspiel von PAUL HEYSE. Tdited by 
A. A. MACDONELL, M.A., PH.D., Taylorian Teacher, Oxford University. 
Crown 8vo, 2s. 

HOFFMANN (E. T. A.). Meister Martin, der Kiifner. Erzahlung 
von E. T. A. HOFFMANN. Edited by F. LANGE, PH.D. 22d edition, 
Crown 8vo, Is. 6d. 

MOSER (G. VON). Der Bibliothekar. Lustspiel von G. VON MOSER. 
Edited by F. LANGE, PH.D. 4th edition. Crown 8vo, 2s. 

ROQUETTE (O.). See Auerbach. 

SCHEFFEL (V. VON). Ekkehard. Erzdhlung des zehnten Jahrs 
hunderts, von VICTOR VON SCHEFFEL. Abridged edition, with Intro- 
duction and Notes by HERMAN HAGER, PH.D., Lecturer in the German 
Language and Literature in The Owens College, Victoria University, 
Manchester. Crown 8yo, 3s. 

B 
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SCHILLER’S Wallenstein. Complete Text, comprising the Weimar 
Prologue, Lager, Piccolomini, and Wallenstein’s Tod. Edited by DR. 
BUCHHEIM, Professor of German in King’s College, London. 6th edition. 
Fcap. 8vo, 5s. Or the Lager and Piccolomini, 2s. 6d. Wallenstein’s 
Tod, “25, -6d. ‘ 

— Maid of Orleans. With English Notes by DR. WILHELM WAGNER, 3rd 
edition. Fcap. 8vo, 15. 6d, 

— Maria Stuart. Edited by v. KASTNER, B.-és-L., Lecturer on French 
Language and Literature at Victoria University, Manchester. 3rd edition. 
Fcap. 8vo, Is. 6d. 


ITALIAN. 


CLAPIN (A. C.). Italian Primer. With Exercises. By the REV. A. C. 
CLAPIN, M.A., B.-és-L. 37d edition. Fcap. 8vo, 15. 

DANTE. The Inferno. A Literal Prose Translation, with the Text of the 
Original collated with the best editions, printed on the same page, and 
Explanatory Notes. By JOHN A. CARLYLE, M.D. With Portrait. 2d 
edition. Small post 8vo, 5s. 

— The Purgatorio. A Literal Prose Translation, with the Text of Bianchi 
printed on the same page, and Explanatory Notes. By W. 8, DUGDALE. 
Small post 8vo, 5s. 


BELL’S MODERN TRANSLATIONS. 


A Series of Translations from Modern Languages, with Memoirs, 
Introductions, etc. Crown 8vo, 1s. each. 


GOETHE. Egmont. Translated by ANNA SWANWICK. With Memoir. 

— Iphigenia in Tauris. Translated by ANNA SWANWICK. With Memoir. 

HAUFF. The Caravan. Translated by ss MENDEL. With Memoir. 

LESSING. Laokoon. Translated by E. C. BEASLEY. With Memoir. 

— Nathan the Wise. Translated by R. DILLON BOYLAN. With Memoir. 

— Minna von Barnhelm. Translated by ERNEST BELL,’ M.A. With 
Memoir. 


~ 

MOLIERE. The Misanthrope. Translated by c. HERON WALL, With 
Memoir. 

— The Doctor in Spite of Himself. (Le Médecin malgré lui). Trans- 
lated by C. HERON WALL. With Memoir. 

— Tartuffe; or, The Impostor. Translated by c, HERON WALL. With 
Memoir. 

— The Miser. (L’Avare). Translated by c. HERON WALL. With Memoir. 

— The Shopkeeper turned Gentleman. (Le Bourgeois Gentilhomme). 
Translated by C. HERON WALL. With Memoir. 

RACINE. Athalie. Translated by R. BRUCE BOSWELL, M.A. With 
Memoir. . 

— Esther, ‘Translated by R. BRUCE BOSWELL, M.A. With Memoir. 
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-SCHILLER. William Tell. Translated by stk: THEODORE MARTIN, 
K.C.B., LL.D. Mew edition, entirely revised. With Memoir. 

— The Maid of Orleans. Translated by ANNASWANWICK. With Memoir. 

— Mary Stuart. Translated by J. MELLISH. With Memoir. 


» » For other Translations of Modern Languages, see the Catalogue of 
Bohn’s Libraries, which will be forwarded on application. 


SCIENCE, TECHNOLOGY, AND ART. 


CHEMISTRY. 


STOCKHARDT (J. A.). Experimental Chemistry. Founded on the 
work of J. A. STOCKHARDT. A Handbook for thé Study of Science by 
Simple Experiments. By c. W. HEATON, F.I.C., F.C.S., Lecturer in 
Chemistry in the Medical School of Charing Cross Hospital, Examiner in 
Chemistry to the Royal College of Physicians, ete. Mew revised edition. 


5S. 

WILLIAMS (W.M.). The Framework of Chemistry. Part I. Typical 
Facts and Elementary Theory. By w. M. WILLIAMS, M.A., St. John’s 
College, Oxford ; Science Master, King Henry VIII.’s School, Coventry. 
Crown 8vo, paper boards, gd. net. . 


BOTANY. 


EGERTON-WARBURTON (G.). Names and Synonyms of British 
_ Plants. By the REV. G. EGERTON-WARBURTON. F cap. 8vo, 35. 6d, 
(Oniform with Haywards Botanist’s Pocket Book.) 

HAYWARD (W. R.). The Botanist’s Pocket-Book. Containing in 
a tabulated form, the chief characteristics of British Plants, with the 
botanical names, soil, or situation, colour, growth; and time of flowering 
of every plant, arranged under its own order; with a copious Index. 
By w. R. HAYWARD. 6¢h edition, revised. ¥cap. 8vo, cloth limp, 45. 6d. 

‘-MASSEE (G.). British Fungus-Flora. A Classified Text-Pook of 
Mycology. By GEORGE MASSEE, Author of ‘‘ The Plant World.” With 
numerous Illustrations. 3 vols. post 8vo. Vols. I., II., and III. ready, 
7s. 6d. each. Vol. IV. in the Press. 

SOWERBY’S English Botany. Containing a Description and Life-size 

Drawing of every British Plant. Edited-and brought up to the present 
standard of scientific knowledge, by T. BOSWELL (late SYME), LL.D., 
F.L.S., etc. 37d edition, entirely revised. With Descriptions of all the 
Species by the Editor, assisted by N. E. BROWN. 12 vols., with 1,937 
coloured plates, £24 3s. in cloth, £26 ris. in half-morocco, and £30 9s. 
in whole morocco. Also in 89 parts, 5s., except Part 89, containing 
an Index to the whole work, 7s. 6d. 

x’, A Supplement, to be completed in 8 or 9 parts, is now publishing. 
Parts I., I]., and III. ready, 5s. each, or bound together, making 
Vol. XIII. of the complete work, 175. 
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TURNBULL (R.). Index of British Plants, according to the London 
Catalogue (Eighth Edition), including the Synonyms used by the principal 
authors, an Alphabetical List of English Names, etc. By ROBERT 
TURNBULL. Paper cover, 2s. 6d., cloth, 3s. 


GEOLOGY. 


JUKES-BROWNE (A. J.). Student’s Handbook of Physical Geo- 
logy. By A. J. JUKES-BROWNE, B.A., F.G.S., of the Geological Survey of 
England and Wales. With numerous Diagrams and Illustrations. 2d 
edition, much enlarged, 7s. 6d. 

‘Should be in the hands of every teacher of geology.”—ournal of 
Education. fees 

‘© A very useful book dealing with geology from its physical side.”— 
Atheneum. ; 

— Student’s Handbook of Historical Geology. With numerous Diagrams 
and Illustrations. 6s. oe 

‘€ An admirably planned and well executed ‘ Handbook of Historical 
Geology.’ ”—/ournal of Education, : 

— The Building of the British Isfes. A Study in Geographical Evolution. 

With Maps. 2nd edition revised. 75. 6d. 


MEDICINE. 


CARRINGTON (R. E.), and LANE (W.A.). A Manual of Dissec- 
tions of the Human Body. For the use of Students, and particularly 
for those preparing for the Higher Examinations in Anatomy. By the 
late R. E. CARRINGTON, M.D. (Lond.), F.R.C.P., Senior Assistant Physi- 
cian, Guy’s Hospital. 2d edition. Revised and enlarged by w. 
ARBUTHNOT LANE, M.S., F.R.C.S., Assistant Surgeon to Guy’s Hospital, 
and the Hospital for Sick Children, Great Ormond Street, etc. Crown 
Svo, 9s. 

‘* As solid a piece of work as ever was put into a book ; accurate from 
beginning to end, and unique of its kind.” —British Medical Journal. 
-HILTON’S Rest and Pain. Lectures on the Influence of Mechanical and 

Physiological Rest in the Treatment of Accidents and Surgical Diseases, 
and the Diagnostic Value of Pain. By the late JOHN HILTON, F.R.S.‘ 
F.R.C.S., etc. Edited by w. H. A. JACOBSON, M.A., M.CH. (Oxon.), 
F.R.C.S. 5th edition. 9s. 
‘*Mr. Hilton’s work is facile princeps of its kind in our own or any 
other lahguage.”’—Lancet. 

HOBLYN’S Dictionary of Terms used in Medicine and the Collateral 
Sciences. 12¢h edition. Revised and enlarged by J. A. P. PRICE, B.Asy 
M.D. (Oxon.). 10s. 6d. 

LANE (W. A.). Manual of Operative Surgery. For Practitioners and 
Students. By w. ARBUTHNOT LANE, M.B., M.S., F.R.C.S., Assistant 
Surgeon to Guy’s Hospital, and to the Hospital for Sick Children. Crown 
8vo, 8s. 6d. 

SHARP (W.) Therapeutics founded on Antipraxy, By WILLIAM 
SHARP, M.D., F.R.S. Demy 8yo, 6s, 
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BELL'S AGRICULTURAL SERIES. 
In crown 8vo, Illustrated, 160 pages, cloth, 2s. 6a. each 


CHEAL (J.). Fruit Culture. A Treatise on Planting, Growing, Storage 
of Hardy Fruits for Market and Private Growers. By J. CHEAL, F.R.H.S., 
Member of Fruit Committee, Royal Hort. Society, etc. 

FREAM (DR.). Soils and their Properties. By Dk. WILLIAM FREAM, - 
B.Sc. (Lond.),, F.L.S., F.G.S., F.S.S., Associate of the Surveyor’s Institu- 
tion, Consulting Botanist to the British Dairy Farmers’ Association and 
the Royal Counties Agricultural Society ; Prof. of Nat. Hist. in Downton 
College, and formerly in the Royal Agric. Coll., Cirencester. 

GRIFFITHS (DR.). Manuresand their Uses. By DR. A. B, GRIFFITHS, 
F.R.S.E., F.C.S., late Principal of the School of Science, Lincoln ; Membre 
de la Société Chimique de Paris; Author of ‘* A Treatise on Manures,”’ 
etc., etc. Jn use at Downton College. 

— The Diseases of Crops and their Remedies, 

MALDEN (W. J.). Tillage and Implements. By w. J, MALDEN, 
Prof. of Agriculture in the College, Downton, 

SHELDON (PROF.), The Farm and the Dairy. By PROFESSOR 
J. P. SHELDON, formerly of the Royal Agricultural College, and of the 
Downton College of Agriculture, late Special Commissioner of the 
Canadian Government; Author of ‘Dairy Farming,” etc. Jz use at 
Downton College. 


Specially adapted for Agricultural Classes, Crown 8vo. Illustrated, 15, each. 


Practical Dairy Farming. By PROFESSOR SHELDON. Reprinted from the 
Author’s larger work entitled ‘‘ The Farm and the Dairy.” 

Practical Fruit Growing. By J, CHEAL, F.R.H.S, Reprinted from the 
author’s larger work, entitled ‘* Fruit Culture.” 


TECHNOLOGICAL HANDBOOKS. 


Ldited by Sir H. Trueman Wood. 
Specially adapted for candidates in the examinations of the City Guilds 
Institute. Illustrated and uniformly printed in small post 8vo. 
**The excellent series of technical handbooks.” —7extile Manufacturer. 
“The admirable series of technological handbooks.” —British Journal of 
Commerce, 
“Messrs. Bell’s excellent technical series.”—Manchester Guardian. 


BEAUMONT (R.), Woollen and Worsted Cloth Manufacture. By 
ROBERTS BEAUMONT, Professor of Textile Industry, Yorkshire College, 
Leeds; Examiner in Cloth Weaving to the City and Guilds of London 
Institute. 2nd edition. ‘7s. 6d. 

BENEDIKT (R), and KNECHT (E.). Coal-tar Colours, The 
Chemistry of. With special reference to their application to Dyeing, etc. 
By DR. R. BENEDIKT, Professor of Chemistry in the University of Vienna. 
Translated by E. KNECHT, PH.D. of the Technical College, Bradford. 
2nd and enlarged edition, 65. 6d, 
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CROOKES (W.). Dyeing and Tissue-Printing. By WILLIAM CROOKES, 
FRSi} VS P.C.Si yp BS, 

GADD (W. L.). Soap Mauufacture. By Ww. LAWRENCE GADD, F.I.C., 
F.c.s., Registered Lecturer on Soap-Making and the Technology of Oils 
and Fats, also on Bleaching, Dyeing, and Calico Printing, to the City and 
Guilds of London Institute. 5s. Larry 

HELLYER (S. S.). Plumbing: Its Principles and Practice. By 
S. STEVENS HELLYER. With numerous Illustrations. 5s. 

HORNBY (J.). Gas Manufacture. By J. HORNBY, F.I.Cc., Lecturer 
under the City and Guilds of London Institute. [Preparing. 

HURST (G.H.). Silk-Dyeing and Finishing. ByG. H. HURST, F.C.S., 

'. Lecturer at the Manchester Technical School, Silver Medallist, City and 
Guilds of London Institute. With Illustrations and numerous Coloured 
Patterns. 7s. 6d. . 

JACOBI (C. T.). Printing. A Practical Treatise. By Cc. T. JACOBI, 
Manager of the Chiswick Press, Examiner in Typography to the City and 
Guilds of London Institute. With numerous Illustrations. 5s, 

MARSDEN (R.). Cotton Spinning: Its Development, Principles, 
and Practice, with Appendix on Steam Boilers and Engines. . By R.. 
MARSDEN, Editor of the ‘‘ Textile Manufacturer.” 4th edition. 65. 6d. 

— Cotton Weaving With numerous Illustrations. [Lr the press. 

POWELL (H.), CHANCE (H.), and HARRIS (H. G.). Glass 
Manufacture, Introductory Essay, by H: POWELL, B.A. (Whitefriars 
Glass Works); Sheet Glass, by HENRY CHANCE, M.A. (Chance Bros., 
Birmingham): Plate Glass, by H. G. HARRIS, Assoc. Memb. Inst. 
(SAS. 338064. 

ZAEHNSDOREF (J. W.) Bookbinding. By J. W. ZAEHNSDORF, 
Examiner in Bookbinding to the City and Guilds of London Institute. 
With 8 Coloured Plates and numerous Diagrams. 22d edition, revised 
and enlarged. 5s. 

* * Complete List of Technical Books on Application. 


MUSIC. 


BANISTER (H. C.). A Text Book of Music: By H.C. BANISTER, 
Professor of Harmony and Composition at the R. A. of Music, at the Guild- 
hall School of Music, and at the Royal Normal Coll. and Acad. of Music 
for the Blind. 15th edition. Fcap. 8vo. 5s. 

This Manual contains chapters on Notation, Harmony, and Counterpoint ; 
Modulation, Rhythm, Canon, Fugue, Voices, and Instruments ; together 
with exercises on Harmony, an Appendix of Examination Papers, and a 
copious Index and Glossary of Musical Terms. 

— Lectures on Musical Analysis. Embracing Sonata Form, Fugue, 
etc., Illustrated by the Works of the Classical Masters. 2nd edition, 
revised. Crown 8vo, 7s. 6a. 

‘*Tt is beyond comparison the best book on the subject in our language.” 
—Atheneum. 

— Musical Art and Study: Papers for Musicians. Fcap. 8vo, 2s. 

CHATER (THOMAS). Scientific Voice, Artistic Singing, and 
Effective Speaking. A Treatise on the Organs of the Voice, their 
Natural Functions, Scientific Development, Proper Training, and Artistic 
Use. By THOMAS CHATER, With Diagrams. Wide fcap, 25. 6a, 
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HUNT (H. G. BONAVIA). A Concise History of Music, from the 
Commencement of the Christian era to the present time, For the use of 
Students. By REV. H. G. BONAVIA HUNT, Mus. Doc. Dublin ;. Warden 
of Trinity College, London ; and Lecturer on Musical History in the same 
College, 12¢h edition, revised to date (1893). Fcap. 8vo, 35. 6d, 


ART. 


BARTER (S.) Manual Instruction—Woodwork. By s. BARTER 
Organizer and Instructor for the London School Board, and to the Joint 
Committee on Manual Training of the School Board for London, the City 
and Guilds of London Institute, and the Worshipful Company of Drapers. 
With over 300 Illustrations. Fcap. 4to, cloth. 7s. 6d. 

BELL (SIR CHARLES). The Anatomy and Philosophy of Expres- 
sion, as connected with the Fine Arts. By SIR CHARLES BELL, K.H, 
7th edition, revised. 55. j 

BRYAN’S Biographical and Critical Dictionary of Painters and 
Engravers. With a List of Ciphers, Monograms, and Marks. A new 
Edition, thoroughly Revised and Enlarged. By R. E. GRAVES, British 
Museum, and WALTER ARMSTRONG. 2 volumes. Imp. 8vo, buckram, 
37. 35. 

CHEVREUL on Colour. Containing the Principles of Harmony and Con- 
trast of Colours, and their Application to the Arts. 37d edition, with 
Introduction. Index and several Plates. 55.—With an additional series 
of 16 Plates in Colours, 75. 6d. 

DELAMOTTE (P. H.). The Art of Sketching from Nature. By P. 
H. DELAMOTTE, Professor of Drawing at King’s College, London. Lllus- 
trated by Twenty-four Woodcuts and Twenty Coloured Plates, arranged 
progressively, from Water-colour Drawings by PROUT, E. W. COOKE, R.A., 
GIRTIN, VARLEY, DE WINT, and the Author. Mew edition. Imperial 


4to, 21s. 
FLAXMAN’S CLASSICAL COMPOSITIONS, reprinted in a cheap 
form for the use of Art Students. Oblong paper covers, 2s. 6d. each. 
The Iliad of Homer. 39 Designs. 
The Odyssey of Homer. 34 Designs. 
The Tragedies of AEschylus. 36 Designs. | 
The ‘‘Works and Days” and “Theogony” of Hesiod. 37 
Designs. Z 
Select Compositions from Dante’s Divine Drama, 37 Designs. 
FLAXMAN’S Lectures on Sculpture, as delivered before the President 
and Members of the Royal Academy. With Portrait and 53 plates. 6s. 
HEATON (MRS.). A Concise History of Painting. By the late MRs. 
CHARLES HEATON. JVew edition. Revised by COSMO MONKHOUSE, 55. 
LELAND (C, G.). Drawing and Designing. In a series of Lessons 
for School use and Self Instruction. By CHARLES G. LELAND, M.A., 
F.R.L.S. Paper cover, Is.; or in cloth, Is. 6c. : 
__ Leather Work: Stamped, Moulded, and Cut, Cuir-Bouillé, Sewn, etc. 
With numerous Illustrations. cap. 4to, 5s. , 
— Manual of Wood Carving. By CHARLES G. LELAND, M.A., F.R.L.S. 
Revised by J. J. HOLTZAPFFEL, A.M. INST.C.E. With numerous Illustra- 
tions. Fcap. 4to, 5s. 
— Metal Work. With numerous Illustrations, Fcap. 4to, 55, 
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LEONARDO DA VINCI'S Treatise on Painting. Translated from 
the Italian by J. FL RIGAUD, R.A. With a Life of Leonardo and an 
Account of his Works, by J. W. BROWN. Vew edition. ‘With numerous 
Plates. 5s. 

MOODY (F. W.). Lectures and Lessons on Art. By the late F. w. 
MoopyY, Instructor in Decorative Art at South Kensington Museum. With 
Diagrams to illustrate Composition and other matters. 4 new end cheaper 
edition, Demy Svo, sewed, 45. Ge, a 

“There are few books that we can more thoroughly recommend to 
every student and thinker on Art than these Lectures.” — art Sonrnal, 

WHITE (GLEESON). Practical Designing: A Handbook on the 
Preparation of Working Drawings, showing the Technical Methods em- 
ployed in preparing them for the Manufacturer and the Limits imposed on 
the Design by the Mechanism of Reproduction and the Materials employed. 
Edited by GLEESON WHITE, Freely Illustrated. Crown Svo, 6s. net. 

Contents -—Bookbinding, by H. ORRINSMITH—Carpets, by ALEXANDER 
MILLAR—Drawing for Reproduction, by the Editor—Pottery, by Ww. P. 
RIX-—Metal Work, by R. LL. RATHBONE—Stained Glass, by SELWYN 
IMAGE—Tiles, by OWEN CARTER—Woven Fabrics, Printed Fabrics, and 
Floorcloths, by ARTHUR SILVER—Wall Papers, by G. C. HAITE, 


MENTAL, MORAL, AND SOCIAL 
SCIENCES. 


PSYCHOLOGY AND ETHICS. 


ANTONINUS (M. Aurelius). The Thoughts of. Translated literally, 
with Notes, Biographical Sketch, Introductory Essay on the Philoso hy, 
and Index, by GEORGE LONG, M.A. Revised editor. Small post oe 
35. Od., or new edition on Handmade paper, buckram, 63. 

BACON'S Novum Organum and Advancement of Learning. Edited, 
with Notes, by J. DEVEY, M.A. Small post Svo, 5s. 

EPICTETUS. The Discourses of. With the Encheiridion and Frag- 
ments. Translated with Notes, a Life of Epictetus, a View of his Philo- 
sophy, and Index, by GEORGE LONG, M.A. Small post Svo, 5s, er wew 
edition on Handmade paper, 2 vols., buckram, tos. 6a. 

KANT'S Critique of Pure Reason. Translated by J. M. D. MEIKLEJORN, 

_Professor of Education at St. Andrew's University. Small post Svo, 5s. 

— Prolegomena and Metaphysical Foundations of Science. With 
Life. Translated by E. BELFORT BAX. Small post Sva, 5s. 

LOCKE'S Philosophical Works, containing Essay on the Human Under 
standing, Controversy with Bishop of Worcester, Examination of 
Malebranche’s Opinions, Elements of Natural Philosophy, Thoughts 
concerning Reading and Study. Edited by 2 a, st JOHN, 2 vols, 
Small post 8vo, 35, 6a, each, 
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: RYLAND Oy, The Student’s Manual of Psychology and Ethics, 


y for the London B.A. and B.Sc. By ¥. RYLAND, M.A, 

late Scholar of St. John’s College, Cambridge. Cloth, red edges. S¢% 

| dition, revised and enlarged. With lists of books for Students, and 
Examination Papers set at London University. Crown 8vo, 3s. 6d. 


— Ethics: An Introductory Manual for the use of University Students. 


With an Appendix containing List of Books recommended, and Exami- 
nation Questions. Crown 3vo, 3s. 6d. 

SCHOPENHAUER on the Fourfold Root of the Principle of Suffi- 
cient Reason, and On the Willin Nature. Translated by mapAmz 
HILLEBRZASD. Small Bv0, 5. 


— Essays. Selected and Translated. With a sit of ee Introduction 


and Sketch of his Philosophy, by v. BeLrorT Ax. Small post 8vo, 5s. 


_ $MITH (Adam). Theory of Moral Sentiments. With Memoir of the 


Author by DUCALD stewart. Small post Svo, 3s. 6d. 
SPINOZA’S Chief Works. Translated with Introduction, by z. Hu. M. 
ELWeESs. 2vols. Small post Bvo, $s. each. 
Vol. L—Tractatus Theologico-Politicus—Political Treatise. 
. Il.—Improvement of the Understaniling-= Ethice-l attests: 


HISTORY OF PHILOSOPHY. 


BAX (E. B.). Handbook of the History of Philosophy. By 2 sBrt- 
FORT BAX. 2nd edition, revised. Small — 8yvo, 55. 


DRAPER (J. W.). A History of the Intellectual Development of 


Europe. By JOHN WILLIAM DRAPER, M.D., LL.D. With Index 2 
vols. Small post Svo, §s. each. 

HEGEL’S Lectures on the Philosophy of History. Translated by 
J. SIBREE, M.A. Small post Svo, 5s. 


LAW AND POLITICAL ECONOMY. 


KENT’S Commentary on International Law. Edited by J. T. ARDY, 
LL.D., Judge of County Courts and Law Professor at Gresham College, 
late Kegius Professor of Laws in the University of Cambridge. 2nd 
edition, revised and brought down to a recent date. Crown Bv0, 10s. 62. 

LAWRENCE (T. J.). Essays on some Disputed Questions in 
Modern International Law. By T. J. LAWRENCE, M.A., LL.M. 2nd 
edition, revised and enlarged. Crown 8v0, 65. 

— Handbookof Public International Law. 2nd cdition. Feap. Svo, 35. 

MONTESQUIEU’S Spirit of Laws. A New Edition, revised and 
corrected, with D’Alembert’s Analysis, Additional Notes, and a Memoir, 
by J. V. PRITCHARD, A.M. 2vols. Small post 3vo, 3s. 6d. each. 

RICARDO on the Principles of Political Economy and Taxation. 
Edited by £. Cc. K. GONNER, M.A., Lecturer in University College, 
Liverpool. Small Sv0, 54. 

SMITH (Adam). e Wealth of Nations. An Inquiry into the Nature 
and Causes of. Reprinted from the Sixth Edition, with an Introduction 
by ERNEST BELFORT BAX. 2 vols. Small post Svo, 3s. 6d. each. 

B2 


42 George Bell & Sons’ 


ee — — 


HISTORY. 


BOWES (A.). A Practical Synopsis of English History; or, A 
General Summary of Dates and Events for the use of Schools, Families, 
and Candidates for Public Examinations. By ARTHUR BOWES. 10¢h 
edition. . Revised and brought down to the present time. Demy 8vo, Is. 

COXE (W.). History of the House of Austria, 1218-1792. By 
ARCHDN. COXE, M-A., F.R.S. Together with a Continuation from the — 
Accession of Francis J. to the Revolution of 1848. 4 vols. Small post 
8vo. 35. 6d. each. . 

DENTON (W.). England in the Fifteenth Century. By the late 
REV. W. DENTON, M.A., Worcester College, Oxford. Demy 8vo, 12s. 

DYER (Dr. T. H.). . History of Modern Europe, from the Taking of 
Constantinople to the Establishment of the German Empire, A.D. 1453- 
1871. ByDR. T. H. DYER. A new edition, revised by the Author, and 
brought down to the close of the Franco-German War. In 5 vols. 
£2 125. 6d. 

GIBBON’S Decline and Fall of the Roman Empire. Complete and 
Unabridged, with Variorum Notes. Edited by an English Churchman. 
With 2 Maps. 7 vols. Small post 8vo, 3s. 6d. each. 

GUIZOT’S History of the English Revolution of 1640. Translated by 
WILLIAM HAZLITT. Small post 8vo, 3s. 6d. 

— History of Civilization, from the Fall of the Roman Empire to the 
French Revolution. Translated by WILLIAM HAZLITT. 3 vols. Small 
post 8vo, 3s. 6d. each. 

HENDERSON (E.F.). Select Historical Documents of the Middle 
Ages. Including the most famous Charters relating to England, the 
Empire, the Church, etc., from the sixth to the fourteenth centuries. 
Translated and edited, with Introductions, by ERNEST F. HENDERSON, 
A.B., A.M., PH.D. Small post 8vo, 5s. 

— A History of Germany in the Middle Ages. Post 8vo, 75. 6d. net. 

HOOPER (George). The Campaign of Sedan: The Downfall of the 
Second Empire, August-September, 1870. By GEORGE HOOPER. With 
General Map and Six Plans of Battle. Demy 8vo, 14s. 

-~. Waterloo: The Downfall of the First Napoleon: a History of the 
Campaign of 1815. With Maps and Plans. Small post 8vo, 3s. 6d. 
LAMARTINE’S History of the Girondists, Translated by H. T. RYDE. 

3 vols. Small post 8vo, 3s. 6d. each. 

—. History of the Restoration of Monarchy in France (a Sequel to his 
History of the Girondists). 4 vols. Small post 8vo, 3s. 6d. each. 

— History of the French Revolution of 1848. Small post 8vo, 3s. 6d. 

LAPPENBERG’S History of England under the Anglo-Saxon 
Kings. ‘Translated by the late B. THORPE, F.S.A. Vew editzon, revised 

: by E. Cc. OTTE. 2 vols. Small post 8vo, 3s. 6d. each. 

LONG (G.). The Decline of the Roman Republic: From the 
Destruction of Carthage to the Death of Cesar. By the late GEORGE 
LONG, M.A. Demy 8vo. In 5 vols. 5s. each. 

MACHIAVELLI’S History of Florence, and of the Affairs of Italy 
from the Earliest Times to the Death of Lorenzo the Magnificent : together 
with the Prince, Savonarola, various Historical Tracts, and a Memoir of 
Machiavelli. Small post 8vo, 35. 6a. 
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MARTINEAU (H.). History of England from 1800-15. By HARRIET 
MARTINEAU. Small post 8vo, 3s. 6d. 

— History of the Thirty Years’ Peace, 1815-46. 4 vols. Small post 
8vo, 35. 6d. each. 

MAURICE (C. E.). The Revolutionary Movement of 1848-9 in 
Italy, Austria, Hungary, and Germany. With some Examination 
of the previous Thirty-three Years. By C. EDMUND MAURICE, With an 
engraved Frontispiece and other Illustrations. Demy 8vo, 16s. 

MENZEL’S History of Germany, from the Earliest Period to 1842. 
3 vols. Small post 8vo, 3s. 6d. each. 

MICHELET’S History of the French Revolution from its earliest 
indications to the flight of the King in 1791. Small post 8vo, 3s. 6d. 
MIGNET’S History of the French Revolution, from 1789 to 1814. 

Small post 8vo, 3s. 6d. 

PARNELL (A.). The War of the Succession in Spain during the 
Reign of Queen Anne, 1702-1711. Based on Original Manuscripts 
and Contemporary Records. By COL. THE HON. ARTHUR PARNELL, 
R.E. Demy 8vo, 14s. With Map, etc. 

RANKE (L.). History of the Latin and Teutonic Nations, 1494- 
1514. Translated by P. A. ASHWORTH. Small post 8vo, 3s. 6d. 

— History of the Popes, their Church and State, and especially of their 
conflicts with Protestantism in the 16th and 17th centuries. Translated 
by E. FOSTER. 3 vols. Small post 8vo, 35. 6d. each. 

— History of Servia and the Servian Revolution, Translated by MRS. 

' KERR. Small post 8vo, 35. 6d. 

SIX OLD ENGLISH CHRONICLES: viz., Asser’s Life of Alfred 
and the Chronicles of Ethelwerd, Gildas, Nennius, Geoffrey of Monmouth, 
and Richard of Cirencester. Edited, with Notes and Index, by J. A. 
GILES, D.C.L. Small post 8vo, 5s. 

STRICKLAND (Agnes). The Lives of the Queens of England ; 
from the Norman Conquest to the Reign of Queen Anne. By AGNES 
STRICKLAND. 6 vols. 55. each. 

— The Lives of the Queens of England. Abridged edition for the use 
of Schools and Families, Post 8vo, 6s. 6d. 

THIERRY’S History of the Conquest of England by the Normans; 
its Causes, and its Consequences in England, Scotland, Ireland, and the 
Continent. ‘Translated from the 7th Paris edition by WILLIAM HAZLITT. 
2 vols. Small post 8vo, 3s. 6d. each. 

WRIGHT (H. F.). The Intermediate History of England, with 
Notes, Supplements, Glossary, and a Mnemonic System. For Army 
and Aig Service Candidates. By H. F. WRIGHT, M.A., LL.M. Crown 
Svo, 6s. 


For other Works of value to Students of History, see Catalogue of 
Bohn’s Libraries, sent post-free on application. 


44 George Bell & Sons 


tg Oe se nen 


DIVINITY, ETC. 


ALFORD (DEAN). Greek Testament. With a Critically revised Text, 
a digest of Various Readings, Marginal References to verbal and idio- 
matic usage, Prolegomena, and a Critical and Exegetical Commentary. 
For the use of theological students and ministers. By the late HENRY 
ALFORD, D.D., Dean of Canterbury. 4 vols. 8vo. Sold separately. 

Vol. I., 7¢h edition, the Four Gospels. £1 8s. . 

Vol. Il., 8¢h edition, the Acts of the Apostles, Epistles to the Romans 
and Corinthians. £1 4s. 

Vol. IIL., 10th edition, the Epistles to the Galatians, Ephesians, Philip- 
pians, Colossians, Thessalonians, —to Timotheus, Titus, and Philemon. 
18s, 

Vol. IV. Part 1, 5¢h edition, the Epistle to the Hebrews, the Catholic 
Epistles of St. James and St. Peter. 18s. 

Vol. IV, Part 2, 4th edition, the Epistles of St. John and St. Jude, and 
the Revelation. 145. 

Vo). IV. in one Vol. 32s. 

— The New Testament for English Readers. Containing the Authorized 
Version, with additional Corrections of Readings and Renderings, Marginal 
References, and a Critical and Explanatory Commentary. In 2 vols, 
42 145. 6d. 

Vol. I. Part 1. The first three Gospels. 37a edition. 125. 

Vol. I. Part 2. St. John and the Acts. 2nd edition. 10s. 6d. 

Vol. II. Part 1. The Epistles of St. Paul. 2d edition. 16s. 

Vol. II. Part 2. The Epistles to the Hebrews, the Catholic Epistles, 
and the Revelation. 2d edition. 16s. 

AUGUSTINE de Civitate Dei. Books XI. and XII. By the REv. 
HENRY D. GEE, B.D., F.S.A. I. Text only. 2s. II. Introduction and 
Translation. 35. 

BARRETT (A. C.). Companion to the Greek Testament. For the 
use of Theological Students and the Upper Forms in Schools. By the 
late A. C. BARRETT, M.A.,- Caius College, Cambridge. 5¢h edztion. 
Feap. 8vo, 55. P 

BARRY (BP.). Notes on the Catechism. For the use of Schools. By 
the RT. REV. BISHOP BARRY, D.D. 10¢h edition. Feap. 2s. 

BLEEK. Introduction to the Old Testament. By FRIEDRICH BLEEK. 

_ Edited by JOHANN BLEEK and ADOLF KAMPHAUSEN. Translated from 
the second edition of the German by G. H. VENABLES, under the super- 
vision of the REV. E. VENABLES, Residentiary Canon of Lincoln. 2nd@ 
edition, with Corrections. With Index. 2 vols. small post 8vo, 5s. each. 

BUTLER (BP.). Analogy of Religion. With Analytical Introduction 
and copious Index, by the late RT. REV. DR. STEERE, Bishop in Central 
Africa. Feap. New edition. 35. 6d. 

EUSEBIUS. Ecclesiastical History of Eusebius Pamphilus, Bishop 
of Cesarea. Translated from the Greek by REV. C. F. CRUSE, M.A. 
With Notes, a Life of Eusebius, a Chronological Table of Persons and 
Events mentioned in the History, and an Index. Small post 8vo, 5s. 

GREGORY (DR.). Letters onthe Evidences, Doctrines, and Duties 
of the Christian Religion. By DR. OLINTHUS GREGORY, F.R.A.S. 
Small post 8vo, 35. 6d. 
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HUMPHRY (W. G.). Book of Common Prayer. An Historical and 
Explanatory Treatise on the. By W. G. HUMPHRY, B.D., late Fellow of 
Trinity College, Cambridge, Prebendary of St. Paul’s, and Vicar of St. 
Martin’s-in-the-Fields, Westminster. 6¢/ edition. Fcap. 8vo, 2s. 6d. 

Cheap Edition, for Sunday School Teachers. 15. uM 

JOSEPHUS (FLAVIUS). The Works of. wuisTon’s Translation. 
Revised by REV. A. R. SHILLETO, M.A. With Topographical and Geo- 
graphical Notes by COLONEL SIR C. W. WILSON, K.C.B. 5 vols. 35. 6d. each. 

LUMBY (DR.). The History of the Creeds. I. Ante-Nicene. II. 
Nicene and Constantinopolitan. III. The Apostolic Creed. 1V. The 
Quicunque, commonly called the Creed of St. Athanasius. By J. RAWSON 
LUMBY, D.D., Norrisian Professor of Divinity, Fellow of St. Catherine’s 
College, and late Fellow of Magdalene College, Cambridge. 37d edztiun, 
revised. Crown 8vo, 75. 62. 

— Compendium of English Church History, from 1688-1830. With a 
Preface by J. RAWSON LUMBY, D.D., Norrisian Professor of Divinity. 
Crown 8vo, 6s. Lon 

MACMICHAEL (Jj. F.). The New Testament: In Greek. With 
English Notes and Preface, Synopsis, and Chronological Tables. By the 
late REV. J. F. MACMICHAEL. Fcap. 8vo (730 pp.), 45. 6a. 

Also the Four Gospels, and the Acts of the Apostles, separately. 
In paper wrappers, 6d. each. 

MILLER (E.). Guide to the Textual Criticism of the New Testa- 
ment. By REV. E. MILLER, M.A., Oxon, Rector of Bucknell, Bicester. 
Crown 8vo, 45. 

NEANDER (DR. A.). History of the Christian Religion and 
Church. Translated by J. TORREY. 10 vols. small post 8vo, 3s. 6d. each. 

— Life of Jesus Christ. Translated by J. McCLINTOCK and C, BLUMENTHAL. 
Small post 8vo, 35. 6d. 

— History of the Planting and Training of the Christian Church by 
the Apostles. Translated by J. E. RYLAND. 2 vols, small post 8vo, 
35. 6d. each. 

— Lectures on the History of Christian Dogmas. Edited by DR. 
jacoBl. ‘Translated by J. E. RYLAND. 2 vols. small post 8vo, 3s. 6d, each. 

— Memorials of Christian Life in the Early and Middle Ages. Trans- 
lated by J. E. RYLAND. Small post 8vo, 35. 62. 

PEARSON (BP.). On the Creed. Carefully printed from an Early 
Edition. With Analysis and Index. Edited -by E. WALFORD, M.A. 
Post 8vo, 55. 

PEROWNE (BP.). The Book of Psalms. A New Translation, with 
Introductions and Notes, Critical and Explanatory. By the RIGHT REV. 
J. J. STEWART PEROWNE, D.D., Bishop of Worcester. 8vo. Vol. IJ. 
8th edition, revised. 18s. Vol. Il. 7th edition, revised. 16s. 

-- The Book of Psalms. Abridged Edition for Schools. Crown 8vo. 
7th edition. 10s. 6d. 

SADLER (M. F.). The Church Teacher’s Manual of Christian Instruc- 
tion. Being the Church Catechism, Expanded and Explained in Question 
and Answer. For the use of the Clergyman, Parent, and Teacher, By the 
REV. M. F. SADLER, Prebendary of Wells, and Rector of Honiton, 437a 
thousand, 25. 6d. 

x", 4 Complete List of Prebendary Sadler’s Works will be sent on 
application, 
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SCRIVENER (DR.). A Plain Introduction to the Criticism of the New 
Testament. With Forty-four Facsimiles from Ancient Manuscripts, For 
the use of Biblical Students, By the late F, H. SCRIVENER, M.A., D.C.L., 
LL.D., Prebendary of Exeter. 4+ edition, thoroughly revised, by the REV. 
E. MILLER, formerly Fellow and Tutor of New College, Oxford. 2 vols. 
demy 8vo, 32s. 

— Novum Testamentum Grace, Textus Stephanici, 1550. Accedunt 
variae lectiones editionum Bezae, Elzeviri, Lachmanni, Tischendorfi, 
Tregellesii, curante F. H. A. SCRIVENER, A.M., D.C.L., LL.D. Revised 
edition, giving all the readings of Tregelles and of Tischendorf’s eighth 
edition. 45. 6d. 

— Novum Testamentum Greece [Editio Major] textus Stephanici, 
A.D.1556. Cum variis lectionibus editionum Bezae, Elzeviri, Lachmanni, 
Tischendorfi, Tregellesii, Westcott- Hortii, versionis Anglicanee emendato- 
rum curante F. H. A. SCRIVENER, A.M., D.C.L., LL.D., accedunt parallela 
s. scripturze loca. Small post 8vo. 2d edition. 7s. 6d. 

An Edition on writing-paper, with wide margin fornotes, 4to, half bound, 
12s. 

This is an enlarged edition of Dr. Scrivener’s well-known Greek Testa- 
ment. It contains the readings approved by Bishop Westcott and Dr. 
Hort, and also those adopted by the Revisers—the Eusebian Canons, and 
the Capitula are included. An enlarged and revised series of references is 
also added, so that the volume affords a sufficient apparatus for the Critical 
Study of the Text. 

WHEATLEY. A Rational Illustration of the Book of Common 
Prayer. Being the Substance of everything Liturgical in Bishop Sparrow, 
Mr. L’Estrange, Dr. Comber, Dr. Nicholls, and all former Ritualist 
Commentators upon the same subject. Small post 8vo, 3s. 6d. 

WHITAKER (C.). Rufinus and His Times. With the Text of his 
Commentary on the Apostles’ Creed (with various readings), and a 
Translation of the same. To which is added a Condensed History of the 
Creeds and Councils. By the REV. CHARLES WHITAKER, B.A., Vicar of 
Natland, Kendal. Demy 8vo, 5s. . 

Or in separate Parts.—1. Latin Text, with Various Readings, 2s. 6d. 
2. Summary of the History of the Creeds, 1s. 6d. 3. Charts of the 
Heresies of the Timés preceding Rufinus, and the First Four General 
Councils, 6d. each. 

— St. Augustine: De Fide et Symbolo—Sermo ad Catechumenos. St. Leo 
ad Flavianum Epistola—Latin Text, with Literal Translation, Notes, and 
History of Creeds and Councils. 5s. 

Also separately, Literal Translation. 2s. 

— Student’s Help to the Prayer-Book. 3s, 
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AESCHYLUS. By pr. PALEY. 8s. 

CICERO. Byc..onc. Vols. I. and II. 8s. each. 
DEMOSTHENES. ByRrk. wHiston. 2 Vols. 8s. each. 
EURIPIDES. By pr. patey. Vols. IJ. and III. 8s. each. ' 
HERODOTUS. By pr. BLAKESLEY. 2 Vols. 125. 
HESIOD. BypDr. PALEY. 5s. 

HOMER. Bypnkr. PALEY. 2 Vols. 14s. 

HORACE. By A4.G.MACLEANE.. 8s. 

PLATO. Phaedrus. By DR. THOMPSON. 5s. 
SOPHOCLES. Vol.I. By F. H. BLAYDES. 55. 

='Voli II. By pr. PALEY. 6s. ms 
VIRGIL. By coNINGTON AND NETTLESHIP, 3.Vols. 105. 6d. each. 


PUBLIC SCHOOL SERIES. 


ARISTOPHANES. Peace. By pr. PALEY. 45. 6d, 

— Acharnians. By DR. PALEY. 45. 6d. 

— Frogs. By DR. PALEY. 45. 6d. 

CICERO. Letters to Atticus. BookI. By a. PRETOR. 45. 6d. 

DEMOSTHENES. De Falsa Legatione. By R. SHILLETO. 6s. 

— Adv. Leptinem. By 8. w. BEATSON. 3s. 6d. 

LIVY. Books XXI. and XXII. By L.p. DOWDALL. 38. 6d. each. 

PLATO. Apology of Socrates and Crito. By DR. w. WAGNER, 35. 6a. and 
2s. 6d. 

— Phaedo. By pr. w. WAGNER. 55. 6d. 

— Protagoras. By w. wayYTE. 4s. 6d. 

— Gorgias. By DR. THOMPSON. 6s. 

— Euthyphro. ByG. H. WELLS. 35. 

— Euthydemus. ByG.H. WELLS. 48. 

-- Republic. By G.H. WELLS, 55. 
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PUBLIC SCHOOL SERIES—continued. 


PLAUTUS. Aulularia. By pr. w. WAGNER, 45, 6d, 
— Trinummus. By oR. w. WAGNER. 45. 6a. 

— Menaechmei. By DR. Ww. WAGNER. 45. 6d. 

— Mostellaria. By ©. A. SONNENSCHEIN. 55. 
SOPHOCLES. Trachiniae. By A. PRETOR. 4s. 6d. 
— Oedipus Tyrannus. By Bb, H, KENNEDY. 55. 
TERENCE. By pr. w. WAGNER. 75. 6d, 
THEOCRITUS. Bypr. PALEY. 45. 6d. 
THUCYDIDES, Book VI. By T. w. DOUGAN, 3s. 6d. 


CAMBRIDGE GREEK AND LATIN TEXTS. 


AESCHYLUS. By Dr. PALEY, 25. 

CAESAR. Byac. Lona. 1s. 6d. F 

CICERO. De Senectute, de Amicitia, et Epistolae Selectae. By G. Lona, 

1s. 62. 

— Orationes in Verrem. ByG. LONG. 2s. 6d. 

EURIPIDES. By pr. patey. 3 Vols. 2s, each, 

HERODOTUS. By pr. BLAKESLEY. 2 Vols. 2s. 6d. each. 

HOMER’S Iliad. By pr. PALEY. 15. 6d. 

HORACE. By A. J. MACLEANE. 1s. 6d, 
UVENAL AND PERSIUS. By A. J, MACLEANE, Is. 6d. 
UCRETIUS. By. A. J. MUNRO. 2s. 

SOPHOCLES. By pr. PpAtgy. 2s. 6d. 

TERENCE. By pr. w. WAGNER. 25. 

THUCYDIDES. Bypr. ponALDSON. 2 Vols. 2s. each. 

VIRGIL. By pRoF. CONINGTON. 25, 

XENOPHON. By. F. MACMICHABL, 1s. 6d. 

NOVUM TESTAMENTUM GRAECE. By Dr. SCRIVENER. 45. 6d. 


CAMBRIDGE TEXTS WITH NOTES. 


AESCHYLUS. Bypr. PALEY. 6 Vols. 15. 6d. each. 

EURIPIDES. By pr. PALEY. 13 Vols, (Ion, 2s.) 18. 6@, each. 

HOMER'S Iliad. By pr. PALEY. ts. 

SOPHOCLES. By pr. paLey. 5 Vols. 15. 6d. each. 

XENOPHON. Hellenica. By REV. L. Dp. DOWDALL. Books I,and II. 2s. each. 

— Anabasis. By Jj. F. MACMICHAEL. 6 Vols. 15. 6d. each. 

CICERO. De Senectute, de Amicitia, et Epistolae Selectae. By c. Lona, 
Vols. 15. 6d. each. 

ovip. Selections. By a. J. MACLEANE. IS. 6d. 

— Fasti. By pr. PALEY. 3 Vols. 2s. each. 

TERENCE. By pr. w. waGnerR. 4 Vols. 1s, 6d. each. 

VIRGIL. By pRoF. CONINGTON. 12 Vols. 15. 6d. each. 


GRAMMAR SCHOOL CLASSICS. 


CAESAR, De Bello Gallico. By G. LONG. 45., or in 3 parts, 15. 6@. each. 

CATULLUS, TIBULLUS, and PROPERTIUS. By a. H. wraTIsLaw, 
and F. N. SUTTON. 2s. 6d. 

CORNELIUS NEPOS. By J. F. MACMICHAEL. 2s. 

CICERO. De Senectute, De Amicitia, and Select Epistles. ByG. Lona. 3s. 

HO MEE Iliad. By pr. PALEY. Books I.-XII. 4s. 6¢., or in 2 Parts, 2s. 6. 
each. 

HORACE. By aA. Jj. MACLEANE. 36. 6d., or in 2 Parts, 2s. each. 

JUVENAL. By HERMAN PRIOR. 35. 6d. 

MARTIAL. By pr. PALEY and w. H. STONE. 4s. 6d. 

OVID. Fasti. By pr. PALEY. 3s. 6¢., or in 3 Parts, rs. 6d. each. 

SALLUST. Catilina and Jugurtha. By G. LonG and J. G. FRAZER. 35. 6d., 
or in 2 Parts, 2s.each. 

TACITUS. Germania and Agricola. Byp. FRosT. 25. 6d. 

VIRGIL. conincTon’s edition abridged. 2 Vols. 4s. 6d. each, or in g Parts, 
1s. 6a. each. 

— Bucolics and Georgics. coninGTon’s edition abridged. 3s. 

XENOPHON. By J. F.MACMICHAEL. 35. 6d., or in 4 Parts, 1s. 6d. each, 

— Cyropaedia. ByG. M. GoRHAM. 38. 6d., or in 2 Parts, 1s. 6d. each, 

-- Memorabilia. By PERCIVAL FROST, 38. 
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LOWER FORM SERIES. 
VIRGIL’S Aeneid. Book I. conincTon’s edition abridged, with Vocabulary. 


1s. 6d. 

CAESAR, De Bello Gallico. By G. onc. Books I., II. and III., with 
Vocabulary. 15. 6. each. 

HORACE. BookI. By A. J. MACLEANE, with Vocabulary. 1s. 6d, 

ECLOGAE LATINAE. By rev. p. FROST. 15. 6d. 

LATIN VERSE BOOK. By rev. Pp. FROST. 25. 

ANALECTA GRAECA MINORA. By REV. P. FROST. 25. 

TALES FOR LATIN PROSE COMPOSITION. Bya. Hu. wELts. 25, 

LATS NOCKBULARIS FOR REPETITION. By a. mM. M. sTEDMAN, 
1s. 6d. 

EASY LATIN PASSAGES. By a. mM. M. STEDMAN, 1s. 6d. 

GREEK TESTAMENT SELECTIONS. By a.m. M.sTEDMAN. 28. 6d. 


PRIMARY CLASSICS. 


EASY SELECTIONS FROM CAESAR. By a.M.M. STEDMAN. 1, 
EASY SELECTIONS FROM LIVY. Bya. M. M. STEDMAN. 1s. 6d. 
EASY SELECTIONS FROM HERODOTUS. Bya.a. LipDELL. 1s. 6d 


CLASSICAL TABLES. 


NOTABILIA QUAEDUM. 1s. 

GREEK VERBS. ByjJ.5. BAirp. 2s. 6d. 

EXERCISES ON THE IRREGULAR AND DEFECTIVE GREEK 
VERBS. By F. ST. JOHN THACKERAY. Is, 6d. 

NOTES ON GREEK ACCENTS. By pr. parry. 15. 

HOMERIC DIALECT. ByjJ.s. Bairp. 1s, 

GREEK ACCIDENCE, Byp. Frost. 1s, 

LATIN ACCIDENCE. By Pp. Frost. 1s. 

LATIN VERSIFICATION. is. 

PRINCIPLES OF LATIN SYNTAX. 15, 


BELL’S CLASSICAL TRANSLATIONS. 


AESCHYLUS. By WALTER HEADLAM. 6 Vols. > (le the press. 
ARISTOPHANES. Acharnians. By w. H. COVINGTON, ts. 
CAESAR’S Gallic War. By w. A. MCDEVITTE. 2 Vols. 15. each. 
CICERO. Friendship and Oid Age. ByG.H. WELLs. 1s. 
EURIPIDES. 14 Vols. By £. Pp. COLERIDGE. 1s, each. 

LIVY. Books I.-IV. By J. H. FREESE. 15. each. 

-— Book V. By E.S. WEYMOUTH. IS. 

— Book IX. By F.stTorr. 1s. 

LUCAN: The Pharsalia. Book I. By F. conway. 1s. 
SOPHOCLES. 7Vols. By &. Pp. COLERIDGE. 1s. each. 

VIRGIL. 6 Vols. By a. HAMILTON BRYCE. 15. each. 


CAMBRIDGE MATHEMATICAL SERIES. 


ARITHMETIC. Byc. PENDLEBURY. 45. 6d., or in 2 Parts, 2s, 6d. each. 
Key to Part II. 7s. 6d. net. 

kite a IN ARITHMETIC. By c. renvLEBurRyY. 35., or in 2. Parts, 
ts. 6d. and 2s. 

ARITHMETIC FOR INDIAN SCHOOLS. By penpiesuryand TAIT. 3s. 

ELEMENTARY ALGEBRA. By Jj. T. HATHORNTHWAITE, 25, 

CHOICE AND CHANCE. Byw. a. wHitworTu. 6s. 

EUCLID. By. DEIGHTON. 4s. 6d., or Book I., 15.; Books I. and II., rs. 6d. ; 
Books I.-EII., 2s. 6¢.; Books III. and IV., 1s. 6d. 

~— Ky. 5s. net. ~ 

EXERCISES ON EUCLID, &c. By ys. Mepowett. 6s. 

ELEMENTARY TRIGONOMETRY. By pyerand wHITCOMBE. 45. 6d, 

PLANE TRIGONOMETRY. By T1.G. vyvyan. 33. 6d. 

ANALYTICAL GEOMETRY FOR BEGINNERS Part I. By t.c 
VYVYAN. 25. 6d. 

ELEMENTARY GEOMETRY OF CONICS. By pr. Tayvuor, 4s. 6d, 
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CAMBRIDGE MATHEMATICAL SERIES—continued. 


GEOMETRICAL CONIC SECTIONS. Byu.G. wiLtis. 55. 

SOLID GEOMETRY. Byw.s. Atpis. 6s. ; 

GEOMETRICAL OPTICS. Byw.s. ALpis. 4s. 

ROULETTES AND GLISSETTES. By pr. w. H. BESANT. 55. 

ELEMENTARY HYDROSTATICS. By br. w. H. BESANT: 45. 6d. 
Solutions. _ 5s. 

HYDROMECHANICS. Part I. Hydrostatics. By DR. W. H. BESANT. 55. 

DYNAMICS. By pr. w. H. BESANT. tos. 6d. 

RIGID DYNAMICS. Byw.s. Atpis. 4s. 

ELEMENTARY DYNAMICS. By pr. w. GARNETT. 6s. 

ELEMENTARY TREATISE ON HEAT. By pr. W. GARNETT. 45. 6d. 

ELEMENTS OF APPLIED MATHEMATICS. Byc.™. jessop. 6s. 

PROBLEMS IN ELEMENTARY MECHANICS. Byw. watton. 6s 

EXAMPLES IN ELEMENTARY PHYSICS. By w. Gatvatty. 4s. 

MATHEMATICAL EXAMPLES. By pyverR and pRowDE SMITH. 6s. 


CAMBRIDGE SCHOOL AND COLLEGE TEXT BOOKS. 
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ARITHMETIC. Byc. ErseEr. 35. 6d. 

— By A. WRIGLEY. 35. 6d. ite a 

EXAMPLES IN ARITHMETIC. By warTson and Goupig. 2s. 6d. 

ALGEBRA. Byc. ELSEE. 45. 

EXAMPLES IN ALGEBRA. By MAcMICHAEL and PROWDE SMITH. 35. 6d, 
and 4s. 6d. 

PLANE ASTRONOMY. By Pp. T. MAIN. 45. 

GEOMETRICAL CONIC SECTIONS. By pr. w. H. BESANT. 45. 6d, 

STATICS. By BisHorp GooDWIN. 3s. 

NEWTON'S Principia. By EVANS and MAIN. 45. 

ANALYTICAL GEOMETRY. Byvt.c. vyvyan. 45. 6d. 

COMPANION TO THE GREEK TESTAMENT. By a.c. BARRETT. 55. 

TREATISE ON THE BOOK OF COMMON PRAYER. By w. G 
HUMPHRY. 25. 6d. 

TEXT BOOK OF MUSIC. Byn.c. BANISTER. 55. a 

CONCISE HISTORY OF MUSIC, By DR. H. G. BONAVIA HUNT. 38. 6d. 
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FENELON’S Télémaque. By J. DELILLE. 2s. 6d. 

LA FONTAINE’S Select Fables. By F. E. A. GASC. 18. 6d 

LAMARTINE’S Le Tailleur de Pierres de Saint-Point. By J. BoizLL& 
1s. 6d. 

SAINTINE’S Picciola. By pr. punEc. ts. 6d. 

VOLTAIRE’S Charles XII. By tL. piry. ts. 6d. 

GERMAN BALLADS. Byc. L. BIELEFELD. ts. 6d. 

GOETHE’S Hermann und Dorothea. By rk. BELL and &. WOLFEL. 15. 6d. 

SCHILLER’S Wallenstein. By pr. sUCHHEIM. 55., or in 2 Parts, 2s. 6a. each. 

— Maid of Orleans. By pr. w. WAGNER. 1s. 6d. , 

— Maria Stuart. By v. KASTNER. 1s. 6d. 


~ 


MODERN FRENCH AUTHORS. 


BALZAC’S Ursule Mirouét. By J. BolELLE, 35. « 
CLARETIE’S Pierrille. By j. poiztur. 2s. 6d. 
DAUDET’S La Belle Modernaise. By J. BoiELLE. 2s. 
GREVILLE’S Le Moulin Frappier. By J. BoigLLE. 38. 
HUGO’S Bug Jargal. By J. BoiEttE, 36. 


MODERN GERMAN AUTHORS. 


FoR BEGINNERS. 


HEY’S Fabein fir Kinder. By pror. LANGE. 18. 6d. 
— — with Phonetic Transcription of Text, &c. 2s. 
FREYTAG’S Soll und Haben. By w. nu. crumP. 2. 6a. 


Educational Catalogue. | 51 


MODERN GERMAN AUTHORS—continued. 


For INTERMEDIATE STUDENTS. 
BENEDIX’S Doktor Wespe. By PROF. LANGE. 25. 6d. 


FoR ADVANCED STUDENTS. 


HOFFMANN’S Meister Martin. By prof. LANGE. 15. 6d. 

HEYSE’S Hans Lange. By A. A. MACDONELL. 25, 

ANERBACH’S Auf Weache, and Roquette’s Der Gefrorene Kuss. By 
A. A, MACDONELL. 25. 

MOSER’S Der Bibliothekar. By PROF. LANGE. 25. 

EBERS’ Eine Frage. By F. STORR. 25 

FREYTAG’S Die Toukaatistert. By PROF. LANGE. 25. 6d. 

GUTZKOW’S Zopf und Schwert. By pRoF. LANGE. 2s. 6d. 

GERMAN EPIC TALES. By pr. KARL NEUHAUS. 25, 6.2. 

SCHEFFEL’S Ekkehard. By DR. H. HAGER. 35 


The following Series are given in full in the body of the Catalogue. 


GOMBERT’S French Drama. See page 31. 

BELL’S Modern Translations. See page 34. 

BELL’S English Classics. See page 25 

HANDBOOKS OF ENGLISH LITERATURE. See page 26. 
TECHNOLOGICAL HANDBOOKS. See sage 37. 

BELL’S Agriculturai Series. See page 37. 

BELUL’S Reading Books and Geographical Readers. Sce ZA. 25, 26. 
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